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In this paper, we discuss some interesting properties of the electromagnetic potentials in the quantum 
domain. We shall show that, contrary to the conclusions of classical mechanics, there exist effects of poten- 
tials on charged particles, even in the region where all the fields (and therefore the forces on the particles) 
vanish. We shall then discuss possible experiments to test these conclusions; and, finally, we shall suggest 
further possible developments in the interpretation of the potentials. 


1. INTRODUCTION 


N classical electrodynamics, the vector and scalar 

potentials were first introduced as a convenient 
mathematical aid for calculating the fields. It is true 
that in order to obtain a classical canonical formalism, 
the potentials are needed. Nevertheless, the funda- 
mental equations of motion can always be expressed 
directly in terms of the fields alone. 

In the quantum mechanics, however, the canonical 
formalism is necessary, and as a result, the potentials 
cannot be eliminated from the basic equations. Never- 
theless, these equations, as well as the physical quan- 
tities, are all gauge invariant; so that it may seem that 
even in quantum mechanics, the potentials themselves 
have no independent significance. 

In this paper, we shall show that the above conclu- 
sions are not correct and that a further interpretation 
of the potentials is needed in the quantum mechanics. 


2. POSSIBLE EXPERIMENTS DEMONSTRATING 
THE ROLE OF POTENTIALS IN THE 
QUANTUM THEORY 


In this section, we shall discuss several possible ex- 
periments which demonstrate the significance of poten- 
tials in the quantum theory. We shall begin with a 
simple example. 

Suppose we have a charged particle inside a ‘Faraday 
cage” connected to an external generator which causes 
the potential on the cage to alternate in time. This will 
add to the Hamiltonian of the particle a term V (x,t) 
which is, for the region inside the cage, a function of 
time only. In the nonrelativistic limit (and we shall 


assume this almost everywhere in the following dis- 
cussions) we have, for the region inside the cage, 
H=H,+V(t) where Hy is the Hamiltonian when the 
generator is not functioning, and V(t)=e@(t). If 
Yo(x,t) is a solution of the Hamiltonian Ho, then the 
solution for H will be 


y=We iS h. s= [vod 


which follows from 


a de aS 
ih— = (i — +yYo- ). ‘Sih = [Hot V(t) y= Hy. 
al ot ol 


The new solution differs from the old one just by a 
phase factor and this corresponds, of course, to no 
change in any physical result. 

Now consider a more complex experiment in which a 
single coherent electron beam is split into two parts and 
each part is then allowed to enter a long cylindrical 
metal tube, as shown in Fig. 1. 

After the beams pass through the tubes, they are 
combined to interfere coherently at F. By means of 
time-determining electrical ‘‘shutters’” the beam is 
chopped into wave packets that are long compared 
with the wavelength A, but short compared with the 
length of the tubes. The potential in each tube is deter- 
mined by a time delay mechanism in such a way that 
the potential is zero in region I (until each packet is 
well inside its tube). The potential then grows as a 
function of time, but differently in each tube. Finally, 
it falls back to zero, before the electron comes near the 
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Fic. 1, Schematic experiment to demonstrate interference with 
time-dependent scalar potential. A, B, C, D, E: suitable devices 
to separate and divert beams. W,, W:: wave packets. Mi, Me: 
cylindrical metal tubes. F: interference region. 


other edge of the tube. Thus the potential is nonzero 
only while the electrons are well inside the tube (region 
II). When the electron is in region ITI, there is again no 
potential. The purpose of this arrangement is to ensure 
that the electron is in a time-varying potential without 
ever being in a field (because the field does not penetrate 
far from the edges of the tubes, and is nonzero only at 
times when the electron is far from these edges). 

Now let ¥(x,/)=y1°(x,t) +y2°(«,t) be the wave func- 
tion when the potential is absent (y,° and y2° repre- 
senting the parts that pass through tubes 1 and 2, 
respectively). But since V is a function only of ¢ 
wherever y is appreciable, the problem for each tube 
is essentially the same as that of the Faraday cage. The 
solution is then 


P= Yule Sin 4 Yoo iS4/n, 


Sixef edt Six ef ext 


It is evident that the interference of the two parts at 
F will depend on the phase difference (S;—S2)/h. Thus, 
there is a physical effect of the potentials even though 
no force is ever actually exerted on the electron. The 
effect is evidently essentially quantum-mechanical in 
nature because it comes in the phenomenon of inter- 
ference. We are therefore not surprised that it does not 
appear in classical mechanics. 

From relativistic considerations, it is easily seen that 
the covariance of the above conclusion demands that 
there should be similar results involving the vector 
potential, A. 

The phase difference, (Si:—5S2)/h, can also be ex- 
pressed as the integral (e/h)$gdt around a closed 
circuit in space-time, where ¢ is evaluated at the place 
of the center of the wave packet. The relativistic gener- 
alization of the above integral is 


é A 
= eit-—dx), 
h c 


where 


where the path of integration now goes over any closed 
circuit in space-time. 

As another special case, let us now consider a path 
in space only (¢=constant). The above argument 
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Fic. 2. Schematic experiment to demonstrate interference 
with time-independent vector potential. 


suggests that the associated phase shift of the electron 
wave function ought to be 


é 
AS/h= ~£ $ ads, 
ch 


where $A-dx= fH-ds=@ (the total magnetic flux 
inside the circuit). 

This corresponds to another experimental situation. 
By means of a current flowing through a very closely 
wound cylindrical solenoid of radius R, center at the 
origin and axis in the z direction, we create a magnetic 
field, H, which is essentially confined within the sole- 
noid. However, the vector potential, A, evidently, 
cannot be zero everywhere outside the solenoid, because 
the total flux through every circuit containing the 
origin is equal to a constant 


o= fH-ds= fA-dx 


To demonstrate the effects of the total flux, we begin, 
as before, with a coherent beam of electrons. (But now 
there is no need to make wave packets.) The beam is 
split into two parts, each going on opposite sides of the 
solenoid, but avoiding it. (The solenoid can be shielded 
from the electron beam by a thin plate which casts a 
shadow.) As in the former example, the beams are 
brought together at F (Fig. 2). 

The Hamiltonian for this case is 


[P—(e/c)A} 
H=-———__—. 
2m 


In singly connected regions, where H= VXA=0, we 
can always obtain a solution for the above Hamiltonian 
by taking y=yoe'S’, where Yo is the solution when 
A=0 and where VS/h= (e/c)A. But, in the experiment 
discussed above, in which we have a multiply connected 
region (the region outside the solenoid), Yoe~**’ is a 
non-single-valued function!’ and therefore, in general, 
not a permissible solution of Schrédinger’s equation. 
Nevertheless, in our problem it is still possible to use 
such solutions because the wave function splits into 
two parts Y=y¥1+ 2, where y,; represents the beam on 


1 Unless ¢@o=nhc/e, where n is an integer. 
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one side of the solenoid and y2 the beam on the opposite 
side. Each of these beams stays in a simply connected 
region. We therefore can write 


Viqyrire Suh, 


where S; and S2 are equal to (e/c) //A-dx along the 
paths of the first and second beams, respectively. (In 
Sec. 4, an exact solution for this Hamiltonian will be 
given, and it will confirm the above results.) 

The interference between the two beams will evi- 
dently depend on the phase difference, 


po=prre Sah, 


(S3—S2)/h= (e/ i {a -dx= (e/hc) do. 


This effect will exist, even though there are no magnetic 
forces acting in the places where the electron beam 
passes. 

In order to avoid fully any possible question of 
contact of the electron with the magnetic field we note 
that our result would not be changed if we surrounded 
the solenoid by a potential barrier that reflects the 
electrons perfectly. (This, too, is confirmed in Sec. 4.) 

It is easy to devise hypothetical experiments in which 
the vector potential may influence not only the inter- 
ference pattern but also the momentum. To see this, 
consider a periodic array of solenoids, each of which is 
shielded from direct contact with the beam by a small 
plate. This will be essentially a grating. Consider first 
the diffraction pattern without the magnetic field, which 
will have a discrete set of directions of strong con- 
structive interference. The effect of the vector potential 
will be to produce a shift of the relative phase of the 
wave function in different elements of the gratings. A 
corresponding shift will take place in the directions, 
and therefore the momentum of the diffracted beam. 


3. A PRACTICABLE EXPERIMENT TO TEST FOR 
THE EFFECTS OF A POTENTIAL WHERE 
THERE ARE NO FIELDS 


As yet no direct experiments have been carried out 
which confirm the effect of potentials where there is no 
field. It would be interesting therefore to test whether 
such effects actually exist. Such a test is, in fact, within 
the range of present possibilities.? Recent experiments*4 
have succeeded in obtaining interference from electron 
beams that have been separated in one case by as much 
as 0.8 mm.? It is quite possible to wind solenoids which 
are smaller than this, and therefore to place them 
between the separate beams. Alternatively, we may 
obtain localized lines of flux of the right magnitude (the 


?Dr. Chambers is now making a preliminary experimental 
study of this question at Bristol. 

3L. Marton, Phys. Rev. 85, 1057 (1952); 90, 490 (1953). 
Marton, Simpson, and Suddeth, Rev. Sci. Instr. 25, 1099 (1954). 

4G. Mollenstedt, Naturwissenschaften 42, 41 (1955); G. 
Mollenstedt and H. Diiker, Z. Physik 145, 377 (1956). 
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magnitude has to be of the order of ¢p>= 2mch/e~4X 1077 
gauss cm*) by means of fine permanently magnetized 
“whiskers’.® The solenoid can be used in Marton’s 
device,’ while the whisker is suitable for another experi- 
mental setup* where the separation is of the order of 
microns and the whiskers are even smaller than this. 

In principle, we could do the experiment by observing 
the interference pattern with and without the magnetic 
flux. But since the main effect of the flux is only to 
displace the line pattern without changing the interval 
structure, this would not be a convenient experiment 
to do. Instead, it would be easier to vary the magnetic 
flux within the same exposure for the detection of the 
interference patterns. Such a variation would, according 
to our previous discussion, alter the sharpness and the 
general form of the interference bands. This alteration 
would then constitute a verification of the predicted 
phenomena. 

When the magnetic flux is altered, there will, of 
course, be an induced electric field outside the solenoid, 
but the effects of this field can be made negligible. For 
example, suppose the magnetic flux were suddenly 
altered in the middle of an exposure. The electric field 
would then exist only for a very short time, so that only 
a small part of the beam would be affected by it. 


4. EXACT SOLUTION FOR SCATTERING PROBLEMS 


We shall now obtain an exact solution for the problem 
of the scattering of an electron beam by a magnetic 
field in the limit where the magnetic field region tends 
to a zero radius, while the total flux remains fixed. This 
corresponds to the setup described in Sec. 2 and shown 
in Fig. 2. Only this time we do not split the plane wave 
into two parts. The wave equation outside the magnetic 
field region is, in cylindrical coordinates, 


oe 10 1/0 ’ 
|—+ —+—(. +i) +ehy=o, (1) 
or? ror rr \06 


where k is the wave vector of the incident particle and 
a= —ep/ch. We have again chosen the gauge in which 
A,=0 and Ag=¢/2rr. 

The general solution of the above equation is 


v= } i €'” 9 dnd meal kt) +8 mI — (4a) (Rr) . (2) 


m+—e 


where a, and 6,, are arbitrary constants and Jm4a(kr) 
is a Bessel function, in general of fractional order 
(dependent on @). The above solution holds only for 
r>R. For r<R (inside the magnetic field) the solution 
has been worked out.® By matching the solutions at 
r=R it is easily shown that only Bessel functions of 
positive order will remain, when R approaches zero. 


5 See, for example, Sidney S. Brenner, Acta Met. 4, 62 (1956). 
6 L. Page, Phys. Rev. 36, 444 (1930). 
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This means that the probability of finding the particle 
inside the magnetic field region approaches zero with R. 
It follows that the wave function would not be changed 
if the electron were kept away from the field by a barrier 
whose radius also went to zero with R. 

The general solution in the limit of R tending to zero 
is therefore 


a 
Y= > And impaie™. (3) 
m x 


We must then choose a», so that Y represents a beam 
of electrons that is incident from the right (@=0). It is 
important, however, to satisfy the initial condition that 
the current density, 


hy'Vy-yvy")e 
: ——Ay’*y, (4) 


2im mc 


J 


shall be constant and in the x direction. In the gauge 
that we are using, we easily see that the correct incident 
wave is Wine=e ‘**e~ ‘°°. Of course, this wave function 
holds only to the right of the origin, so that no problem 
of multiple-valuedness arises. 

We shall show in the course of this calculation that 
the 
m= (—i)'"*@!, in which case, we shall have 


above conditions will be satisfied by choosing 


® 


y= - { —$) ete! m+a eo; 
m 


It is convenient to split y into the following three parts: 


M - Yityvotys, where 


x 


=> (—)™Sapaeimt 


m=1 


(— 1)™ : "Se +a 


amo 
€ ’ 


y= 


m zx 


a 


= 7 (—1)"-¢J,,, al 


m=1 


eat (5) 


¥3=(—1)'*'F a). 
Now y; satisfies the simple differential equation 


Oy, x 
‘ —m 2, (—i)™+9Jn44/e1m 


0 rT m=! 


i J to — J weet 


m 
=> (—1)™ta ci 


m=1 2 


r'=kr (6) 


where we have used the well-known formula for Bessel 
functions: 
dJ ,(r)/dr=4(Jy-1—-J 41). 
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As a result, we obtain 
Oy; 1 » 
. =. > (—i)m’teHl] , etim’ +100 
Or’ 2 m'=0 

1» 


om > a (—i)m’teZ, etim’—1)8 
2 m'=2 


(7) 
1 «= 
Zz (—i)m’ +27 4 ei’? (—1e%-+-7—1¢ *) 
2 m’=1 
+3(—1)*LJayi—ie*JS « |. 
So 


Oy, /dr' = —1 coshit3 (—1)*(Sa41—tJ ae’). 


This differential equation can be easily integrated to 


give 


y= af eit’ cf J 1 — it ge” |dr’, (8) 


0 
where 
A= 1 ( —i)%e -ir’ cos6 


The lower limit of the integration is determined by the 
requirement that when r’ goes to zero, ¥; also goes to 
to zero because, as we have seen, y, includes Bessel 
functious of positive order only. 

In order to discuss the asymptotic behavior of ¥, 
let us write it as ¥;=A[/,—J>»], where 


L 
n= f eit’ cost J 1 —te*J |dr’, 


0 


x 


= f ei OMT .41— ie q |r’. 


The first of these integrals is known’: 


eilaare sin(8/k)] 


(k?—B?)! 


0 


0<B<k, —2<a 


In our cases, 8=cosé, k= 1, so that 


eia(hr—|8 ) ei (atl) (4r—|8)) 
1-| —_——-— ie #——____— | 
j . ° ! 
| sin8 | sin | 
Because the integrand is eyen in 6, we have written the 


final expression for the above integral as a function of 
6| and of |sin@|. Hence 


sp—i|6| 7p 18 
ies 2 
T,=e'aGe- | — | 
| sin8 


for 6<0, 


(10) 


| 


=() 
(11) 

=e~i06);¢ for 6>0, 

where we have taken 6 as going from —z to z. 


7 See, for example, W. Grébner and N. Hofreiter, /ntegraltafel 
(Springer-Verlag, Berlin, 1949). 
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We shall see presently that J; represents the largest 
term in the asymptotic expansion of ¥;. The fact that 
it is zero for 0<O shows that this part of ¥ passes 
(asymptotically) only on the upper side of the singu- 
larity. To explain this, we note that ¥; contains only 
positive values of m, and therefore of the angular 
momentum. It is quite natural then that this part of y; 
goes on the upper side of the singularity. Similarly, 
since according to (5) 


Y2(r'0,a)=yYi(r’, —0, —a), 


it follows that Y2 will behave oppositely to y in this 
regard, so that together they will make up the correct 
incident wave. 

Now, in the limit of r’— « we are allowed to take 
in the integrand of 7, the first asymptotic term of J,,° 
namely J, — (2/rr)! cos(r’—4a— 42). We obtain 


zx 


J ei” cot (J 41 —te"*Jq)dr’ > C+D, (12) 


r 


where 


ft 
( 
Cc i) e'”’ 6 cos(r’—3(a+1)r—11) | 
/ 
" dr’ 
D= e'”’ 6 cos(r’ —Sa—42) | 
(r’)3 


T 


T 


Then 


tr 


c=f cir’ cot eile’ 4 (atl) r—} 7] 


(yo? f 
- 


and 


exp(+12")dz 
(1+cos@)} 


pot } 

exp(—12")dz, 
(1—cos@)! cos6)]3 
where we have put 


s=[r'(1+cos6) } s=[r'(1—cosé) }}, 


respectively. 
Using now the well-known 
the error function,® 


asymptotic behavior of 


sr 


1 exp(ta*) 
exp(1z")dz — : 
a 2 a 


a —4 exp(—ia’) 
exp(—12")dzs — —- —, 
2 a 


a 
8E. Jahnke and F. Emde, Tables of Functions (Dover Pub 
lications, Inc., New York, 1943), fourth edition, p. 138. 
* Reference 8, p. 24, 
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we finally obtain 


(—i)o+! 
(2m) [r'(1+ cos)? }! 
sat} i! 


freee eo (16) 
(2m)! [r’(1—cosé@)? }} 


} , 
2 oir 


D 


-— € 
(2x)! [r’(1+cos6)?]}! 


4% 4 e7 ir’ 


{-—____. — frm —i)e®, (17) 
(2r)} [r’(1—cos6)? }} 


Now adding (16) and (17) together and using (13) and 
(9), we find that the term of 1/(r’)! in the asymptotic 
expansion of y is 

(—i)3 e” 6 6i-e* OCU” Le? 
, & ee rv | (18) 
2(2r)! (r’)}1+cos@ (r’)} 1—cosé 


Using again the relation between ¥,; and y. we obtain 


for the corresponding term in y» 


(—1) Il+e* ce 1-e* 


} ew’ 
[(-n ‘5, +1 | (19) 
2(2m)! (r’)}1+cos@  (r’)! 1—cosé 


Adding (18) and (19) and using (11), we finally get 


te" et” a) 


(—1)} 
Yityr— <i 
(2r)*L (r’)3 


(r’)* — cos(40) 


1.» i(r’ 


(20) 


‘There remains the contribution of y 3, W hose asymptotic 


behavior is [see Eq. (12) ] 
) cos(r’ —4a4— 


) 
—1i)'*Jyai(r’) — (—1)!4 ( 
ar’ 
ew’ é 


Collecting all terms, we find 
re i(a6+r’ cosé) + = sina 


(2rir’)! cos(@/2) 


(21) 


5 \a|m). 


0/2 


v=vitdetys 


where the + sign is chosen according to the sign of a. 

The first term in equation (21) represents the incident 
wave, and the second the scattered wave." The scat- 
tering cross section is therefore 


sin*7ra 1 


) 


2r cos?(6/2) 


0 Tn this way, we verify, of course, that our choice of the a», for 
Eq. (3) satisfies the correct boundary conditions, 
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When a=n, where is an integer, then o vanishes. 
This is analogous to the Ramsauer effect." o has a 
maximum when a=n+}3. 

The asymptotic formula (21) holds only when we are 
not on the line @=7. The exact solution, which is needed 
on this line, would show that the second term will 
combine with the first to make a single-valued wave 
function, despite the non-single-valued character of the 
two parts, in the neighborhood of 6=z. We shall see 
this in more detail presently for the special casea=n+3. 

In the interference experiment discussed in Sec. 2, 
diffraction effects, represented in Eq. (21) by the scat- 
tered wave, have been neglected. Therefore, in this 
problem, it is adequate to use the first term of Eq. (21). 
Here, we see that the phase of the wave function has a 
different value depending on whether we approach the 
line 0=-tm from positive or negative angles, i.e., from 
the upper or lower side. This confirms the conclusions 
obtained in the approximate treatment of Sec. 2. 

We shall discuss now the two special cases that can 
be solved exactly. The first is the case where a=. Here, 
the wave function is y=e~“**e~‘**, which is evidently 
single-valued when a@ is an integer. (It can be seen by 
direct differentiation that this is a solution.) 

The second case is that of a=n+ 3. BecauseJ (n44) (7) 
is a closed trigonometric function, the integrals for ¥ 
can be carried out exactly. 

The result is 


rh [r’ (1+ cos6)]? 
y=—e ete’ anf exp(is*)dz. (23) 
v2 0 


rhis function vanishes on the line @=7z. It can be seen 
that its asymptotic behavior is the same as that of Eq. 
(2) with @ set equal to n+}. In this case, the single- 
valuedness of y is evident. In general, however, the 
behavior of y is not so simple, since ¥ does not become 
zero on the line 6=7z. 


5. DISCUSSION OF SIGNIFICANCE OF RESULTS 


The essential result of the previous discussion is that 
in quantum theory, an electron (for example) can be 
influenced by the potentials even if all the field regions 
are excluded from it. In other words, in a field-free 
multiply-connected region of space, the physical proper- 
ties of the system still depend on the potentials. 

It is true that all these effects of the potentials depend 
only on the gauge-invariant quantity fA-dx= //H-ds, 
so that in reality they can be expressed in terms of the 
fields inside the circuit. However, according to current 
relativistic notions, all fields must interact only locally. 
And since the electrons cannot reach the regions where 
the fields are, we cannot interpret such effects as due 


to the fields themselves. 


'l See, for example, D. Bohm, Quantum Theory (Prentice-Hall, 
Inc., Englewood Cliffs, New Jersey, 1951). 
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In classical mechanics, we recall that potentials 
cannot have such significance because the equation of 
motion involves only the field quantities themselves. 
For this reason, the potentials have been regarded as 
purely mathematical auxiliaries, while only the field 
quantities were thought to have a direct physical 
meaning. 

In quantum mechanics, the essential difference is that 
the equations of motion of a particle are replaced by the 
Schrédinger equation for a wave. This Schrédinger 
equation is obtained from a canonical formalism, which 
cannot be expressed in terms of the fields alone, but 
which also requires the potentials. Indeed, the poten- 
tials play a role, in Schrédinger’s equation, which is 
analogous to that of the index of refration in optics, 
The Lorentz force [eE+(e/c)vXH] does not appear 
anywhere in the fundamental theory, but appears only 
as an approximation holding in the classical limit. It 
would therefore seem natural at this point to propose 
that, in quantum mechanics, the fundamental physical 
entities are the potentials, while the fields are derived 
from them by differentiations. 

The main objection that could be raised against the 
above suggestion is grounded in the gauge invariance 
of the theory. In other words, if the potentials are 
subject to the transformation A, — A,’=A,+0f/0x,, 
where y is a continuous scalar function, then all the 
known physical quantities are left unchanged. As a 
result, the same physical behavior is obtained from any 
two potentials, A,(x) and A,’(x), related by the above 
transformation. This means that insofar as the poten- 
tials are richer in properties than the fields, there is no 
way to reveal this additional richness. It was therefore 
concluded that the potentials cannot have any meaning, 
except insofar as they are used mathematically, to 
calculate the fields. 

We have seen from the examples described in this 
paper that the above point of view cannot be main- 
tained for the general case. Of course, our discussion 
does not bring into question the gauge invariance of 
the theory. But it does show that in a theory involving 
only local interactions (e.g., Schrédinger’s or Dirac’s 
equation, and current quantum-mechanical field the- 
ories), the potentials must, in certain cases, be con- 
sidered as physically effective, even when there are no 
fields acting on the charged particles. 

The above discussion suggests that some further 
development of the theory is needed. Two possible 
directions are clear. First, we may try to formulate a 
nonlocal theory in which, for example, the electron 
could interact with a field that was a finite distance 
away. Then there would be no trouble in interpreting 
these results, but, as is well known, there are severe 
difficulties in the way of doing this. Secondly, we may 
retain the present local theory and, instead, we may 
try to give a further new interpretation to the poten- 
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tials. In other words, we are led to regard A,(x) as a_ recent theories of superconductivity and superfluidity” 
physical variable. This means that we must be able to and we shall show their relation to this problem in more 
define the physical difference between two quantum detail. 
states which differ only by gauge transformation. It will ACKNOWLEDGMENTS 
be shown in a future paper that in a system containing 
7 ; ? : . i te i ‘ > - \ eure 
an undefined number of charged particles (i.e., a super- We hel gr ved ; -—" : * H. 1. : ay ha 
position of states of different total charge), a new M@?Y A Pe ee wee Se oe - 
icoaaiad ; Chambers for many discussions connected with the 
ermitian operator, essentially an angle variable, can : 4 
" “eae es ; experimental side of the problem. 
be introduced, which is conjugate to the charge density = 
P Mesa : : : 12 See, for example, C. G. Kuper, Advances in Physics, edited 
and W é ylve é é >, SUC ' TE Asti . ig c ’ 
ind which m ae Ss See - the gauge Such by N. F. Mott (Taylor and Francis, Ltd., London, 1959), Vol. 8, 
states have actually been used in connection with _ p. 25, Sec. 3, Par. 3. 
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Theory of Multiple Scattering: Second Born Approximation and 
Corrections to Moliére’s Work 


B. P. NicAmM,* M. K. SuNDARESAN,* AND Ta-You Wu 
Division of Pure Physics, National Research Council, Ottawa, Canada 
(Received March 11, 1959) 


The formula given by Molitre for the scattering cross section of a charged particle by an atom, on which 
has been based the formula for the “screening angle” xq in his theory of multiple scattering, has been 
examined and found to contain an inconsistent approximation in all orders of the parameter a; =2Z/1378 
except the lowest (the first Born approximation). In the present work, the correct expression of Dalitz is 
used for the single-scattering cross section of a relativistic Dirac particle by a screened atomic field up to 
the second Born approximation. It is found that the effect of the deviation from the first Born approximation 
on the screening angle is much smaller than Moliére’s expression for this quantity would lead one to believe 
This is so because the deviation from the first Born approximation is very small at the small angles that go 
into the definition of the screening angle. In Moliére’s work, all the effect of the deviation from the first 
Born approximation on the distribution function /(6) for multiple scattering is contained in the quantity B 
which depends only on xq. In the present work, it is shown that in a consistent treatment of terms of various 
orders in a, there exist additional terms of order 22/137 in the distribution function. These terms, which 
represent the second Born approximation, become important at large angles. Calculations have been 
carried out for the scattering of 15.6-Mev electrons by Au and Be. The 1/e widths of the distribution function 
obtained are in good agreement with the experimental result of Hanson et al., whereas Moliére’s theory 
gives too great a width compared with the experimental value in the case of Be. 


I. INTRODUCTION Bethe’ to be obtainable from the theory of Goudsmit 
and Saunderson by making certain approximations. 
For the single-scattering law to be used in the theory of 
multiple scattering, Moliére uses the result he obtained 
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u mesons when the de Broglie wavelength is comparable 
with nuclear dimensions, the scattering theory must be 
developed for a charge distribution in the nucleus 
instead of for a point charge. Many such calculations,’ 
some of which are based on the relativistic theory, have 
been carried out in recent years. When the law of single 
scattering is modified to take into account the finite 
size of the charge distribution in the nuclei, the theo- 
retical distribution for multiple scattering becomes too 
small, at large angles, by a factor of order 10, compared 
with the admittedly scanty observed data.* This has 
led some authors to suggest that this anomalous scatter- 
ing might indicate some interactions other than 
Coulombic between fast u mesons and the atomic nuclei. 
Such a suggestion also encounters difficulties. Any 
modification of the potential between » mesons and 
nuclei must be in accord with the experiments on the 
interaction of stopped uw mesons with nuclei.’ Also the 
poor statistics of the present data does not provide 
enough ground for taking such a suggestion seriously. 

Owing to such discrepancies, however, it seems of 
importance to re-examine the theory of Moliére on 
which many such comparisons with experimental data 
have been based. It is the purpose of the present work 
to do so and to give the distribution function for multiple 
scattering which contains a correct second Born 
approximation for the single scattering in the screened 
Coulomb field. 

In Secs. II-V, it is shown that the result for the single- 
scattering cross section given by Moliére is incorrect. 
In Sec. VI, Dalitz’s” relativistic formula, derived in 
the second Born approximation, for the scattering of a 


spin-} particle in an exponentially screened Coulomb 


field has been used to derive Moliére’s distribution 
function /(6,t) for multiple scattering. We have followed 
the procedure of Bethe‘ starting with the exact expres- 
sion of the distribution function as given by Goudsmit 
and The out 
correctly to the next order of 27/137; the screening 


Saunderson.! calculations are carried 


angle parameter xq and the parameter B are redefined. 
The expansion of the distribution function obtained 
by us is then carried out in powers of 1/B. The nu- 
merical values of the distribution function up to terms 
of order 1/B are tabulated in Table III for Au and Be. 
For the sake of comparison Bethe’s values are also 
included in the table. 


7R. Hofstadter, Revs. Modern Phys. 
references quoted therein. 

§ However, the situation in this respect is somewhat clarified by 
the experiments of Fukui, Kitamura, and Watase. According to 
them, while one experimental setup gives results in agreement 
with the theory of Coulomb scattering from extended nuclei, the 
other setup is in agreement with Moliére’s theory for a point 
nucleus. We are indebted to Professor J. Rainwater for bringing 
this work to our attention. 

® Conversi, Pancini, and Piccioni, Phys. Rev. 71, 208 (1947); 
V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

1 R. H. Dalitz, Proc. Roy Soc. (London) A206, 509 (1951). 
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II. EXACT THEORY OF SCATTERING 
BY A CENTRAL FIELD 


To facilitate the discussion of Moliére’s theory we 
shall give the exact theory (Faxen-Holtsmark) of scat- 
tering and show how Moliére’s various results are 
obtainable as approximations to the exact theory. The 
exact theory is well known. For a particle of mass m, 
momentum p=/k, scattered by a field V(r), the 
scattered amplitude in a direction x from the direction 
of p is given by 


x 


1 
f(x)=— ¥ (21+1) (e?*'— 1) Pi(cosx), (1) 
? 


2ik i=o 


where the phase shifts 6; are given by 


2m f* {akrv} . 
sin6;= —— f (=) Jigs(kr)V (r)bilr)dr. (2) 
h? 2 


Here y,(r) is the radial wave function of the scattered 
particle which behaves asymptotically for large dis- 


tances r as 
lr 
da(r)~sin( tr-—+45,) /'e (3) 
? 


The function y¥,(7), being a solution of the Schrédinger 
equation with the potential V(r), depends on V(r). 
If ze, Ze are the charges of the incident and scattering 
particle, respectively, i.e., 
lim rV (r)=2Ze’, (4) 
r—+0) 
and v is the velocity of the incident particles, it is con- 
venient to introduce the parameter ay, 


a= 2Ze?/hv=2Z/1378=a/B, (5) 


6 being v/c. For ax<1, one may expand 6, in (2) in 
powers of ay, 


6:=06) +0176)" +01°8) + +++. (6) 


Substituting for 6, from Eq. (6) in Eq. (1) and expand- 
ing e*°!, one gets"! 
f(x) = (1/kR) > (21+1) {ay6) +076, 
+1 (a6) )? +0136) + 210765) 
~$(a15))®+-+-}Pr(cosx), (7) 


and 


f(x) Born 2+ 2 f(x) Born 
XL (a? k)> (2/+1)6)P)(cosx) ]+-->. (8) 
The first term on the right in Eq. (8), of order a’, is the 


usual Born approximation which is obtained from the 
exact theory by making two consistent approximations of 


f(x) |?= 


(i) replacing e?'—1 by 276), (9) 
1T. Y. Wu, Phys. Rev. 73, 934 (1948). 
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and 
(ii) replacing 6; in Eq. (2) by 


am 7 : 
a}, = — f [Jizs(kr) PrV (r)dr. 
h? J 


For a screened Coulomb field, 


one obtains 


a0) Y= rho f [Ji43(kr) ye Arar. 


and the familiar result 


m 
— fe an’ k-k) VY (pr) gy 
2rh? 


= 22Ze"m/h*(q?-+d°), 


fl 4 ) Born 


? 


g=2k sin(x/2). (13) 


For the Coulomb field, one obtains, on letting A — 0, 
the exact result which is also the Rutherford formula 


if X) Born 


fe “)— ~=(—) 1 
2kh? J sin4 k J [2 sin(x 2} 


fOOR 


(14) 


The second term in Eq. (8) gives the second Born 
approximation and is of order a,° since [(x)Born is of 


order ay. 
Il]. MOLIERE’S APPROXIMATION 


it is very simple to 
Thus 


From the exact theory above, 


obtain the results of Moliére as approximations. 
on making in Eq. (1) the replacements 


by (x/sinx)*JoL(/+3)x ], (15) 


(21+1) by 2 f ul (16) 


of the exact theory, and introducing the parameter p by 


(1) Pi(cosx) 


lh=phk, (17) 


one obtains directly from Eq. (1) Moliére’s formulas 
[Eqs. (4.5) and (4.6) of Moliére’s paper? ], 


1 x \' 7" 
~ ( . ) J 2ldlJ y(1x)(e ® —] ) 
2ik \ sinx 0 
kf xr? 7% 
= ( ~) f pdpJ o(pkx)(e'? ”—1), 
i \sinx 0 


where ® is Moliére’s notation for 26;. In Moliére’s paper, 
age calculations are explicitly carried out [see 
Eqs. (2.2) and (6.2), (6.4) of Moliére’s paper’ ], for the 


f(x)u 
(18) 
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potential with exponential screening the following 
approximation for &; has always been made, namely, 


22Ze*m 
ats) =-—— 


(19) 


P(p)=2Ko(Ap), (20) 


where Ao(Ap) is a Bessel function. That the expression 
(19) for @;=a,P(p) is in actual fact the first Born 
approximation, Eq. (12), can be seen either from Eqs. 
(2.1)-(2.2) of Moliére’s paper,’ or from a comparison 
with Eq. (12) which gives 


| ns 
ark n( 14 ), (21) 
wk 2k? 


where (; is the Legendre function of the second kind. 
Since p is a continuous variable and 7 discrete, the 
equivalence of in (20) of Moliére and 6, 
by noting 


is best seen 
lim Q:(cosh(y/l))=Ko(y) 
and 
Ya 
lim 04(1 oe -) = K 9(Al/k) = Ko(Xp), 
lx 2 


so that 


P)=a)6," (22) 


from the 
to make 


The expression (18) obviously differs 


Rutherford formula, and Moliére 
in Eq. (18) the replacement 
a. 


X ( x 
sinx 2 sin(x 


dy leads to his expression 


proposes 


(23) 


so that the “adjusted” f(x 
in Eq. (4.6), 

(kx)? 
fOOR ° 


ta," 


S(x0M 


£ 


x! f pdpJo(kAp)(e'?)—1))} . (24) 


For the potential of a Thomas-Fermi atom, 


cLe’ . 
w(rro), Ao Z* 
r 


V(r) O.885dy, (25) 


where dy= Bohr radius= 0.5292 X 10 
#(p) in Eqs. (19) and (20) becomes 


* w(rXo) 
P(p) =2 f dr, 
F (r?>—p*) 


which of course is still the first Born approximation as 


‘cm, the quantity 


(26) 
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shown above. On introducing 
x97 hyo, ‘p= Ao/k, pAro= 


Eqs. (26) and (24) become 
* w(r’)dr’ 
(72—¥F*)! 
1 x \' 
jon) 
4a;? Xe 


L 


x 
x J vdyho( vie “ 
¢ 


which is Eq. (6.6) of Moliére’s’ paper and is the one 
used in obtaining his final formula, Eq. (8.4), given 
in the Summary of his paper. 

It is clear from this simplified treatment of Moliére’s* 
derivation that the result, Eq. (28), contains the 
approximations (15) and (16) together with the artifice 
(23) as a compensating approximation. If Eq. (19) or 
(26) is used, which are the first Born approximations, 
then (28) can yield a consistent first Born approxima- 
tion but not the higher Born approximations. 


f(x)u\*7= 


IV. MOLIERE’S FORMULA FOR SINGLE 
SCATTERING (THOMAS-FERMI FIELD) 

In applying Eq. (28) to the scattering of a charged 
particle by an atom with the screening due to atomic 
electrons taken into account, Moliére represents the 
Thomas-Fermi function w(rAo) in Eq. (25) by 


w(r') =w(ro) =>- a,e~ i?’ 29) 
i=l 


where a, and 6; are constants. On using Eq. (26’), one 
obtains, as in Eq. (20), 


?(y)=2 > aiKo(biy), 30)) 


Ly(x) in Moliére’s 


where [Ko(x) being denoted as 
Eg. (7.2) ] 
K (x)= —Jo(x) In(x/2) 

1 


(m+). (31) 
(m!)* 


Here /(x),¥(m+1) are the Bessel function and logarith- 
mic derivative of the gamma function,” respectively. 
The crucial steps taken by Moliére are then the 
following : 
(i) &(y) in Eq. (30) is expanded, after using the 
numerical values of a; and 6; in Eq. (29), 


&(y) =0.516—2 Iny—0.81y’— 2.219 Iny+---. (32) 


2G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, Cambridge, 1948). 
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(ii) Substituting for &(y) from Eq. (32) into Eq. (28), 
neglecting 1 in comparison to the exponential term, 
and setting x= yx/x0, /(x)w in Eq. (28) is obtained 
from [see (37) below ] 


fodm\? 1 f 
f(x)r!? 2a?! 


0 


E tax?" — 


nda) arte _—— 
(x ‘xo)* 


x k 
(01-2210) 
(x/x0) 


this leads, upon integration, to the final result 


(33) 


8.85 
fins {102% 2.303 log, 
x/x0)* 


0.0007 2x! } 
x(. —— )I (34) 
(0.13+ tar+tay)xo! 


which forms the basis of his theory of multiple scattering. 


Tom \" 


fdr!? 


V. REMARKS ON MOLIERE’S RESULT, 
EQ. (34) 

(A) We shall now show that the above method and 
hence the resulting Eq. (34) for the ratio (fu/fr) is 
incorrect except to the order involving the zeroth 
power of a;.'° In using the first Born approximation, 
Eq. (26) or Eq. (26’), for the calculation of ®(y) = 2a)6)° 
in Eq. (30), the scattered amplitude f(x). is essentially 


1 
f(x) = 2 (21+-1)[ay6, +7(a5))? 
ki 


—$ (a5, 8+ dis |Pi(cosx), 


(35) 


which is obtained from Eq. (7) by dropping all the 
higher order phase shifts 6,%, 6°, etc. It is for this 
reason that in Eq. (34), no term of order a; appears, 
which would have been there if 6;0)+7(6,;)?, which 
are both of the same order in aj, were used as in Eq. (7), 
instead of 7(6,°?)? in Eq. (35). For the same reason, the 
term of order a;’ in Eq. (34) is incorrect since 


6,2 + 276), — §$(6,)8 


must be used instead of — $(6,)*. Thus the calculation 
in Eqs. (30), (33), and (34) involves an inconsistent 
approximation in which not all the terms of the same 
order in a are included in each order except the first. 
Reference to Eqs. (7) and (8) shows that the correct 
formula for | f(x) |*/| f(x) x!/* contains a term of order 
a, coming from 6;"? in Eq. (7). 


18 The discussion in Sec. V appears in the mimeographed notes 
of lectures given by T. Y. Wu at the Joint Conference of the 
Canadian Mathematical Congress and the Theoretical Physics 
Division of the Canadian Association of Physicists, held at the 
University of Alberta in August, 1957. That the expression (34) 
cannot be correct in its dependence on a is most easily seen by 
comparing it with the correct expression (40) for op(x) given by 
Dalitz in which one passes to the nonrelativistic case by making 
B = 0. 
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The statement (at the end of Sec. 6 of Moliére’s 
paper) that the scattering is independent of the sign 
of the potential is also seen to be correct only if one 
neglects the higher-order 6; in Eq. (8). 

(B) The detailed calculations in Eqs. (32)—(34) are 
objectionable for the following reason. The Bessel func- 
tion Ko(*) in Eqs. (30) and (31) has the following 
asymptotic behaviors, 


Ko(x) - 
K(x) > e7— 0 


»>—Inx- © asx 0, 


(36) 


aszi—>@®; 


when the expression (32) containing terms only up to 
y’ is used for &(y), it is seen to be incorrect for large y. 
Since the integration in Eqs. (28) or (33) is over the 
range 


OS ygoa, 


the resulting Eq. (34) arising from the integration in 
Eq. (33) cannot be correct. 
Equation (33) involves the further expansion of 


ei ®(y) = exp{ —tay[0.516—2 Iny 
— y?(0.81+2.21 Iny) }} 
Ay exp[ —iayy?(0.814 2.21 Iny) | 
Ay-2 1 — iery2(0.81+2.21 Iny)]. 


ar 
(37) 


A consistent calculation at this point would require an 
expansion of y~*'*', and the retaining of terms up to 
order a. If this is done, then one would have obtained 


a term of order a; in Eq. (34) [which is however in- 
1) 


correct since terms of the same order from 6;°, 6;' 
have been forgotten, as discussed in (A) above ]. The 
use of the full expression y~* in Eq. (37) implies 
Eq. (35) for this part [i.e., with (32) for ®(y)] of 
exp[ia,?(y) ]. Thus, on retaining y~?“ completely, 
while retaining terms only up to a in exp[—iay" 
X (0.814 2.21 Iny) ] in Eq. (37), one obtains Eq. (34) 
which is incorrect in the higher orders in a, in the 
logarithm. 

From this it is clear that the formula, Eq. (34), is 
incorrect to all orders of a; except the zeroth and this 
correct part 

8.85 


(x/x0) 


IfOd1? 
ifoodr|? 


can be obtained very simply by making use of the 
familiar result, Eq. (13), 


(38) 


a; 


f(x)=fodrXPd - (39) 


g’+ (bdo)? 

which passes again to the Rutherford f(x) x if 6; in Eq. 
(39) approaches zero, i.e., for an unscreened Coulomb 
field. For the set of a,, 6; of Moliére, 

a3=0.35, 


6;=0.3, 


a.=0.55, 
b= we 


Xo as given in (25), 


a,=0.1, 
6; =6, 
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one obtains by direct calculation 
4.425 Xo 


(q No)? q 


q’ a; 


Ao? t 62+ (q/do)? 





so that by using Eq. (39) one obtains Eq. (38) for x> xo. 

(C) The correct expression for | f(x)|* up to higher 
orders of a; can be obtained by the method of Wu" and 
of Jost and Pais." In fact | /(x)|* has been calculated 
for the potential (11) in the relativistic theory by 
Dalitz.” A direct calculation of | f(x) |? for the Thomas- 
Fermi potential (25), or the ‘‘actual” potential V(r), 
would be more complicated, but as we shall see in Sec. 
VII below, such a calculation is not necessary, and one 
can extend to any screened field V(r) the result obtained 
by using the exponential screening. For high-energy 
particles scattered through large angles (where the 
agreement between the observed yu-meson scatterings 
and the theoretical values seem to be in question), the 
effect of screening by the atomic electrons can be 
neglected, but then the charge distribution over the 
finite size of the nucleus must be taken into account. 
Many calculations have recently been made along this 
line.’ These correct results instead of Eq. (34) for the 
single scattering must be employed in the exact theory 
of multiple scattering,’ and for the comparison with 
the experimental data. 


VI. DISTRIBUTION FUNCTION, TO SECOND 
BORN APPROXIMATION, FOR 
SINGLE SCATTERING 


In the previous sections it has been shown that the 
expression for the single-scattering cross section given 
by Moliére is correct only to the first Born approxima- 
tion. In this section we rederive an expression for the 
distribution function /(6,/) for multiple scattering using 
the relativistic formula for the scattering cross section 
derived by Dalitz’” for the exponentially screened po- 
tential (11). We do not, in this paper, take into account 
the complications introduced by the charge distribution 
over the finite size of the nucleus, but shall simply treat 
the nuclei as point charges. 

The formula for the single-scattering cross section 
given by Dalitz for the scattering of a particle with 
charge ze, mass m, momentum 9, energy £, on a point 
nucleus of charge Ze (screened exponentially) is 


4ePh? kh? 
op(x)= — [1-6 sin*( 2) | 
Lh \?+4p? sin?(x/2) 


a I 


B r- 


Re(I+)| 


x| 1D 4p? sin?(x/2) | 


a 1 
— (1—B)-[h?\?+ 4p? sin*(x/2) | Re(I—J) } (40) 


B T 


M4 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
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where 


I I 


-ReJ/+J)=— 
. sin(x/2){h*\4+4p*[h?d?+ p? sin? 


1 
tan ( )s 


Here A is the screening parameter introduced in Eq. (11) 


x/2)] 


hXp sin(x/2) 
(h'n*+-4p°[WA?+ p? sin*(x/2) ]}! 


and which we now take to be u(Z!/0.885a,) (a9= Bohr 


radius = 0.5292 10-8 cm) in this paper; u is a constant 
of order unity (see Sec. VII). 

In deriving the multiple-scattering distribution, we 
follow the simplified method of Bethe.* According to 
Goudsmit and Saunderson,! the angular distribution, 


for any angle small or large, is given exactly by 


f(0,)=> (14-4) P.i(cos6) 


l=) 


xexp| vif sinydxa p(x){ 1 — P,(cosx) | (42) 


where /(0,t) sin6d@ is the actual number of scattered 
particles between 6 and 6+d6. Here ¢ is the actual 
distance travelled along the path of the scattered 
particle; however, we shall make the approximation 
of taking / to be the foil thickness. V is the number of 
scattering atoms per cm*, Now our purpose is to 
simplify the right-hand side of Eq. (42) and find an 
expression for /(6,/) using the cross section op(x) given 


by Dalitz. We shall write 


1 


Dye q(x), 


4(1—cosx)? 


Viopn(x) 


where we have introduced 
4 Nte*Z(Z+-1)2"/ (pep)’, 


and 


2(1- 


q(x) : 
xo" 


a 
1—,? sin?(y/2)+2 
8 


cosx ) 


TI 
+2(1—cosx) 


a 


( Xx 
sin(x 





2) 


where 


X =sin(x/2){xo0'4 


“2p? cos?(x/2) 


, 1 
) -1]x tan“! (x9X)— ian ( 
) 
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| 
yi 


h?\?+-2p° 
2p cos?(x/2) 


fon) 


hr 
4 p? sin?( x/2) 


) 


2 1 Zz 


1 ) 


)} 


? 


p sin(x/ 
tan i¢ — 
) hr 


sin(x/ 


) 


re) 


x r — B* sin?(x/2)—[1—,? sin?(x/2) | 


h?d?+-4p? sin?(x/2) 


2 


al 
X [h?r?+-4p? sin?(x/2) |- — Re(I+J) 
2 ag? 


Br 
‘ 1 | 
~ (1—6)-[h2n?-+-4p? sin?(x/2) }— Re(I—J) }. (44) 
8 id 


In order to evaluate the integral on the right-hand side 
of Eq. (42), following Bethe, we break up the integral 
into two parts, from 0 to k and from k to 7, where we 
choose k such that 

xoKCREA/I, 
where, as in (27), 

x0 =hr/ p. 
Let us write the exponential in Eq. (42) as 

expl —Q/'-Qr'], 

W here 

Q,'= vif ap(x) sinydx[1— P;(cosx) } 

Oi" vif op(x) sinxdxL1—Pi(cosx) ]. (47) 
Consider the evaluation of Q,/’ first. If we write Vicp(x) 
in the form given in Eq. (43), we see that g(x) will occur 
in the integrand. Substituting the values of Re(J+/) 
into Eq. (44), we can write g(x) in a somewhat different 
form: 


) +4 | tan“ (xoX)+aB8Lxo?+4 sin?(x/2) ] 
2) 


2: ))|: 


y 


1 sin(x/2) 
tan—!{ - ~ (48) 


sin(x/2) Xo 


IL xu?-+sin®(x/2)]) 
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In the region where x is small, 0<x%<k, we can replace 


sin(x/2) by x/2 itself and the arctan by its argument, 
thus obtaining 


x? 2 Bx? 
aw)=( me ) {1- 42 
xo + x? + 


X0 
+aslui-+x)] ere 
xo t4xoer7+x’ 2 


Xx 
tan !— ) If (49) 
4 2x0 P 


Also we may use for x small the relation 
ee 

Pa i-—+-— 
2 24 


1(1+1) 1 1(1+1)\x? 
~1—-— [i+ ( —-— y-| (50) 
4 4 J4 


Using (43) and the simplified expressions (49) and (50) 
in Eq. (46), we have 


Q@ xo(x0° +x?) 
B xot+4y0?+x? 


Oy =3x2l(I+1) 


k dx 1 7(1+1)\x? 
xf ace) 1+( = ) | (51) 
0 x 6 4 4 


The integrals occurring in Eq. (51) are all elementary. 
5 io) \ @ 


We shall evaluate them up to terms of order k*. Since 
xo=hd/p is of the order of 10~* to 10~ for electrons of a 
few Mev energy, we shall keep only terms of order xo 
and xo Inyo in the final result and neglect xo? and other 
higher-order terms.!® Then we obtain 


k 
O/= bxt+1){In( )-1 
Xo 


2axo k k? k? 
+— in( jt —4$ Ind |-nas 
B : xo 8 8 
4 


dx xX 1 x 
+08 f (1+4Lyx?)— tan“! - )} 
0 xX xo +x? x 2xoF - 


where L stands for [§ — }/(/+1) ] in this expression. The 
last integral occurring in Q,’, can be written in such a 
way as to separate out its strongly k-dependent terms. 
15 Tt is for this reason we cannot go to the limit 8 > 0 in the 
expressions that follow. If we want to include the limiting case 
of B > 0 also, we should keep xo‘ in X and also the other dominant 
terms in the evaluation of Q,' and Q,”. 
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It is easy to see that 


k 


i x 
f dx —(1+4L x?) tant(— ) 
0 xo’ +x? 2x0 
k k 
=k tan-*(—) —2x0 in( — ) 
2x0 2x0 


ki2x0 dx 
—2x0 f . - tan ly—yoLk? 
14x? 


+higher order terms. (52) 
The integral occurring on the right-hand side of Eq. (52) 
has k/2xo as its upper limit. Now k/2xo is a large 
quantity and most of the value of the integral comes 
from the lower limit only. Thus we can replace the 
upper limit in this integral by », with practically no 
error. Thus we have 


k k? k? 
O/ = bxcl+1)| nf )- 14 1 —— (82+ map) 
X0 8 


2a k k? 
- xo n(—) +1 — na 
B xo § 


T k 
+a k—2x0— 2x0 In 
2 2x0 


e” as 
-2xo f : sane], (53) 
0 1442 


Now let us proceed to the evaluation of Q,’". In the 
range k<y<z, the expression (48) for g(x) can be 
simplified by expanding it in powers of [x0/2 sin(x/2) ] 
since this is a small quantity now. It is easy to show that 
to terms of order xo, 


> 
« 


q(x) = 1—6? sin?(x/2) 
+aB[sin(x/2)—sin?(x/2) ]+2(a/B)x0—2aBxo, 


and from (43), (47), 


. sinx 
Q," ef dx- 
k (1—cosyx)? 


x] 1 sin?(x/2)+2aB[sin(x/2)—sin?(x/2) | 


2axo 
shee (1-88) [E1—Pr(cosy) |. 
B 


The integrals occurring in this expression, except the 
one involving ma@ sin(x/2), can be easily evaluated 
without any further approximation for the integrand'® 
by the method developed by Bethe.* The integral in- 
volving the term za@ sin(x/2) in the integrand can be 
easily evaluated by using the generating function for the 


16 The only restriction we have here again is that k<1// 
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Legendre polynomials. Thus we find, to terms of 


order k?. 


. sinx 
f dyx— -[1—P,(cosx) | 
k (1—cosy)? 


l(1+-1) 2 
len) aCe 
2 k 


“ sin? (x 2) 
f dx sinx -—[1—P,(cosx) ] 
k (1—cosx)? 


1\ (+1) 
=(HHHi+---+2)—— k+ 
8 


and 
° sin(x/2) 
f dx sinx—— [1—Pr(cosx) | 
i (1—cosx)* 
l(/+1) 


7 


Bilis, 


Assembling the terms, and introducing ¥(/)+C=1+3 

+4+---+(1/1), where V(/) is the logarithmic deriva- 

tive of the I function and C is Euler’s constant = 0.577 
-, we find 


2 k? 
1(l+1) [in( )- +1—W(l)—C 
k 8 


9 


k 
+ (8?+-1af)— oy, 


(1-B)7 2 # 
+ 2axo— {mn -1-+1-w()-C) | 
k 8 


B 


Or" =}x0 


o (9+-na8)[¥()-+C}+ 2a 
Combining Q,' and Q,, we easily see that all the k-de- 
pendent terms cancel up to the order to which we have 


retained them.!” In fact we have 


0; +01"= bd +1 


2ax0 2 
+—{ In——$ In2 
B X0 


—2x0aB+ 2x08 Inxo 


) 
ic +4—wW(l)—C 
xo 


1 


°. tii“ 
_ 2x08 f dx-— 
) 1+4x? 


2axo 
+—(1-—s")[1 -v()~C)] 
6 
~ (B+ wap) [V(-+C]}+2ragl | (54) 


17 This expression for Q;'+Q,” is valid for lyo<1 where 
Qi'+Q,"">0. Of course when / is large, the upper limit in the 
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In this expression, we are now in a position to introduce 
the screening angle x. which will take care of all the 
contribution from the small angles. If we let 


1 1 ae 
In—=In———xo(Inxo+4 In2) 
8 


Xa Xo 
- 2aBx0 +f do — im} (55) 


then Q,'+(Q," becomes 


0'+01"=Ixe| 





l(1+1) 
a 

+1 —¥()—C(1+2 xait-#)) 
B 


— (6?+-2aB)[W (1) +C]+2rafl ; (56a) 
From Eq. (55), we find 


1 0.2310 
14220] Inxo+—— 
B 


B 
ra(1+ 


Xa=X0 


(55a) 


ana | 
ism) | ; 


Numerical integration of the integral occurring in this 
expression leads to the value 0.4480. Thus, 


1p" 
wae = xe 1 +x ea, Inxo 


0.2310 
drone 44903] , (55b) 
B 


where 


xo= (h/p)(uZ4/0.885a0), =0(1). 


This relation between xq and xp is true to the first order 
in a=2Z/137. We see that the term proportional to a 
arises due to the deviation from the first Born approxi- 
mation. In the screening angle xa, a occurs in the form 
axo, which makes this entire correction very small in 
comparison with unity. This is as it should be, because 
at very small angles the deviations from first Born 
approximation are very small and thus yq and xo 
should not differ very much from one another. Moliére? 
gets, instead of (55a), 


Xa? = x0 1.13+3.7602/B?])," 


integral occurring in the square bracket of Eq. (55) can no 
longer be infinity but a suitable finite upper limit has to be sub- 
stituted. The numerical value of the integral will will then be 
somewhat less than 0.4480 [see Eq. (55b) ]. 

18 The coefficient 1.13 results from the use of the sum of three 
exponentials (29), (29a) to represent the Thomas-Fermi potential. 
In (55b) we obtain 1 instead of his 1.13 because we are using a 
single exponential only to represent the screened atomic potential 
(see Sec. VIT). The xo in Eqs. (55b) and (55c), however, are not 
the same. 


(55c) 
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TABLE I, Comparison of Moliére’s and our 
correction term to (xa?/x0*). 


Z=79 
From Eq. (SSb) 
4axo[:- 
wal 


Z=4 
From Eq. (S5b) 
4axoL- 3 Moliére 
n=l 3.76 a? (e 


—2 81 X10 2.617 
—0.76 X10 ~—- 2.004 
+0.36 107% =: 1.5832 
+0.33 K10-° ~—-: 1.3084 
+0.114X10* ~—:1.2513 


Moliére 
3.76 a? id 


6. 54X10 . 
5.01 10-3 
3.96X 1073 
3.2710" 
3.2110" 


nlf 96X 10°? 
—1.32X10? 

+2.77 X10? 
+ 1.82 10 
+0.61 X 10 


in which 
xo= (h/p)(Z*/0.885a,). 


(55c) has been obtained from (34) and is claimed by 
Moliére to be valid for all values of a, i.e., to all orders 
of deviation from the first Born approximation. Equa- 
tion (34), however, has been shown in Sec. V to be 
incorrect, and it is now obvious that (55c) is not 
correct even to the second Born approximation. In 
Table I, we compare Moliéré’s correction term with 
ours as a function of 6 and Z of the scatterer and it is 
seen that Moliére’s correction term (a’/8*) is wrong 
even in the order of magnitude for large a. His large 
coefficient of this term can perhaps be traced to the 
use of the expression (32) up to the y* terms in the 
evaluation of (28). See discussions under (B), Sec. V, 
above. 

Now in Eq. (56a) let us introduce xq’ by the relation 


(15) (T—€) < 


then we can write 


By 2411+ 1) [In (2/x0') — EW (L) | 
+ 2rasl— (8°+raB)[W(l)+C }}, 


O' +0," = 


where 
£= 1+ (2axo0/8) (1—p") (56b) 
We know that for large /, asymptotically, 
WV (J)~In (+3). 
Let us introduce the parameter 6 by the relation 
b= In(x.2/4) —In(xa"?/4), 
and let 
y= (1+3)x.. 


Now the distribution function /(6,/) is given by 
® 

f(0,Q= > (1+4)P1(cosd) explL—Q1'—Q7'). 
1=0 


According to the Euler-Maclaurin summation formula, 


w 1 Fe 1 
> g(l+3)~ -| f dy g(y) +—g'(0)+-- | 
bd Xe 24 
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Also, we have approximately 

Pi(cosd)~Jo((/+3) 6) = J o(Oy/x-). 
Thus /(6,t) can be expressed as 


1 “ 
f0,.)=— f g(y)dy, 
Xoo 


where g(y) is given by 


6 Jf y? 
g(y)=yJol —y } exp] — 49") b—é In— 
x, | 4 

y° y 

xexp| Ay? 1(o-« in~) ~raa( 2 -1) 
4 X 
y 
+ (8?+-71aB) (c+in -)] ; (59) 
Xe 


Following Moliére and Bethe,‘ we make the trans- 


formation 


b= B—£InB, (60) 


and introduce the variable «= By; then we obtain 


1 x 
f(6,t) =—— J g(u)du, 
xB 0 


with g(u) given by 


6 re | u* | 

e(w)=ubo( — «) exp] — — B+¢ |In— 
x./B 4B 4] 

| u- 2u 

Xexpy bee i(B-¢ In -) — rea vane ) 
4 Xe\ B 
i 
+ (a+ as) (C+ ' )]|. (62) 

XV B 


The expression for g(#) can be rearranged and simplified 
to the form” 


(61) 


g(u)=K exp{(1+3x.7(6?-+ma8—4£) | Inu} 


0 
ran ( : u) exp u*/4) 
xe/ B 


u= 1 
xexp| In—— 1rapx.-— ul (63) 
4B 4 /B 
4u2+-£(u?/4B) In(u?/4) — raBy-(1/4/B) 
so that /(0,t) defined by Eq. 
oe Strictly speaking, in view of our reference just preceding 


u] in 


% For lyo>1, [- 
(61) 


Eq. (63) becomes positive, 


Eq. (54), the integral should have been extended only up to 
I~1/x0 and so this divergence is spurious (see reference 4). 
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where K is a constant whose value is 


Bx? 
K=exp [1+ 
16 


82aB In2 
+2¢é 
B B 


(B°+ 7a) 
8 


(C—Inxery B)| (64) 
B 


Making an expansion of the last exponential in Eq. (63) 
in powers of B-' rather than B~ as previously done, 
we can write, after making some slight rearrangements, 


K ‘ 
{(6,t) = f du exp{(1+3x.2(6?+2a8—}£) ] Inu} 
viB J, 


6 u- 
xo : s) exp(- ) 
x-VB 4 


1 | u- ue | 
x{14 —mapx / But &— In 
Bl 4 


4| 


1 1 | “ur? 
— 2rapx v/ Bué— |n 
4 


a" “| 
+(« In ) +l (65) 
4 4/)] 


Let us compare the expression (65) with the corre- 
sponding expression obtained by Bethe [Eq. (25) in 
reference 4]. The term in 6? in the exponent of « comes 
from the spin of the particle. The difference of & from 1 
[see Eq. (56b) ] and the terms in ax.1/B represent the 
contribution from the second Born approximation, 
which also appears in the dependence of B on a= 22/137 
through Eqs. (60), (57), and (55b). In the work of 
Moliére and Bethe, the spin term is neglected; &=1; 
the terms in ay.\/ B are missing; and the relation (55b) 
is replaced by the incorrect relation (55c) of Moliére. 
The two terms in ay,4/ B, being proportional to x., are 
not as small as the correction ax in (55b), and for a 


+ 
2! B? 


TABLE II. Experimental data* and calculated “1/e width” 6, for 
the multiple scattering of 15-Mev electrons by Au and Be foils. 


t Target thickness (mg/cm?) 

FE, Average energy of electron in 
foil (Mev) 

xe defined in Eq. following (43) 
(degree) 

6. observed (degree) 


6., Moliére’s B, with f(, f, f® 
(degree) 

6.4, the present work, (65a), with 
w=1.12 in (68) (degree) 

0., the present work, (65a), with 
w=1.80 in (68) (degree) 


3.83 (3.90) 4.56(4.60) 


4.096 4.60 


3.80 4.35 


* See reference 5. 


SUNDARESAN, 


AND WU 
not too small, become appreciable for scattering angles 
60> By. 


VII. COMPARISON WITH EXPERIMENTAL f(0,t) 


To compare our result (65) with the experimental 
data and with the result of Moliére, we have carried 
out a calculation for two sets of values of the param- 
eters Z, x., ¢ that correspond to the experiments of 
Hanson, Lanzl, Lyman, and Scott® on the scattering of 
15.7-Mev electrons by gold and beryllium foils. The 
data are shown in Table II. 

Corresponding to these values of x. (see Table ID), 
the exponent of u in the integrand in Eq. (65) can be 
taken as unity for the purposes of our present calcula- 
tion. For these energies, 8=0.9995, &~1, and Eq. (65) 
can be written in the form 
K 1 
‘ [yr oa = 

B 


1(0,t) = (fO"'+f™) 


xB 
1 
+-—_( f+ f)+-: | (65a) 
2!B 


where f, f, and f® have already been computed 
by Moliére* and Bethe* and the f’ and f®’ arise 
from the second Born approximation. We have been 
able to compute f“’ from the values of the confluent 
hypergeometric function” up to @/x.1/ B=4. Beyond 
this value of 6, the labor involved in summing the series 
for the hypergeometric function is excessive and we 
have not gone any farther. The integral f®’ does not 
seem to be expressible in terms of known functions in 
simple forms, and its evaluation will have to await some 
help from computing machines. 

From Eq. (65), it is seen that the distribution func- 
tion /(6,/) depends, through B in Eqs. (60) and (55), 
on the “screening angle” xq introduced in Eq. (55), 
which gives its dependence on a and on xo, the screening 
angle to the first Born approximation. For any screened 
field V(r) whose scattering cross section is given by 
Eq. (43), the xa is given by! 

1 @(y) 


—dy, 
7 


y=sin(x/2). (66) 
For the first Born approximation, we have 


2 ' gB(y) 
In——43 -f dy, 
xi ( a 


where ga(y) is the ratio of first Born approximation 
o~(y) for the field V(r) to the Rutherford or(y) for the 
unscreened field. For an exponential screening e~’ as in 
Eq. (11), Eq. (66a) gives 


(66a ) 


xXo=AXr Pp, (67) 


and xq is given by Eq. (55). For the Thomas-Fermi 
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field —(2Ze?/r)w(Aor) in Eq. (25), Eq. (66a) gives,!° 
upon numerical integration, 


X0™M1.12(hro/p), Av=Z*/0.885ap. (67a) 


In our present work, we use the Dalitz formula for 
op(x) for an exponentially screened field, Eq. (11), and 
for this field, xo is given by Eq. (67) where X is yet to be 
adjusted to give the closest representation of the actual 
field V(r). We may therefore write 


A=pAo, (68) 


where wu is a constant of order 1. It is clear that as long 
as we have not assigned any assumed value to yu, Eq. 
(68) amounts to only a change of notation and in- 
volves no new assumptions. 

It is important, however, to note the following. As 
mentioned in the preceding paragraph, for the screened 
field in Eq. (11), xo and xq are given by Eqs. (67) and 
(55), respectively. For the ‘‘actual” field V(r), xo and 
Xa are given by the relations (66a) and (66), respec- 
tively, of which (67).and (55) are the respective special 
cases. Thus, by dissociating xo in (55) from the special 
form (67) and writing it in the form (68), we may 
consider the result of the preceding section, calculated 
explicitly for the field (11), as having been extended, or 
generalized, to the field V(r). This extension is a 
perfectly consistent one from the point of view of 
successive Born approximations in the problem of 
multiple scattering. 

Turning now to the actual numerical calculation, 
using Eq. (68) in (55b), we have, up to the second 
Born approximation, 


hXo hXo 
oye) 
p p 


pi-s hXo 0.2310 | 
x;— ns “)+ : +144so3| (69) 
8 p 3 


With w= 1.12 as in (67) corresponding to the Thomas- 
Fermi potential, the calculated “1/e width” 6. of (0,0) 
from (65) does not agree very well with the observed 
value for either Au or Be, as shown in Table II. If, 
however, we choose for uw a value, namely 


u—1.80, 


such that the calculated 6, for Au agrees with the 
experimental value (see Table II), we then find that 
the same value «= 1.80 leads, for Be, to a value 6, also 
in good agreement with the experimental value (see 
Table II). It may be mentioned in connection with 
Table II that Hanson ef al. in calculating 6, take 
account of the effect of the terms /, f® in the dis- 
20.N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, Oxford, 1949), second edition, pp. 188- 
190, 196-198. The @nin there is defined by! the following relation 
instead of (66), 'folq(v)/y]ldy=In(2/@min), so that @min=etxo. 
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tribution function by fitting a Gaussian with a width 
slightly narrower than the width \/ Bx, of the gaussian 
term {. This width according to them is (B—1.2)!y,. 
In our calculations we have calculated 6,, by obtaining 
the full distribution function f= f+ (1/B) (f@’+ /™) 
and finding the value of @ at which the intensity drops 
to 1/e of its central value. We find that @, calculated 
in our way are slightly broader than the 6, calculated 
according to Hanson ef al. To give an idea of the 
magnitude of this difference, the @, calculated according 
to our method are given in parenthesis along with 
Moliére’s value in row 5 of Table II. The other values 
of @., quoted in Table II are calculated according to our 
method only. 

In Table III are given the values of f, f, 7°" of 
(65a) and (65) for .=1.80, together with the values 
of f, f given by Bethe on the basis of Moliére’s 
treatment. It is seen that for scattering angles some- 
what beyond the ‘‘Gaussian’” region (0/,/Bxy.~3 in 
Table III), the present result (65) predicts an /(6) 
greater than that according to Moliére and Bethe by 
about 20%. This greater /(@) arises from the contribu- 
tion from the second Born approximation. A more 
exact calculation, however, has to include the /®’ 
which we have neglected in Table ITI. 

If, as shown by Bethe,‘ the distribution function at 
large angles goes over into the cross section itself, the 
increase in the distribution function of 20% at angles 
8~15° is consistent with the increase of the 
section op(@) itself by about 20% over the first Born 
approximation value at these angles. In this connection 
it may be pointed out that the curves given in Mott 
and Massey’s book,” for the cross section in the second 
Born approximation as a function of scattering angle, 
are from the calculations of Bartlett and Watson” based 
on the early incorrect formula of Mott, and give too 
large an increase over the first Born approximation cross 
section. The correct Dalitz formula" gives an increase 
of only about 20% at scattering angles @~15°. 

While the use of the same empirical value «= 1.80 in 
Eqs. (68) and (69) brings the theoretical @,, according 


ceToss 


TABLE III. Numerical values of the distribution function. 


f+(1/B) 
x ( fii)’ + f)) Bethe- Moliére 
uw =1.80) pw =1.80) f(0)+(1/B) 
2.116 
2.018 
1.768 
1.400 
1.050 
0.661 
0.408 
0.238 
0.136 
0.078 
0.047 
0.006 
0.0014 


2.0555 
1.9688 
1.7302 
1.3690 
0.9783 
0.6478 
0.4033 
0.2415 
0.1475 
0.0993 
0.0520 
0.0080 
0.0019 


0.4584 
0.3744 
0.2822 
0.2041 
0.1341 
0.0717 
—0.0153 
+0.0374 
+0.0898 
+0.1471 
+0.0295 
+0,.0070 
+-0.0026 


0.8456 
0.7038 
0.3437 
0.0777 
0.3981 
0.5285 
0.4770 
0.3183 
0.1396 
—().0006 
+-0.0782 
+-0.0455 
+0.0106 


1.9216 
1.7214 
1.4094 
1.0546 
0.7338 
0.4738 
0.2817 
0.1546 
0.0783 
0.0366 
0.00025 
2.3 X1077 


21 Reference 20, p. 81. 
2 J. H. Bartlett and R. E, Watson, Proc. Am 
53 (1950). 
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to Eq. (65) into satisfactory agreement with the 
observed @, for both Au and Be, the question may be 
raised as to why the value w~1.80 seems to differ so 
much from the value w~1.12 in Eq. (67) calculated 
from the Thomas-Fermi potential (first Born approxi- 
mation). A tentative answer is that the Thomas- 
Fermi potential, while satisfactory in a qualitative way 
in dealing with certain properties of the atom, may not 
be sufficiently good for the screening effect for very 
small scattering angles.“ To see if this is the case, a 
calculation of xo has been carried out for the Be atom 
for which the Fock field is available.*4 

On using for the wave functions of and 


Foc k 
Petrashen** 


: atTp 
R,,(7)=Ne°%", Ro,(r) v.(1- rer, (70) 


. 
3 


the field V(r) due to the 1s* 2s* configuration can be 
calculated analytically. From this V(r), the scattered 
amplitude fx(x) (13) can be obtained, and finally the 
gp(x) and x» of (66a) are obtained by integrations. It is 
found that 

(71) 


(xo)n.F.=2.18(hAo/p), 


corresponding to (w)H.r.=2.18 in (68). 
This value w=2.18 is in much better agreement with 
the empirical value 4=1.8, and shows that the value 


*3 Mott and Massey, reference 20, p. 196, do remark that the use 
of Hartree field leads to a @min differing slightly from the @min 
from the Thomas-Fermi field. No numerical comparison, however, 
is given and the difference is dismissed as ‘‘unimportant’”’. We are 
here just concerned with this difference. 

* Fock and Marie Petrashen, Physik Z. Sowjetunion V. 8, 359 
(1935). 
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u=1.12 from the Thomas-Fermi field is too low. The 
small difference between 2.18 and 1.8 may be due to (i) 
the approximate nature of the Hartree-Fock field itself, 
(ii) the further approximation (70) for the wave func- 
tions, and/or (iii) uncertainities in the empirical value 
u=1.8. Thus the situation of the present result of the 
theory of multiple scattering may be regarded as 
satisfactory. 

We shall finally consider the comparison®> between 
the results on Au and Be based on Moliére’s treatment 
and the experimental results of Hanson ef al.’ There 
the relation between xq and xo is given by (55c) in 
which the term linear in @ corresponding to the second 
Born approximation is missing and the coefficient of a? 
is incorrect by a few orders of magnitude. However, 
by some mysterious coincidence, the 3.76a* term in 
(55c) for the case of 15-Mev electrons scattered by Au, 
together with the term 1.13 [which according to Goud- 
smit and Saunderson,' Mott and Massey” should have 
been (1.12)?, as given in (67) ], gives for xa” the value 
Xe°—2.53yx0? that leads to a calculated 6,, in good agree- 
ment with the observed value (see Table II). This 
fortuitous agreement, however, does not obtain in the 
case of Be for which the a® term in (55c) is entirely 
negligible and xq’—~1.13x," leading to a much too large 
calculated @, (see Table IT). 
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The destruction of electron drifts by instabilities is analyzed. The fastest stable drift is calculated (drift 
energy 0.9k7T) and the energy of a faster drift is found to be dissipated into instabilities within, typically, 
30 plasma periods. The growth of a local disturbance in this process is shown to take place without effective 
propagation. The ‘‘turbulent” flow pattern created, eventually, under nonlinear conditions is calculated 
numerically, demonstrating the tendency towards randomization of the initial drift energy. The effect stops 


“runaway” in about 100 plasma periods after which there is ‘heating’ by 


I. INTRODUCTION 


HIS paper describes how directed electron energy 
is dissipated in a plasma into random energy by 
“collective collisions” with the ions, i.e., collision in 
bunches. A mechanism for the buildup of bunches from 
small fluctuations was described briefly by the author! 
and it was estimated that the initial electron drift would 
thus be destroyed within some tens of plasma periods. 
The sequence of events will be analyzed in detail 
here. The range of conditions under which the mecha- 
nism occurs is delineated. “Landau damping,” due to 
a spread of velocities superimposed on the drift, pre- 
vents it when the drift energy falls below 0.927. But 
for faster drifts the initial random energy distribution, 
residing partly in plasma oscillations, acts as a trigger 
to exponential buildup of fluctuations. Their energy 
reaches the level of the initial drift energy within about 
30 plasma periods in typical situations. 

If the buildup is excited locally, the fluctuations grow, 
spread and drift downstream but fail to get clear of the 
original source (see Fig. 4). Only by imparting to the 
ions a drift in the same direction as that of the elec- 
trons could the mechanism be used for controlled 
amplification. 

If the initial excitation is planar (undirectional 
plasma waves), the nonlinear equations describing the 
resulting high-level fluctuations can be programmed 
into a computer. The calculated electron flow pattern 
(Fig. 5) shows the transition from order to chaos by 
multi-stream formation and a kind of turbulence. There 
are signs of high-energy randomness and the ions, too, 
appear to be working up towards a clash (Fig. 6). This 
would bear thermonuclear fruits. 

When the drift is created gradually by an applied 
field exceeding the runaway threshold we*.V/k7, insta- 
bilities catch up with the drift in about 10° plasma 
periods. The field then increases the energy of random 
streaming, i.e., it “heats” the plasma, keeping the drift 


energy just below the correspondingly rising k7. The 


*Work carried out at Stanford Electronics Laboratories, 
Stanford University under Air Force Contract while on academic 
leave from Cambridge, England. Author now at Peterhouse, 
Cambridge. 

10. Buneman, Phys. Rev. Lett. 1, 8 (1958). 
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collective collisions” instead. 


rapid dissipation by these “collective collisions” results 
in a high resistivity. 


II. TWO-STREAM INSTABILITY 


We begin the analysis by putting on record the for- 
mulas governing the two-stream growth mechanism 
(see Pierce,? and references given therein). The field 
which originally imparted the drift to the electrons is 
supposed to have been taken off again, leaving only a 
fluctuation field E. This causes velocities eE/iwM of the 
ions (initially at rest), in the small signal approximation. 
The ion current density is then eV E/iwM and its nega- 
tive divergence gives the rate of change of the ion charge 
density. Therefore the ion charge density fluctuations 
are (e2.V/uwM)V-E. 

The electrons move, initially, with velocity u and the 
frequency with which they encounter the fluctuations 
is Doppler-shifted by $-u. Here $ is the wave-number 
vector of the fluctuations which we take to be Fourier- 
analyzed in space: the space-time variation is like 
exp(iw!—i$-r) with real 8 but possibly complex w. The 
electron velocities are, then, —eE/i(w—§-u)m and 
their charge density fluctuations [e?.V/(w— 8-u)’m ]V-E. 
Substituting the two charge density fluctuations into 
Poisson’s equation for V-E, we get the dispersion 
formula: 

Wpi?/w’+wp?/(w— B-u)?= 1 (1) 


where wy; and w,, are the ion and electron plasma 
frequencies. 

The complex solutions w=w,+ia of the dispersion 
formula are plotted against $-u in Fig. 1. Tables are 


a 





Fic. 1. Dispersion relation. Real part (wy) and imaginary part 
(a) of w versus Bu—wpe. Horizontal and vertical scales in units of 
(wpi2wpe)?. 

2J. R. Pierce, Traveling Wave Tubes (D. 
Company, Inc., New York, 1950), Chap. 2. 
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given in reference 2. The exact formula $-u=w+w,, 
was replaced by the approximation 


” 


(1—w,,2/w?) 


3-u . Wp TW FW pe pi” 20" (2) 


v 


in the calculations. §-u is real for all w of the form 
(WpW pi COSA)'e"*, At 0= —2/3 the growth rate a maxi- 
MIZES tO Am =Wye(m/2M )'3!/2(=0.0562w,, for H), and 
$-u=w,, at that point. But there is a range of about 
3(Wpap*)' (~ jw, for H) in B-u over which the growth 
rate is still quite close to its maximum. 

Only the component of $ in the direction of u matters, 
or only the component of u in the direction of 8. There 
is no transverse dispersion. From (2) it follows that 


d(8-u)/dw=1—wpw»pi"/w*, 3 for 0=—n/3 


; 


a=max, (3) 


so that the group velocity is 3 u (see also Sec. VII). For 
future reference, we also put on record: 


9 


d*(8-u)/dw* = 3wyWp?/w', =—6/w 


for 0=7/3. (4) 


The (complex) phase velocity is quite small compared 
with «. This is related to the following crude picture of 
the mechanism. The electrons form a beam traversing 
a traveling-wave tube (see, for instance, Pierce”) formed 
by the ions: a slow electron plasma wave of velocity 
U—W,-/8 interacts with the wave of velocity w,/8 
which the ions, taking the place of a “‘slow wave struc- 
ture,” are capable of carrying. 


III. SCALES; JUSTIFICATION OF IDEALIZATIONS 


Our calculation has ignored boundaries, initial ion 
and electron temperatures, collisions and _ relativistic 
effects. In justification, we consider the following sig- 
arranged in ascending order of 


nificant lengths, 


magnitude: 


(a) ro=e?/ mc? =2.83X 10-" cm, classical electron 
radius ; 

(b) 7=.V~!, mesh size if ions, or electrons, were 
arranged in cubic lattice; 

(c) Ap= (kT /4re.\)', Debye length; 

(d) L=2nr/B8=2ru/w,,, preferentially 
space period of fluctuations, also distance 
traversed by electrons in one plasma 
period ; 

(€) Ap=2mC/wpe= 2a (mc?/4re?.N )*= (rl?/r)*, free- 


growing 


space wavelength of electromagnetic radi- 
ation at plasma frequency 
(Gaussian units—replace 41e* by e°/€9 for mks units). 
These lengths can be related to certain energies after 
introducing the following significant quantity : 
W=e/l=mero/l=1.44X 10-7" electron volt cm, 
Coulomb energy of electron 
closest neighbor in cubic lattice. (6) 


due to its 


The four lengths (b) to (e) stand in the following 


*BUNEMAN 


proportions : 


Np: L: 2wdp:1= (me*)): (mu?)): (RT)*: (W/m). (7) 
The ratio between the extremes, \,»:/, equals (al/ro)! 
and is proportional to .V~'/*, It is therefore not very 
sensitive to changes of conditions. For .V=10"* per cc 
one gets a ratio 10‘, and this value we shall take as 
representative. In experiments connected with thermo- 
nuclear research we might be interested in imparting 
250 electron-volt drift energy to the electrons 
(mu? =10-*mc?), in a plasma with initial temperature 
kT=5 electron volts (=10-'mc?). This would lead to 

the typical proportions: 
dp: L: 2rdp:1= 10 000: 300: 30: 1. (8) 


Changing the numbers on the right by factors 3 either 
way will cover a wide variety of laboratory setups. 

In astronomical applications the numbers would be 
spaced more widely. One has \,:/=10° when .V = 10° 
per cc. Temperatures would often be higher, although 
in interstellar space they might be down to kT = 10-®me’, 
giving \,,: 2p = 1000. The drift energies will vary from 
application to application and the order of L and 2m\p 
might be reversed. 

The absolute value of / ranges from 10~° cm in the 
laboratory to 1 cm in space, while \, goes from 1 mm to 
30 km. In all cases L, the “grain size” of amplified fluc- 
tuations, is small compared with normal plasma dimen- 
sions. We may ignore boundaries. Specifically, we imply 
no assumptions regarding longitudinal terminations (in 
the direction of u): no “feedback” is needed. The model 
is mot an electron beam injected into a stationary bed 
of ions from one end, but a uniform extended plasma in 
which all electrons are given the velocity u by the appli- 
cation of a short external electric pulse. The plasma may 
be unending (toroidal) or finite but long compared 
with L. 

The factor ~30 between A, and L, i.e., between ¢ 
and u, permits nonrelativistic treatment of the problem 
and neglect of self-magnetic fields. Electrostatics may 
be used and E, the ion velocities, as well as the electron 
velocity perturbations, all have the direction of $. An 
applied magnetic field along a common axis of u and $ 
would have no effect. But other orientations have not 
yet been analyzed. 

The factor 300 between L and / permits treatment of 
ions and electrons as continuous interpenetrating fluids. 
It also justifies neglect of close collisions. The target 
area is o=ary where 7; is the radius at which Coulomb 
energy e?/r:(=W1/r,) and drift energy } mv are equal. 
Hence 7=2/W/mu?=2rl(l/L)*. We deduce the mean 
free path between collisions: 

1/No=P/x(2xPL-*)?=4L(L/al)', (9) 
a quarter million times our scale of L. 

We measure times in electron plasma periods (107 
sec at .V=10" per cc, proportional to .\~*). Important 
events take place in a few tens of these: 1/a,, = e-folding 
time = 2.8X 21/w», for H. 


1 
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IV. INITIAL TEMPERATURE 


Growth of fluctuations was calculated in Sec. II for 
an initially cold ion plasma traversed by a cold electron 
stream (but some noise was implied, to trigger off the 
growth). The closeness of L and 27\p in (8), i.e., the 
closeness of mu? and kT, might make it difficult to 
justify the neglect of an initial temperature in applica- 
tions not too different from those quoted as “typical.” 
Indeed, one might be interested in situations where mu? 
is less than 7, i.e., where the drift consists only of a 
slight bias in the thermal distribution. 

Oscillations of an electron plasma which does not 
drift are known to suffer ‘“‘Landau’ damping” when the 
wave velocity decreases down to a few (k7T/m)! or less. 
Will such damping compete against the calculated 
growth, and at what temperature, or at what drift will 
the two balance? 

Let f(Au)du be the fraction of electrons whose ve- 
locity deviation from the mean, #, lies within an interval 
du about Au, i.e., 


f(Au) = (2rkT/m)—! expl—3m(Au)?/kT] (10) 


for a Maxwellian distribution. We only consider com- 
ponents of the vector u in one direction, that of 8, and 
we suppress, in this section, any suffix which might indi- 
cate that only this component is meant. Using the argu- 
ments of Sec. II separately for each velocity group of 
electrons traveling with velocity «=a#+Au, we obtain 
the electron contribution to the left-hand side of a 
modified dispersion formula similar to (1): 


W pe? fs -ti)du/(w—Bu)’. 


Similarly, an ion velocity spread, characterized by 
the distribution function F(a), gives a contribution 
wp Sf F(u)du/(w—Bu)? since here the mean is zero. 
Altogether, we get the dispersion formula : 


du i 


st f(u—ti)+(m/M)F (u) 
(11) 


p? (w—u)? 

where w is the complex wave velocity, w/8. The imagi- 
nary part should be negative for amplification. An inte- 
gration by parts yields 


du=B"/w»-. (12) 


ata M)F’(u) 


uUu—% 


We insert the derivative of the function given by (10) 
and the similar function F(#) with the same tempera- 


ture but, of course, the ion mass M in place of m. We 


also multiply (12) by &7/m and obtain 


uw’ w—u 
:( - tel — Jaros, (13) 
(2kT/M)' (2kT/m)} 


$1. J. Landau, J. Phys. U.S.S.R. 10, 25 (1946.) 
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Fic. 2. Contour representation of g(z:) and Ap*6?—g(ze) 
with \,?6?=0.3. Contours for positive imaginary z; are shown 


broken. 
‘7 exp(—¢) 
—T if -—— dq. 
q-2 


ra 


where 


g(2)= (14) 


Note that the same function g(z) occurs in the first term 
(due to the ions) and the second term (due to the elec- 
trons). Only the arguments are different in the two 
terms. On the right we have used the Debye length as 
given in (5c). 

Landau damping has its physical cause in the “reso- 
nance’’ between the wave velocity and that of a par- 
ticular electron group: w= (see Bohm and Gross‘). 
Mathematically, this manifests itself in the singularity 
q=z of the integrand in g(z) and the resulting failure of 
g(z) to become real as z (and hence the frequency) 
approaches the real axis: 


— ims exp(—2?) 


r@ g exp(—q’*)—2z exp(—2?) 
if dq, 
Q q—-2 


on subtracting off the singular part of the integral in 
(14). The sign of the imaginary part in the first term 
is due to having s below the real axis (growth, disap- 
pearing as z becomes real). The integral in (15) is non- 


g(z) 


—limr (15) 


Qv«x 


singular at g=z and becomes real as z becomes real. 
(The limits have to be taken to infinity simultaneously. ) 
It is, incidentally, an even function of s (change g to —q). 

In Fig. 2 a contour representation of g(z) is given for 
s-values on and close to the real axis. The lower half of 
the z-plane is mapped inside a heart-shaped region. The 
diagram was constructed using the fact that 


I l exp(z°— q°*) 
' exp(s*)[g(s) +1 ]=-1™? dq, 
) “ 2—q 


Rev. 75, 1851 and 1864 


4D. Bohm and FE. P. Gross, Phys. 


(1949 
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which is an error function of (iz). [Integrate the identity 


0 6a 3 
(—+-) 2 exp(z*—q’), 
Og az 2 


first with respect to g from — ~ to + and then with 
respect to z, giving 


1 z 
z exp(sLe9)+1]= f exp(z’)dz’, 
) 


where the lower limit has to be taken zero for the real 
part of g(z), known to be even; the integral is tabu- 
lated.* ] The contour diagram shows that one can make 
g(z) real positive, and thereby solve (13) with a single 
species only, by taking z in the upper half plane which 
represents (“Landau”) damping. [The continuation of 
g(z) across the real z-axis without changing the sign of 
the first term in (15) is justified by the Laplace trans- 
form theory. | 

To solve (13) as it stands, we plot z-contours of g(z) 
and \p»*8*—g(z) in the same complex plane (Fig. 2) and 
compare the two complex labels 2; and z2 where the two 
heart-shaped regions overlap. There can be no overlap 
unless p76? is less than 0.570. This means that only 
fluctuations with wavelengths longer than 8.32\p will 
grow. As wavelengths increase, so does the region of 
overlap: the two hearts come closer together. Eventu- 
ally, there will be overlap near the two cusps. Here the 
moduli of z; and z2 are large and the approximation 
g(z)=1/2z* becomes valid, yielding the zero-temperature 
dispersion formula (1). 

If either |z;| or |ze| is large, one is forced into the 
vicinity of both cusps, and hence towards the zero- 
temperature approximation. We may therefore assume 
in the following that neither is large and, in particular, 
that the imaginary parts are both moderate. Now we 
have 
(16) 


t:=w(M/2kT)!, 22=(w—a)(m/2kT)}, 


say, and since @ is real, Im(z;) is at least 43 times larger 
than Im(z2). This means that the latter is negligible and 
our choice of representative points in Fig. 2 is restricted 
to the curve for real zo. If we aim at a definite growth 
rate, i.e., if we fix the imaginary part of 2;, we restrict 
ourselves to a contour such as ABC, and only at A and 
C can both relations (16) be met. 

The real parts of z; and z2 are always opposite in sign 
when they refer to the same point in our diagram. Let 
us take Re(z:) positive and Re(z2) negative, i.e., con- 
sider the upper half of Fig. 2. From (16) we obtain 

i =2,(2kT/M)!—22(2kT/m)! 
= Re(z:)(2k7/M)'+-|Re(z2)|(2kT/m)'. (17) 
The slowest drift therefore occurs at the matching point 
A and the drift can be made slower at the cost of growth 
rate, i.e., by reducing the imaginary part of 2, until 


SE. Jahnke and F. Emde, Tables of Functions (Dover Publica 
tions New York, 1945), fourth edition, p. 32. 


BUNEMAN 


the match occurs at A’. [This procedure lowers both 
|Re(z2)| and Re(z:).] One can then reduce @ still 
further by going to longer wavelengths and bringing 
the hearts closer until the points 4” and A”’ coincide 
where 2;= —22=0.926 and hence 


min = 0.926(2kT/m)*[ 1+ (m/M)*]. 


The slowest drift leading to (just disappearing) 
growth of very long wavelengths of fluctuations is given 
by (18). Putting it the other way, (18) gives the fastest 
stable drift. The critical drift energy per electron, } mi’, 
is 0.86 [1+(m/M)! PRT. This is 0.90k7 for hydrogen. 
(A similar result was communicated to the author by 
M. Rosenbluth.) In terms of current densities, we can 
say that anything in excess of eV (1.8k7/m)? will lead 
to instability. 

V. INITIAL FLUCTUATION ENERGY 


We return to the study of situations where the drift 
is many times (k7/m)! and where the wavelength of 
the significant fluctuations is many times Xp, as indi- 
cated by the typical proportions in (8). We wish to 
know from what level of fluctuation intensity the proc- 
ess of growth begins. 

Our model is, again, that of a plasma in equilibrium 
in which the electrons are given a short electric impulse 
to make them drift, and that during the action of this 
impulse the relative energy distribution in the electron 
cloud is not disturbed significantly (see Sec. XIII). Now 
a plasma in equilibrium is not neutral. Its heat is dis- 
tributed among the 6N degrees of freedom of the elec- 
trons and ions as well as the “free” i.e., undamped, 
plasma oscillations. 

To find out how many degrees of freedom are avail- 
able in such undamped plasma oscillations, we require 
an estimate of the wavelengths for which there is no 
Landau damping. One might think that in a Maxwellian 
distribution, containing some electrons of arbitrarily 
high velocity, all waves will suffer Landau damping. 
This is not so since the continuous fluid model breaks 
down for velocity groups at a few times (k7/m)!. Only 
one electron in 700 exceeds (or falls short of) the mean 
velocity by more than 3(k7/m)', and among 10" elec- 
trons not a single one can be expected to exceed the 
mean by more than 8(k&7/m)!. From about 3(k7/m)! 
up, corresponding to wavelengths longer than 6m) p at 
plasma frequency, particles become too widely spaced 
to be held responsible for Landau damping. (See (8) for 
relation between 2z\p and J, the spacing of all particles.) 
Note also that the contour for real z in Fig. 2 merges 
into the real axis between 3(k7T/m)! and 4(kT/m)}, 
effectively, indicating practically zero Landau damping, 
if we may still accept the continuum theory in this 
range. 

Let us, therefore, consider plasma oscillations with 
phase velocities exceeding 3(k7/m)! as “free” modes. 
This makes available all wave numbers less than 1/3, . 
On the other hand, wave numbers must be multiples of 


(18) 
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2 cm™ if we study a plasma occupying just a cubic 
volume of 1-cm side. In the space of the 6-vectors we 
are thus filling a spherical volume, of radius 1/3\p, 
with mesh points spaced 2m apart in each direction (see 
Fig. 3). This gives (44/3) (6rd p)~* free oscillators. Each 
carries energy kT (kinetic energy+field energy). 

When the drift has been created, the energy of oscil- 
lators in a certain section of the $-sphere will be ampli- 
fied rapidly. Taking the 6;-axis in the direction of u, we 
get a section of thickness 681~ 3w p.(m/M)!/u~twp./u 
=/2L for H. (See Fig. 3.) The section straddles the 
level Bi=w,-/u=22/L. From (8) we. see that this is 
rather less than the radius 1/3Ap. The section is there- 
fore a disk of radius 1/3\p and thickness 6@,, having 
volume 766;/9\p? and containing 66,/72°\>? 
meshpoints. 

Each meshpoint stands for an oscillator carrying 
energy kT. The amplifiable energy is therefore (68,/18) 
kT/(2mdp)? which, according to the proportions (7) 
equals (68;/18)mu*/L?. We are referring here to a unit 
volume of plasma and on comparing this energy with 
the drift energy imparted to a unit volume, 3 Vm, 
we obtain: 


amplifiable fluctuation energy 68, /° 
— —=———, (19) 
directed drift energy ae Sa 





This ratio no longer depends on the size of the volume 


of plasma considered. Surprisingly, it is also independent 
of temperature. For hydrogen (63;~2/2L) we get about 
one-sixth of (//L)’ which would be one part in about 
150 million for the typical case described by (8). 


VI. BUILDUP TIME 


Since amplitudes have an e-folding time of about 2.8 
plasma periods, energies will be e-folded in 1.4 plasma 
periods and just about doubled in one plasma period. 
In 27 plasma periods the initial fluctuation energy will 











Fic. 3. Free plasma oscillators in 8 space. Outer boundary set 
by Landau damping. Section of thickness 68; available for strong 
amplification. 
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therefore be amplified to the level of the directed drift 
energy, typically. 

This estimate ignores the fact that the growth rate 
@ is not uniformily equal to a,, over the entire band of 
width 68. (We suppress the suffix in this section.) In a 
more accurate calculation we consider an infinitesimal 
band of width d@ and obtain from (19) that the ratio 
between fluctuation and drift energy becomes, after a 
time /, 


(18/912) @2«(8)'d8 = (2/9) (1/L) wpe *)'d (Bu). (20) 


We now integrate in (20) over a wide band of (6x) 
and approximate in the exponent by using a quadratic 
relation between a and 8, fitted to the actual relation 
at the point Bu=w,., a=a» where most of the contri- 
bution to the integral originates (‘“‘method of steepest 
descent”). The data for obtaining the curvature ofthe 
a, 6 graph (see Fig. 1) are given in (3) and (4) in that 
@w/d(8u)?=2/9» at the maximum. Taking the real 
part, and using ay,”=?|w|? we get d’a/d(Gu)?= —1/6a», 
at the maximum and hence the exponent in (20) be- 
comes 2am!—(8U—wye)*t/6a,, for our purposes. The 
integration now yields: 


fluctuation energy 27 /1\*/6man\? 
onan te Rane Ried, (25) 
drift energy Qwe \ L t 


Inserting the values a,,=0.0562w,. appropriate to 
hydrogen, as well as L=3001 in accordance with (8), 
one finds that the ratio reaches unity when w»,//27 
= 28.4, i.e., in 28.4 plasma periods. 

We see that our first estimate was not far out. More- 
over, since the square root of ¢ in the denominator in 
(21) varies slowly, we can employ a straight-forward 
exponential law for the build-up of the fluctuation 
energy in the study of conditions (i.e., // values) not 
too different from those taken as typical here: roughly, 
the energy doubles in one plasma period. 

According to (5b) and (5d), or according to (6) and 
(7), the ratio L/l is proportional wuV~/*, Hence the 
‘buildup time,” i.e., the time within which fluctuations 
are amplified to drift level, is increased above 28.4 
plasma periods by 1} plasma periods for every doubling 
of the drift energy above that assumed for (8). The time 
is reduced by } plasma period for every doubling of the 
plasma density. In terms of the ratio L//, we can put 


buildup time (in plasma periods) 
28.4+3 loge(L/ 3001) 
3.6+ 10 logio(L/2), 


provided L// does not differ from 300 by a large factor. 

The drift distance during buildup time is just L times 
the number given by (22). Since buildup takes place at 
the cost of drift energy, this distance is that within 
which the drift is destroyed, i.e., the electrons are 
stopped. The distance should be compared with the 
collision mean free path given by (9). While the latter 
goes up like (L/1)%, the drift distance goes up only like 
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the logarithm to the base 2 of (L/1)*. Even in partly 
ionized media the calculated buildup time, or drift stop- 
ping time, measured in tens of plasma periods only, is 
often short compared with the time between collisions 
with neutrals. 


VII. GROWTH OF A LOCAL DISTURBANCE 


In the last section we have assumed that the growth 
is triggered off by the random fluctuations that are 
present in every plasma. It was convenient to do this 
by means of a Fourier analysis in space. One would like 
a more direct picture, not in terms of a Fourier spec- 
trum, how local nonuniformities of the plasma grow 
and spread under the two-stream mechanism. 

Let us therefore put in a strictly localized perturba- 
tion at the origin (x, y, s)= (0, 0, 0). We take u along 
the x axis and describe the disturbance mathematically 
as the product of three delta-functions, 6(x)6(y)6(z). 
Since our dispersion law is in terms of Fourier compo- 
nents, we must Fourier-analyze each delta-function, for 


6(x) = (27) f: Pizdg,. 


Now we know that the dispersion formula does not 
involve 8» or B;. Hence there is no dispersion or “‘dis- 
persal” of the perturbation in the y and ¢ directions. 
The perturbation remains confined transversely to u, 
and we need only consider its development in the 
r-direction. Again, we suppress henceforth the suffix 
“1” of B; in this section. 

After time ¢ the Fourier spectrum will have changed 


instance: 


from that given by (23) to 


f (x,t) = (27) ‘fe {wo (B)t—Ba1 gp 24) 


Here w(8) is that solution of the dispersion formula 
which represents growth: its contribution will over- 
shadow those due to decaying or steadily oscillating 
modes. Again, we use the method of steepest descent® 
to evaluate the integral, in that we look for that (pos- 
sibly complex) value of 8, and the corresponding w, for 
which the exponent becomes stationary. 

By differentiating the exponent, and equating to zero, 
we get 


1 —~W pW pi” w*, 


} 


ut/x=d(Bu)/dw 

[see (3) ]. We solve for w, 
w= [wpPwpex/ (ul—x) ie '*, (26 
and substitute this value into formula (2) to give Bu: 


= 9 a | 
Ifwp? wp 7 
Bu=Wpet+ -" - — 

2L x? (ut—-x) 


(31—st)e**"_ = (27) 


° H. Jeffreys and B. S. Jeffreys, Methods of Mathematical Physics 
(Cambridge University Press, Cambridge, 1946), Chap. 17.04 
p. 472 
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Now we substitute in the exponent from (26) and (27), 
giving the value of the exponent where it is stationary 
with respect to changes of 8: 


stationary exponent 


— tw pe(x/)+3ie~'* [wp Pwpe(ul—x)*x ]§/u. (28) 


In the further application of the method of steepest 
descent, we ought now to construct a quadratic approxi- 
mation to the exponent (as a function of 8) in the vici- 
nity of its stationary value, as we did in the previous 
section between Eqs. (20) and (21). The integration can 
then be carried ‘out and the square root of the second 
derivative of the integrand with respect to 8 appears in 
the denominator of the result. This is rather a slowly 
varying function of x and ¢ and we need not reproduce 
the details of the calculation here. 

The dominant factor in the result of the integration 
is, of course, the stationary value of the exponential, 
for the exponent, as shown by (28), has a positive real 
part which grows like (w/—«)!x!. The logarithm of the 
amplitude is therefore proportional to this quantity 
(but for the weak dependences mentioned in the pre- 
ceding paragraph), and we have plotted the quantity 
versus x for various ¢ in Fig. 4. 

As time progresses, we see, the disturbance is drawn 
out between its initial position and the position «= wt 
to which the electrons have advanced. While it spreads 
it grows in intensity everywhere. It never clears the 
origin. This means the mechanism can not be used for 
controlled amplification of signals injected at one place 
and taken out further down the line. Both ions and elec- 
trons would have to be made to drift in the same direc- 
tion in an amplifier based on this principle, so that 
successive curves in Fig. 4 would be translated right- 
wards, always clearing the origin for the injection of 
further signals. 

The maximum of (u/—.x)*x occurs at x= 4a and the 
peak of the disturbance therefore travels with velocity 
34, the “group velocity” calculated in Sec. II from 
Eq. (3). The growth rate at the peak is found, on sub- 
stitution of x= 4u/ into (28), to be a,,. 


154 tal u/Lap, 
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Fic. 4. Growth and spread of local disturbance. Logarithm of 
amplitude versus distance (downstream) from origin, at successive 
times: (1) at t=L/u, (2) at t=2L/u, (3) at t=3L/u, (4) at 
i= 4L/u. 
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A study of the imaginary part in formula (28) reveals 
that this differs by less than 1% from w,,x/u, for hydro- 
gen. Hence at all times the disturbance will exhibit 
ripples of periodicity (= 2ru/w,,). 


VIII. NONLINEARITY 


So far, we have calculated growth of fluctuations by 
a linearized theory. During the last few plasma periods 
of the buildup, however, while most of the conversion 
of directed energy into fluctuation energy occurs, non- 
linear effects are bound to become important. For 
instance, the drift velocity, hitherto treated as constant, 
must decrease as the fluctuations consume drift energy. 

However, even in the absence of a mutual drift 
between ions and electrons, and even when ion motions 
are ignored altogether, nonlinear effects take place in 
the oscillations of a pure electron plasma when they are 
excited to a sufficiently high level. These effects were 
calculated by Sturrock.’ 

In the case of interaction between ions and electrons 
by the two-stream mechanism, nonlinearities will mani- 
fest themselves in the dymanics of the electrons in the 
first place. For the electron velocity perturbations, as 
well as their density perturbations, are larger than those 
of the ions: substitution of the maximum growth solu- 
tion w= (wpi7Wpe/2)' exp(— fir), B-u=wy. of the dis- 
persion formula (2) into the expressions quoted for 
velocities and densities in the derivation of the formula 
leads to the following ratios: 


ion velocity m \3 
———$___——_—— =2 = 0.0084 
electron velocity fluctuation 2M 
for H, (29) 
ion density fluctuation m 
: =2 =(.13 
2M 


electron density fluctuation 


for H. (30) 


In view of the importance of the dynamics of the 
electrons in connection with nonlinearities, it is con- 
venient to visualize phenomena in a frame which travels 
with the mean electron velocity. The ions are then 
moving and nonlinearities in their dynamics may be 
ignored. They are merely a means of exciting electron 
plasma oscillations which take place at the Doppler- 
shifted frequency w,.-—-w~w,,. (Wave numbers 6), B2, 
83 are not altered in a nonrelativistic transformation. ) 
The ions are the ‘“‘bow,” the electrons the “‘string.”’ 
However, this would not be the correct frame for de- 
scribing the slowing down mentioned in the first para- 
graph of this section: since momentum is conserved, 
the energy balance must be drawn up in the center-of- 
gravity frame of ions and electrons: this is, more or less, 
the frame of the ions. 

Applying the results of Sturrock’s calculations for an 
electron plasma, we may conclude, perhaps, that non- 


7P. A. Sturrock, Proc. Roy. Soc. London A242, 277 (1957). 
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linearity will serve to restore isotropy of the Fourier 
spectrum (the tendency towards isotropy is the main 
effect of nonlinearity derived by Sturrock). The spec- 
trum created by the growth mechanism from an initi- 
ally isotropic spectrum in $-space (see Fig. 3), although 
still isotropic in the directions transverse to u (82 and 
83), contracts to a narrow band in the longitudinal com- 
ponent §;. Although growth is appreciable over a fairly 
wide band in 6; (about 25% of the mean 6;=w,./1), 
after the 28.4 plasma periods of buildup there is quite 
a noticeable selectivity effect : inserting the appropriate 
t=10/a,, into the parabolic approximation for the ex- 
ponent 2a(8)/ in (20), one finds the energy drops to half 
the peak value when @; differs as little as 3.6% from 
u. 

The sharpness of this spectrum will be reduced again 
by nonlinearity. Eventually, isotropy should be re- 
stored and the drift energy distributed evenly among 
all the available plasma oscillators. However, the dis- 
tribution may not be completely random: results ob- 
tained from the application of Fourier analysis to a non- 
linear problem must be treated with caution. Correla- 
tions revealed by alternative methods (where such are 
available) may be missed. 


W p 


IX. ONE-DIMENSIONAL PHENOMENA 


In his analysis of nonlinear plasma oscillations 
Sturrock finds that strictly one-dimensional spectra 
behave in a singular manner: there is, to the order to 
which the investigation is taken, no long-term (‘‘secu- 
lar’) redistribution of energy among different Fourier 
components whose $-vectors all have the same direction. 
One wonders whether the spectra which have appeared 
in our work (the tips of all §-vectors lie in a plane 
8:=constant) would exhibit similar peculiarities. More- 
over, if we did start with a one-dimensional spectrum, 
narrowed down to a single $-vector by the selectivity 
of the amplification process, would nonlinearity fail to 
effect the return to randomness? 

Fortunately, a more direct approach than Fourier 
analysis can be followed when the problem is one- 
dimensional. It explains the persistence of the spectrum 
and reveals the underlying correlations. It also shows 
that randomness 7s restored eventually, when ampli- 
tudes have grown sufficiently, within that one dimension. 

The method consists of changing from the Eulerian 
description of the electron and ion fluids (recording 
velocities and densities as distributions in space and 
time) to the Lagrangian description (tracing histories 
of individual particles or groups of particles). Since there 
is uniformity in two of the three dimensions (y and 2, 
say), we divide the plasma into a large number of very 
thin plane disks of ions and electrons and record their 
displacements, «, as functions of time and a parameter 
s which distinguishes the disks from each other. 

The direction x need not coincide with that of the 
initial drift, u. There may be a “sheared”? component of 
the drift in the (y, z) planes of the disks. All we require 
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is that this component should remain uniform, velocity 
perturbations being restricted to the x component. A 
uniform transverse drift within each disk can be ig- 
nored, both in the equations of motion and in the 
equations for the field. 

The parameter s is conveniently chosen as the dis- 
placement of each disc from some fixed origin a long 
time ago, before perturbations of the uniform distri- 
bution had occurred. Then eds is the charge per unit 
area of a disk associated with the interval ds of the 
parameter s. If (0) is the field at x=0 then, by Gauss’ 
theorem, 


E(x)= p(0)+4rew (= f as-Ef is), (31) 


where capitals have been used to distinguish the ions 
from the electrons and where the integrations are over 
all those ranges of s and S from which disks originate 
that lie between 0 and x at time ¢. There may be several 
such ranges, in that the original order may not have 
been preserved: hence the sums. In terms of large 
numbers of disks, each of finite original thickness és, 
the bracket can be understood as the number of ion 
disks, minus the number of electron disks in the interval 
between 0 and x, multiplied by és. 

To get £(0), we calculate the potential drop between 
0 and «=X. By (31), an ion disk contributes nothing 
to the field on its left and 49e.VdS to the field on its 
right. To the potential drop it therefore contributes 
4reNV (X—x)dS. Similarly for the electrons, and hence 
the potential drop is 


X E(0)+42eN 


S,(X) sy(X 
(xf (X—2)aS-¥ f (X— Has). (32) 


oy 


If the potential drop is fixed by external conditions, 
then we can determine /(0) from (32) and hence evalu- 
ate the field anywhere with the aid of (31). 

The expression (32) simplifies in two more or less 
complementary extreme cases, namely when the dis- 
turbance is localized and limited to the interior of the 
range between 0 and X, or when it is strictly periodic 
and _X is identified with the period, L. In both cases the 
total ranges of S and s in the expression are equal to 
each other. In the first case because at the ends, 0 and 
X, conditions are unperturbed so that all the ions in 
the range are those which were there originally, i.e., 
those with 0<.S<X, while the electrons originate from 
an s-range of equal length, but further up-stream. In 
the second case the ions must originate from an S-range, 
the electrons from an s-range, both exactly of length L. 

In these situations we get cancellation of the sums of 
the integrals “XdS and /Xds while the integrals 
JS xdS and f-xds can be written as averages, £($,/) and 
£(s,t), multiplied by the total range, X. Dividing the 
potential drop by X, to give the mean field EF over the 
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range, we then obtain 
E(0)=E+4reN[2(S,t)—(s,t) ]. 


In the bracket we have the difference between the 
average positions %; and Z, of all the ions and all the 
electrons in the interval. 

We substitute (33) into (31) and equate the field to 
(M/e)#; and —(m/e)#,. Dividing by 47eV, this leads 


(33) 


to 


Wpi = — 

+P AS—YAs+E/4reN. (34) 
Here AS stands for S(x)—S(0) and As for s(«)—s(0). 
The summation is over all the ranges that contribute 
disks in the interval. In terms of sets of discrete disks 
of standard finite initial thickness, the sums represent 
the fraction of disks in the interval between 0 and 2, 
out of all those between 0 and X, multiplied by X. 

The choice of an origin 0 for this “count” is to some 
extent arbitrary. In the application to a confined dis- 
turbance the only requirement is that 0, as well as the 
terminal X, should lie outside the distrubance. In the 
application to a periodic disturbance the only require- 
ment is that 0 and X should be one period apart. We 
need not take the same 0 at all times but can let 0 follow 
a particular electron, say. 

Equations (34) are rigorous and we proceed to regain 
from them the equation describing ordinary plasma 
oscillations. To this end, we cut out the external field 
E, we make the ions infinitely heavy and stationary, so 
that x,=S=constant and we also suppose that the 
electrons keep their original order. We get #;=S=43X 
and if we take as origin for the count a specific electron 
disk, say that characterized by s=0, we get AS=S(x) 
— S[x(0)]=x—-x(0). Also, since x(0) is not the per- 
manent coordinate origin, we should write £,—.«(0) in 
place of Z,. Since the electrons keep their order, we 
have As=s=constant along an electron orbit. The 
equation of motion for the electrons then reduces to 


— wpe =3X+a—2(0) 


—[%—x(0)]—s=4X+a-%-s (35) 


omitting the subscript “e.”’ 

We note that §=}X and hence that the average of 
all accelerations vanishes: the average moves with uni- 
form drift. From this we deduce 


— wy? (d?/d?) (x—#+5—s)=x—-F+5—5, (36) 


and hence 


(37) 


X¥—S=EZ—8§+A, cos(wod—¢,). 


Relative to the drift, each layer performs strictly har- 
monic motion with no limitation of amplitude other 
than that arising from the condition that the order 
should be preserved. The latter condition is that 0x/ds 
should always have the same sign, which becomes 


(dA,/ds)?+A 2(do,/ds)? <1. (38) 
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The linearity of (35) and (36) explains why Sturrock,’ 
using Eulerian coordinates and Fourier analysis, ob- 
tained a singular behavior for one-dimensional spectra. 
Using Lagrange coordinates and avoiding Fourier 
analysis, the equations turn up in linear form. Whatever 
the spatial distribution of amplitudes and phases [sub- 
ject only to condition (38) ], the motion remains strictly 
periodic in time. There is no randomization and the 
motion is strongly “correlated”: each pattern of dis- 
turbances is repeated strictly with period 21/w,-. There 
are no secular changes. 

One could now proceed to calculate small corrections 
to the strict solution (37) due to small-amplitude 
motion of the ions, employing linearization only in these 
corrections, wherever necessary. This leads back to 
equations like those obtained by the Eulerian method 
(which we employed in Sec. II), and to the dispersion 
formula (1). Thus one gains confidence that the theory 
is restricted to small amplitudes only as regards the 
ions, not as regards the electrons. For the latter we only 
have the restriction that there should be no overtaking, 
i.e., that (38) is satisfied. 

If now we assume periodicity of the perturbations 
with period L in space, and if, in particular, the de- 
pendence upon s is simple harmonic, we must take the 
amplitudes A, independent of s and ¢, linear in s, as 
follows: 

(39) 


o.=2ns/L. 


A,=constant, 


The condition (38) then leads to 


A,| <L/2r=/wye, (40) 


taking the period LZ to which the fluctuation spectrum 
narrows down. With the extreme displacement ampli- 
tude [equality rather than inequality in (40)] one 
obtains the velocity amplitude wu by differentiation of 
(37). Hence the mean kinetic energy is jw? and the 
potential energy likewise: the entire initial drift has 
just been converted into fluctuation energy of the elec- 
trons when the level giving overtaking is reached (the 
energy stored in ion motion may be ignored compared 
with that of the electrons). Presumably, the perturba- 
tion method described above would exhibit a secular 
reduction of the drift, if carried out in full detail. 


X. COMPUTATION OF LARGE-AMPLITUDE 
ONE-DIMENSIONAL PHENOMENA 


We have outlined an analytic procedure which would 
take the calculation of transient buildup to the level of 
electron-overtaking, with only minor approximations. 
However, rather than following through this procedure, 
we have set up the Eqs. (34) for numerical integration: 
this enables one to go beyond the point of electron- 
overtaking. 

Some of the information obtained by analysis was 
utilized in the computations. For instance, the fact that 
a definite space-period crystallizes out of linear buildup 
became an essential ingredient: the situation was even 
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idealized into the condition that the periodicity should 
be strict. It then persists, of course, throughout the 
nonlinear development of perturbations. 

The periodicity allowed limitation of the number of 
ion disks and electron disks to be traced. 256 of each 
kind were taken in one period of length L. The evalua- 
tion of the accelerations given by (34) then amounted 
to a simple count of the disks between the disk to be 
accelerated and a fixed origin. Displacements were 
recorded only “modulo L”, i.e., multiples of L were 
ignored: x=1.25L was identified with x=0.25L, for 
instance. 

At each instant the accelerations of 512 charge disks 
due to the remaining 511 were thus computed and the 
record of displacements built up step by step. The time 
interval was jw, ', or about one twenty-fifth of a 
plasma period. A higher difference correction formula 
was used in the integration of the motion. (A non- 
growing mode at one-half of the plasma period can be 
found from the dispersion formula (1), and steps should 
be small enough to cope with this mode.) 

The time unit employed for records was wy. ', or 1/2 
of a plasma period (see Figs. 5 and 6), the space unit 
was L. The only other parameters in Eqs. (34) are the 
applied field in certain units and the mass ratio M/m. 
The field was taken zero. For the mass ratio the value 
for hydrogen was chosen. Apart from this specialization, 
the calculation is fully representative of all conditions. 
However, one should keep in mind that the restriction 
to one-dimensionality represents a considerable 
specialization. 

Since the linear theory is sound up to the level of 
overtaking (see Sec. IX), initial perturbations were fed 
into the computation at a fairly high level, with electron 
displacement amplitude § L, just short of overtaking 
which occurs at L/2x. The ratio of ion and electron 
amplitudes is the same for displacements as for densities 
and hence given by (30). That of velocities is given by 
(29). Initial data were set up accordingly. There are 
phase differences also: relative to the electron displace- 
ments one finds +2/3 for the ion displacements, +7/2 
for the electron velocities, +7/6 for the ion velocities. 

Accuracy or realism in the initial data are not 
essential: in a self-amplifying process the unfavor- 
able modes excited initially will soon be oversha- 
dowed by the growing modes selected in the process. 
Ideally one would start the computation from its 
own internal noise, i.e., the random errors, and build 
up the fluctuation into the nonlinear regime automati- 
cally. However, computing time was costly and a start 
was made from a high-level input. The first few steps 
could be checked against the linear theory and were 
found to agree, thus reducing the chance of a mistake 
in the computing procedure to the unlikely coincidence 
between such a mistake and possible errors due to line- 
arization of the analysis. 

Since the input amplitude was 2/4 of the critical 
amplitude calculated at the end of Sec. IX, the fluctu- 
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Fic. 5. Time-displacement graphs of 32 electron sheets (out of 256 computed). /, in units of w,.!, versus x in 
units of L. Initial condensation as given by linear theory. 


ation energy at input was already 62% of the initial 
drift energy which leads, through linear buildup, to the 
establishment of the wavelength ZL [drift velocity 
W pel./ 2m, see (5d) ]. Only 38% of the initial drift energy 
should have been left, giving 62% of the initial drift 
velocity. Unfortunately, this point was overlooked and 
the electrons injected at the full initial drift velocity, 
plus fluctuations. The calculations therefore imply a 
booster field which has imparted the missing energy to 


them. Since the main object of the calculations is to 
demonstrate the ability of fluctuations to destroy (and 
even reverse) the initial drift, we have erred on the 
right side. 

Perhaps a more serious error which has crept into the 
calculations is the omission of the “self force” of each 
disk. The instruction given for the evaluation of the 
accelerations from Eq. (34) was to count the electron 
and ion disks fo the left of the disk to be accelerated, not 
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. Time-displacement graphs of 32 ion sheets (out of 256 computed). Scales as for Fig. 5 
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including the disk itself. It would have been more 
correct to count the disk itself as one half of a disk. 
With a sufficient number of sufficiently thin disks (6s 
sufficiently small), this “‘self-force’’ becomes negligible. 

However, in the actual calculations, with 6s= 1/256, 
the omission of the self-force had significant effects over 
the time interval (five plasma periods) for which the 
calculations were run. As a result, the ion and electron 
momenta would not balance. The appropriate correction 
due to the self-force was inserted and then the momen- 


tum balance was found to be restored exactly, giving a 
good check of the numerical procedure. Broadly speak- 
ing, the self-force would not introduce any qualitative 
change of the numerical results obtained, but it would 
introduce a general delay of the phenomena by about 
one plasma period over the five plasma periods of the 
completed run. 

Equations (34) and the initial conditions were pro 
grammed by Mr. D. Thoe of the Lockheed M.S.D. 
Computer Service into their 1103 AF digital machine 
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which then completed the calculations in approximately 
two hours. A record of the displacements of every eighth 
electron and every eighth ion was printed out by the 
machine, together with records of Z, and Z;. The rates 
of change of the latter quantities give the electron and 
ion currents. 


XI. TRANSITION TO MULTISTREAM MOTION 


The displacements of 32 electrons (out of 256 calcu- 
lated but not recorded) were plotted as time-displace- 
ment graphs by J. Seger of Electronics Research 
Laboratories, Stanford. These plots are shown in Fig. 5. 
The displacements of 32 ions (out of 256 calculated) 
were also plotted and are shown in Fig. 6. When study- 
ing these graphs one should keep in mind the spatial 
periodicity: the left and right borders of the diagram 
join continuously and some electrons can be seen to 
sweep across the diagram several times. 

The first impression given by the electron diagram 
(Fig. 5) is one of transition from order to chaos. To 
begin with (bottom of diagram) the electrons keep their 
original order and the initial condensation at x=}L 
intensifies, as predicted by linear theory. At /=3w,,.', 
overtaking occurs for the first time. Electron layers 
hesitate and build up a wall of space charge from which 
subsequent electrons are reflected, showing directly how 
“collective collisions” take place. Note, however, that 
the electrons bounce off their own fluctuation fields while 


the ions are still almost uniformily spaced. So far, the 
function of the ions has only been to excite the electron 


fluctuations. 

The first electron wall disperses for a short interval, 
then intensifies again and causes further reflections. 
Some electrons which have already suffered one reflec- 
tion bounce off again, from the other side of the wall 
and are “‘trapped” between adjacent walls. Others have 
sufficient energy to penetrate all walls, some in the 
forward and some in the reverse direction. The total 
electron current, obtained from the rate of change of 
E, (recorded), decreases steadily and reverses at about 
t= 30w,,', allowing for the self-force error. A very small 
ion current is set up. The main electron wall shifts in 
phase and eventually it is the rarefaction of the ions 
(at «=0.7L, see Fig. 6) which repels electrons, while 
their concentration (at x=0.2L, Fig. 6) traps them. 
There is an obvious tendency towards neutrality, and 
the material forms layers, a distance L apart. 

The first occurrence of overtaking indicates the 
breakup of single stream motion into double stream 
motion. From then on, two electron disks are present 
at the same location in some range of the basic interval, 
and the two disks move with different velocities. Such 
a breakup occurs again and again until eventually 
(at /=31w,.', x=0.55L) about five different streams 
seem to interpenetrate. 

When studying Fig. 5 it should be remembered that 
the curves do not represent trajectories of individual 
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electrons but that they represent a few selected electron 
sheets each of which stands for eight sheets or disks 
actually traced numerically, and each of those traced 
stands for a section of a continuum. In some places the 
continuity between adjacent sheets is still apparent at 
the top of the diagram, in spite of the omission of seven 
intermediate sheets from illustration. However, the 
continuum must have been “torn” a great many times 
and one-time neighbors become widely separated, to 
lead to the chaotic appearance of the top of Fig. 5. The 
order in which the 32 illustrated sheets are found at the 
top is this: 13, 24, 1, 19, 11, 12, 9, 6, 3, 18, 14, 32, 22, 16, 
29, 23, 30, 28, 15, 20, 26, 31, 10, 4, 27, 8, 7, 17, 25, 5, 2, 
21. Certain pairs, such as (11, 12) and (7, 8) have stuck 
close together. Others can still be identified as forming 
a coherent stream, such as (22, 23), (24, 25) and the 
triplet (29, 30, 31). The streams in these three cases are 
rather tenuous. Plots of the intermediate seven tra- 
jectories would be needed in order to recognize all of 
the orbits plotted in Fig. 5 as members of coherent 
streams rather than individuals. Perhaps even then 
there would be some strays, but on the whole one has 
the feeling that at the end of the run the computing 
machine was still handling coherent streams as families 
of several sheets rather than by one representative 
member only. It was therefore getting a fairly true 
picture of the charge distribution from which it calcu- 
lated the field. 

Up to the end of the run no crossing-over had occurred 
among the ions (see Fig. 6). However, there is con- 
vergence of ion trajectories at the condensation. This 
is not necessarily inhibited by ionic space-charge repul- 
sion since we observe the trapping of electrons into 
these condensations. One would therefore expect a 
“clash” of ions to develop before many more plasma 
periods have elapsed. The mutual velocity of two inter- 
penetrating streams of ions should greatly enhance the 
probability of a nuclear reaction in an individual en- 
counter and a controversy will be released whether this 
should be classed as a “‘thermo’’-nuclear phenomenon. 


XII. “TURBULENCE” AND FURTHER 
RANDOMIZATION 


The breakup of ordered motion into more and more 
complicated flow patterns, and the distribution of 
initial directed energy into more and more degrees of 
freedom by subdivision of the continuum suggest a 
comparison with hydrodynamic turbulence. The only 
forces taken into account are inertia and “Coulomb” 
pressure. There is no viscosity when one works on our 
scale, because of the rarity of individual particle 
collisions. 

However, the ‘‘turbulence” illustrated in the top of 
Fig. 5 (one might refer to it as “electrodynamic turbu- 
lence”) differs from hydrodynamic turbulence in the 
following respects: (a) it is one-dimensional, (b) the 
fluid can interpenetrate itself. In hydrodynamics one 





PiSSIPATION: OF €U 


cannot get one-dimensional turbulence because the fluid 
cannot interpenetrate itself. Two-dimensional motion 
(eddy formation) is therefore bound up with hydro- 
dynamic turbulence. 

The analog to the hydrodynamical dissipation of 
energy by turbulence, through the formation of smaller 
and smaller eddies, is to be seen in the redistribution of 
directed energy into the motions of increasing numbers 
of increasingly tenuous streams. Successive streams 
carry fewer and fewer particles: eventually the energy 
is distributed among individual particles and we have 
raised the temperature of the plasma. (The initial tem- 
perature implied in the calculations might be identified 
with the rounding-off errors: no spread was added arti- 
ficially to the “cold” starting conditions of ions at rest 
and electrons in uniform motion.) 

Long before such a complete dispersal of the energy 
into equipartition between all the microscopic degrees 
of freedom, a form of velocity distribution is reached 
which resembles the Maxwellian distribution. Every- 
where there are superimposed many streams at different 
velocities and the “hot spot” at (~3lw,.', x=0.55L 
in Fig. 5 provides an example of this state of affairs. 
Indeed, one could scan the entire width in x at that 
time ¢ to find the number of superimposed streams at 
each x, as well as the first two moments of their velocity 
distributions (local drift and local “temperature’’). This 
description of the chaos suggests a statistical method of 
integrating further (for the electrons, not the ions). 
Unfortunately, the equations for the moments of the 
distributions do not “close” without some assumption 
about the rate of heating; the integration of the full 
dynamical equations eliminated the necessity for a 
guess about the rate of heating. 

Throughout this calculation single collisions between 
individual particles have been ignored. The randomiza- 
tion of energy is entirely due to collective Coulomb 
interaction. If one had to wait for collisions, the time 
scale for randomization would be stretched by a very 
large factor. 

The use of thermodynamical terms in situations 
which are a long way from statistical equilibrium usually 
meets with criticism. To side-step the controversy, we 
might avoid the word ‘“‘temperature” by talking only of 
the mean mutual velocity of interpenetrating streams. 
When it comes to interpenetration of ion streams 
(extrapolation of Fig. 6), it is this mutual velocity which 
determines nuclear reaction rates. At that stage, there 


are present only a few well-formed streams or “‘beams,”’ 


interpenetrating each other like a cyclotron beam and 
its target. This state of affairs arises long before strict 
thermal equilibrium of all particles is created by indi- 
vidual collisions. If we are unwilling to broaden our 
thermodynamical terminology, we must accept the fact 
that a true “thermo’’-nuclear regime will tend to be 
by-passed by “collective” Coulomb effects which get 
there first. 
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XIII. GROWTH OF INSTABILITIES UNDER A 
STEADY APPLIED FIELD 


Our work demonstrates the braking of electrons when 
coasting after acceleration by an electric pulse which 
does not itself create disorder. No violent instabilities 
should occur during a pulse shorter than, say, 10 plasma 
periods. For the “typical” example of Sec. III, this 
means a field of magnitude 


(m/e)u/ (20mwp-!) = mu?/10Le= 15 kilovolt/cm. 


This is not an excessive field to realize: the main prob- 
lem would be how to shut it off after only 10 plasma 
periods (about 3X10" second at V=10" cm~*). 

We obviously require an analysis of the case where a 
field of more moderate strength continues to prevail, 
slowly increasing the mean drift while instabilities build 
up and eventually, perhaps, maintaining the drift 
against the dissipation in instabilities. 

Since instabilities take times of the order a,.~ 
develop (see Sec. II), it is reasonable to suppose that 
drift velocities measuring several times e| | /ma» can 
be created by an external field - in moderately ‘“‘pure” 
form (we omit the bar over £ in this section: the applied 
field is meant throughout). Subsequently, the relative 
change of the drift velocity during an e-folding time of 
the amplitudes will be small and we may apply an 
“adiabatic” theory. 

According to Sec. II, the wave numbers @ in an inter- 
val of width }w,,/# around the value w,./u are amplified 
strongly. As for our rougher estimate at the beginning 
of Sec. VI, we shall take the growth rate to be a» in this 
interval and zero outside, replacing the actual dispersion 
curve by a “‘square top” function (see Fig. 1). Amplifi- 
cation of a particular wave number lasts only while u 
is within a band of width jw,,/8 around the value 
w»-/8. At other times, we might say, that wave number 
is “out of resonance.” The duration of amplification is 
therefore limited to }mw,-/e| £|8 and fluctuation energy 
amplified only by a factor exp(r) where 


! to 


t= 2am X duration = }mwpa,/e| E| B. (41) 

While in Sec. VI we had unlimited amplification of a 
narrow band of 8-values, we now get limited amplifica- 
tion of an unlimited range of 6-values. At time ¢ the 
8-values in the vicinity of mw,./e|E|t are unstable. 
Short waves (large 8) become unstable first and at time 
{=t, all 8 down to about mw,,/e| Ft; will have under- 
gone amplification. Hence a maximum exponent 7, to 
be denoted 7; and equaling 3an/1, can be achieved with 
the latest, and longest, wavelengths: these contribute 
the largest amount of amplified fluctuation energy. 

It is not important to fix an accurate lower limit to 
the wavelengths contributing to amplification. The 
Debye length sets one lower limit, but often a more 
severe limitation arises from the condition that our 
“adiabatic” theory should apply, namely that the mean 
velocity during amplification, w,-/8, should exceed 
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its change during an e-folding time of amplitude 
e| E\ /mam. It means the 6-values must be small enough, 
and the wavelengths long enough, to make the exponent 
r in (41) of the order unity at least. We shall, therefore, 
integrate over that wavenumber band which makes the 
exponent 7 run from 1 to 7. 

The initial fluctuation energy contained in a wave- 
number band 68 was found in the last paragraph of 
Sec. V to be (68/18)k7/ (2p)? per unit plasma volume. 
The fluctuation energy per electron is therefore 68e”/ 187, 
after substitution for Ap from (5c). We now use (41) 
to get 68 in terms of 67, 

68 = — mw ptmdT/ re i (42) 
and on integrating over our range of 7 we obtain 


fluctuation energy 


TI 


(€°MW pc&m/ 36me| E if exp(r)dr/r°. 
1 


(43) 


For large 7; the integral is approximately exp(7)/TY’ 
and insensitive to the lower limit. For a,, we use the 
hydrogen value 0.0562w,, (all these calculations are for 
hydrogen). Then we substitute for w,.? from its defini- 
tion, 4rNe’?/m. We use W=e?/I as reference energy 
[see (6) ] and define a corresponding reference field, /o, 
as follows: 


Ey=e/P =1.44X 10-71 volt cm, 
Coulomb field experienced by closest 


(44) 


neighbor in cubic lattice. 


This reference field is proportional to V! and at V = 10" 
per cc its value is 1.44 kilovolt per cm. With all these 
substitutions, we get the fluctuation energy per electron 
at the time 4;=2r1/a,, in the form: 


fluctuation energy 


= (1/160)W | Eo/E (45) 


exp(71)/71’. 


At the same time /; the drift energy will have been built 
up to 
drift energy =} (eFt,)?/m=22F?r?/man? 
= 2 0.05627 E27 ?/mw ».7 


=50W | E/E \?rV, (46) 


after substitution from the definitions of w,,., W, and 
Eo. The fluctuations will always catch up with the drift 
eventually, namely when the expressions on the right 
of (45) and (46) become equal: 


20E Eo 3§7,4=exp(71). (47) 


Roughly, 7: goes up like 3ln | £/0.05£o|. The com- 
parison field 0.05 in this estimate is quite small, only 
72 volts per cm at V = 10" cm~. Since 7; measures time 
in multiples of 5.67 plasma periods, a field whose 
strength is measured in kilovolts per cm would be able 
to increase the drift unhindered for as many as 100 
plasma periods. At 30 plasma periods the value of 
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E/Eo| determined from (47) is 0.03, at 100 plasma 
periods it is 0.4, but at 170 plasma periods it is 11.8. 
The time over which drifts can be built up is therefore 
of the order of 100 plasma periods for a wide range of 
applied fields. 


XIV. “RUNAWAY” 


The estimates of the times during which acceleration 
can take place unhindered must be modified for very 
weak fields, for several reasons. First, the approximation 
following Eq. (43) becomes poor when 71<5 (t; less 
than 30 plasma periods). But it would still be true to 
say that less than 30 plasma periods suffice to destroy 
drifts created by fields weaker than 0.03£o if it weren’t 
for the remaining reasons. 

Second, Landau damping stabilizes the shorter wave- 
lengths, or, as shown in Sec. IV, instabilities do not set 
in till the drift energy exceeds 0.9k7T. A field will create 
stable drifts of this magnitude but provike instabilities 
when accelerating the electrons further. The time for 
accelerating to 0.9kT energy is 0.43(2mAp/1)(Eo/E) 
plasma periods, using formulas (5) and (44). For the 
lowest fields mentioned above and the typical propor- 
tion (8), this amounts to several hundred periods against 
which the time for the subsequent development of in- 
stabilities is rather insignificant. For large fields the 
significance is reversed. 

Third, weak fields may take more than one collision 
interval to accelerate electrons to 0.9kT. The mean free 
path at velocity «= (2k7T/m)! can be obtained from (9) 
by substituting L=2?m\p, in accordance with (7). One 
obtains 167Ap*N, or (2Ap)*kT /e? after using (5c). We 
multiply by e|£| to get the energy gained from the 
field between collisions. This should exceed kT (roughly) 
and hence: 


E >e/(2\p)*= Coulomb field at distance 2\p. (48) 


For the “typical” example in Sec. HI one gets 15 
volts/cm. 

Electrons which have been accelerated to energies 
exceeding kT before making a collision will continue to 
be accelerated without hindrance since their collision 
cross section rapidly decreases as they get faster. These 
are termed “runaway” electrons.*—" They have nothing 
to do with classical “runaway” electrons of Dirac" 
which are accelerated by their own radiation field. In 
the sense that the present analysis deals with electrons 
unhampered by collisions, it might be called an analysis 
of “runaway” conditions. 

The field given by (48) is, in fact, a “runaway” field. 
It is quite low and decreases with temperature, being 
proportional to ./7. There must be many conditions 


8 C. T. R. Wilson Proc Cambridge Phil. Soc. 22, 534 (1925). 

A. S. Eddington, The Internal Constitution of the Stars 
(Cambridge University Press, Cambridge, 1926), pp. 302, 320. 

© F, Hoyle, Some Recent Researches on Solar Physics (Cambridge 
University Press, Cambridge, 1949), 

uP. A. M. Dirac, Proc. Roy. Soc. London A167, 148 (1938). 
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where fields of this magnitude are applied to plasmas 
and where the electrons ought to run away. In fact, we 
have shown that electrons do not run away indefinitely. 
Their acceleration will be braked by instabilities after 
some 100 plasma periods. We might say that collisions 
in bulk then take over from the close collisions which 
the “runaway” electrons have escaped. 

There is, however, a form of runaway that might 
persist for a long time and lead to high velocities. A 
small number of fast electrons in the Maxwellian tail 
of the initial distribution, or, more likely, some tenuous 
streams such as those seen streaking across Fig. 5 in 
either direction as a result of the instabilities, can pro- 
ceed as a separate group, unhindered both by collisions 
and by the space-charge forces in the bunches, their 
velocity being too high. By the two-stream mechanism, 
they might interact with the ions and the bulk of the 
slow electrons. But since they are few in number their 
plasma frequency is low and instabilities will build up 
among them only slowly. They will enjoy free accelera- 
tion by the applied field for a long time and gain higher 
and higher energies. 


XV. ELECTRODYNAMIC HEATING 
AND RESISTIVITY 


In Sec. XII we discussed the conversion of drift 
energy into the random energy of many superimposed 
streams. While we envisaged eventual equipartition of 
the initial drift energy into a random distribution of 
velocities of individual particles, we were unable to 
suggest a time scale, other than the very long time scale 
based on the mechanism of close collisions, for this 
process. We also discussed the merits of applying ther- 
modynamical terms to such pre-equilibrium velocity 
distributions as are shown at the top of Fig. 5. 

A terminology is justified by its uses and for the 
purposes of the ensuing arguments it does not matter 
whether a certain velocity distribution is completely 
random and equipartitioned down to individual par- 
ticles, or whether there is a good deal of coherence, or 
“streaming in bulk.” We shall therefore speak freely of 
“heat” in connection with the pre-equilibrium distribu- 
tion and ascribe a temperature to it. 

The new temperature 7” created by the instabilities 
is defined as the mean energy of a streaming electron, 
divided by k. The energy has come out of the initial 
drift and hence kT” will be of the order }mu?. It will 
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have risen to this value from the initial kT and in this 
sense we have “heated” the plasma without collisions, 
purely electrodynamically. 

In Sec. IV we found the extent to which instabilities 
are suppressed by Landau damping and the argument 
here was based on the superposition of many streams 
of electrons of different velocities, their mean kinetic 
energy being 3&7. Equipartition down to individual 
electrons was not implied. The calculations were done 
for a strict Maxwellian distribution, but similar results 
are obtained with other types of distribution. (We 
refrain from reproducing such calculations here: in 
many cases they are easier than for the Maxwellian 
distribution. ) 

Once the new distribution is established at tempera- 
ture 7”, we may conclude that drifts of the order k7” 
are required to be produced by a sustained electric field 
before instabilities develop again, on a new level, giving 
further heating and raising the temperature to 2k7”, 
etc. Only very few plasma periods seem necessary for a 
disordering of streams after the fluctuation energy has 
caught up with the stream energy. 

We now get the following picture of the dissipation 
of energy, and of the “electrodynamic heating” of a 
plasma: a strong field creates a drift for something like 
a hundred plasma periods. After this the drift is ran- 
domized and turned into heat. The drift can now build 
up again, but as soon as it reaches the energy corre- 
sponding to the new “temperature,” instabilities are set 
up again. The temperature is thus driven up and up by 
the electric field and a drift exceeding the random energy 
never persists for long: the temperature adjusts itself 
to inhibit instabilities but as soon as the field pulls the 
electrons away, instabilities raise the temperature. 

Since a field can accelerate for something like a 
hundred plasma periods, the drift velocity is of the 
order 2007e| E|/mw,, and the current density has e.V 
times this value. The conductivity is therefore 
2001e?.V /mwpe=50Wp- in electrostatic units. In mks 
units this becomes 2007€q,- which is a factor 20m larger 
than estimated rather crudely in reference 1, but still 
very small compared with the conductivity based on 
close collisions. 

We conclude that fields in excess of the runaway value 
(48) create currents which are dissipated in instabilities. 
This provides a resistivity much larger than that due 
to individual collisions: collisions in bulk take over. 
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It is shown by an example how the concept of negative temperature finds a natural place in the approach 
to thermodynamics which was originated by Carathéodory. 


1. INTRODUCTION 


HE concept of spin temperature does not so far 

seem to have been discussed from the point of 
view of Carathéodory’s principle in thermodynamics. 
A brief discussion of alternative signs for the absolute 
temperatures of equilibrium systems is, however, con- 
tained in an attempt to extend the approach originated 
by Carathéodory.' The purpose of this note is to show 
explicity how a negative temperature finds a natural 
place in this system of ideas. The results derived here 
are therefore to some extent contained in, or simple 
corollaries from, the approach developed in I. But they 
are difficult to obtain from I without working through 
the whole paper, so that the present exposition may be 
of use. 

Consider a spin system which is decoupled from the 
lattice, and whose thermodynamic equilibrium state can 
be described by specifying the strength H of a uniform 
applied magnetic field, and the temperature r= —1/T, 
where 7 is the absolute temperature. From a statistical 
mechanical analysis, the phase space may be taken to be 
the (S,r) plane. Curves of constant magnetic field have 
then the form shown in Fig. 1. These have been drawn 
for the high-temperature approximation, when 


M=-—CHr, 
U=C(H*+B*)r, 
S=A—C(H*+ B*)r’/2, 


where A, B, and C are constants. M is the average value 
of the magnetic moment in the direction of the applied 
field, and U is the mean internal energy. B is determined 
by the interaction among the spins. The proof of Eqs. 
(1) to (3) is straightforward, the main formulas having 
been given by Abragam and Proctor’ (see Appendix 
for additional derivations). 

The above example shows incidentally that the usual 
definition of an ideal paramagnetic material by M 
= {(H/T) is too broad, since this law can also be ob- 
tained for interacting spins. The following additional 
restrictions may be suitable for the ideal paramagnetic 
material: (i) H=0 implies M=0, and conversely; (ii) 
the internal energy in zero field is independent of tem- 


1P, T. Landsberg, Revs. Modern Phys. 28, 363 (1956), to be 
referred to as I. A more detailed exposition is contained in a 
forthcoming book on thermodynamics which is being published 
by Interscience Publishers, Inc., New York. 

2 A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958). 


perature. With this definition the system specified by 
Eqs. (1) to (3) is an ideal paramagnetic system only 
if B=0. 


2. ANALYSIS OF THE PHASE SPACE 


The thermodynamic state of any system must be 
specified by at least two independent variables (I, 
p. 365). One may chose T and S (as above), or T and 
another variable x, say the magnetic field. If one has 
only one independent variable, x and T cannot be inde- 
pendent. The theory of the thermodynamic equilibrium 
of such systems should therefore be derivable from the 
theory of equilibrium with respect to the variable x. 
For instance, the condition 7;= 7, for thermal equi- 
librium can then be stated by using only the variable x 
(i.e., the magnetic field). From this observation one 
obtains, as a special case, a remark by Abragam and 
Proctor (reference 2, p. 1444), who note with respect to 
systems satisfying Curie’s Law that conclusions about 
the magnetic moment of the system can be derived 
“without bothering about spin temperature at all.”’ 

There is therefore little thermodynamic interest in 
considering a spin system which is subject to quasistatic 
adiabatic processes only, since this has only one inde- 
pendent variable. It will therefore be assumed that it is 
possible to link adiabatically the states represented by 
any two points in the phase space of Fig. 1—unless the 
contrary can definitely be established for specific points 
of this space. The concepts of I can then be applied, 
and one has two independent variables in T and S, or 
T and H. The question as to the validity of this assump- 
tion focusses attention on the search for the irreversible 
adiabatic processes which may be possible with spin 
systems. (For example, the above assumption would be 
invalid if no irreversible adiabatic processes were possi- 
ble for spin systems.) 

The set 8.—Denote by 8 the set of points which has 
the property that the states represented by any two 
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points of 8 can be linked adiabatically, and that no 
points which can be in the set are excluded (I, p. 371). 
Note that points such as R are outside @. For at infinite 
absolute temperature the entropy has the value A for 
all finite fields. R can be approached indefinitely, even 
in a quasistatic adiabatic manner, by raising the field, 
but it cannot be attained with finite fields. Thus no 
point on the r=0 axis can lie in 8, excepting the point 
for which S= 4A. 

The set F(8).—This is the set of points which consti- 
tutes the “frontier” of 8 (I, p. 376), i.e., it contains all 
boundary points of 8. F(8) consists of the curve H=0, 
part of the axis r=0, and we shall regard it as open in 
the direction of the axis S=0, since the theory leading 
to Eqs. (1) to (3) ceases to apply in any case as the low 
entropy values are approached. The part AR of the 
7=0 axis, including the point S=A, belongs to F(8). 
The assertion that a point lies in F(8) does not mean, 
of course, that the point belongs to 8. Which of the 
points of F(8) belong to 8 must be decided by a separate 
argument. The criterion to be used is that, if a point of 
F(8) belongs to 8, then the state which this point repre- 
sents must be adiabatically linked with the rest of @. If 
it does not belong to 8, it is not adiabatically linked 
with the rest of . 

The set y.—One can take one further step without 
deciding which points of F(8) belong to 8. Consider the 
set of those points of F(8) which do in fact lie in 8, and 
remove them from f. One is then left with two discon- 
nected sets, to be denoted by y: and y2, which lie re- 
spectively to the left and to the right of the axis r=0. 
Each set is an open set, i.e., it consists of internal points 
only, because it contains no boundary points. As in I, 
p.376, if a set y is referred to in the sequel, either one of 
these open connected subsets of 8 is meant. Each point 
of y: possesses a neighborhood, every point of which 
lies also in y1, and the same holds for 7». 


3. EXISTENCE OF TWO SUBSETS y: 
GENERALIZATIONS 


The fact that the set 8 contains ‘wo sets y holds clearly 
for all systems having a finite number of energy levels 
[and is not a property of the specific model leading to 
Eqs. (1) to (3) ].3 For such systems it is a fact of statis- 
tical mechanics that the entropies at 7=0 and r=0 are 
independent of external parameters. However, critical 
values of such parameters may exist for which the 
entropy jumps abruptly from one value to another, for 
example, if a degeneracy is split by a magnetic field at 
absolute zero. It follows that on a plot such as that of 
Fig. 1, the set 8 can have only isolated points [which 
lie in F(B) and therefore outside 7 ] on the r=0 axis. In 
an analogous plot of entropy against absolute tempera- 
ture, the set 8 can have only isolated points on the 7=0 
axis. It follows that whenever positive and negative tem- 


3Tt holds also for an infinity of levels, provided there exist both 
an upper and a lower bound io the energy. See also N. F. Ramsey, 
Phys. Rev. 103, 20 (1956). 
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peratures have been defined for a set 8B, which refers to a 
system having a finite number of energy levels, that set 
contains (at least) two disconnected sets vy. 

An even more general conclusion of this kind can be 
derived from thermodynamics. That an integrating fac- 
tor of d’Q is the absolute temperature 7’, holds in general 
only for a set y, since no troubles can arise in these sets 
from the existence of boundary points. In such a set it 
may be possible to approach the hypersurface 7=0 and 
7t=( as closely as desired (and it may also be possible 
to define these sets by a limiting process, as discussed 
in I, p. 379). However, they cannot be reached in y, 
since the mathematical processes which enabled one to 
define the absolute temperature T as an integrating fact 
of d’Q, presume that T is finite and nonzero. Hence one 
can conclude that the sets y cannot actually attain or 
cross the hypersurfaces T=0 and r=0. 


4. THERMODYNAMIC CONSIDERATIONS 


In the preceding sections we have started with statis- 
tical mechanics and hence introduced the thermody- 
namic phase space together with its simplest topological 
properties. It is instructive to invert this procedure. 
Given the thermodynamic properties of the system in 
the form of Eqs. (1) to (3), what can one say about the 
limitations of the treatment which gave rise to them? 

The second law will be used in the following form: 
All points of y are i-points. By an 1-point is meant a 
point y of y such that every y-neighborhood of it con- 
tains a point which is adiabatically inaccessible from y 
[I, (D11) ]. Let this law be applied to Fig. 2(a), assum- 
ing B=0. It is clear that the point 0 cannot be adiabati- 
cally linked with the points of the set 8. For if it were, 
one could pass from any point in ¥ to all neighboring 
points, by choosing paths along adiabatics and going 
through 0. Hence the points of y would not be 7-points. 
This argument, which applies to ideal paramagnetic 
systems, shows that at low temperatures and low fields 
such systems cannot exist. If B40 it is, of course, clear 
from Fig. 2(a) that the system cannot exist at low tem 
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peratures. A similar argument, applied to the origin of 
Fig. 2(b), shows that this point is adiabatically unlinked 
with the rest of the points of y (whether B=0 or B40). 
The removal of one point from the set 8 must mean that 
physically also the immediate neighborhood of this 
point does not correspond to true states of the system. 
The origin of Fig. 2(b) corresponds to infinitely high 
temperatures and infinitely high fields. Thus thermo- 
dynamics suggests that the theory of Sec. 1 is either a 
high-temperature low-field theory, or else a low-tem- 
perature high-field theory. The first possibility is in 
fact the correct one. 

It may be argued that at points such as 0 one has 
physically no means available of chosing one adiabatic 
rather than another on which to leave 0. In the present 
method of presenting thermodynamics, however, such 
questions do not arise, since any curve which lies in a 
set 8 and consists of adiabatics represents a quasistatic 
adiabatic linkage of two states. The possibilities of such 
linkages depends exclusively on the topology of the 
thermodynamic phase space. 

Toa high-temperature theory the third law of thermo- 
dynamics in its conventional form cannot be applied. 
In a more general formulation, the third law is a state- 
ment which asserts which of the boundary points F() 
of a set y may be regarded as adiabatically linked with 
the rest of y, and are therefore to be regarded as also 
belonging to the set 8. In general, all boundary points 
F (vy) which do not correspond to a state at the absolute 
zero of temperature can be included in a set 8. By this 
principle all points of the curve H=0 of Fig. 1 are to be 
regarded as part of the set 8. This applies also to the 
state of maximum entropy A. This conclusion is in 
agreement with the result obtained from the assumption 
stated at the beginning of Sec. 2. 

It is only for a set y that the second law asserts the 
existence of an entropy and an absolute temperature. 
In the present example, therefore, it tells us that there 
exist an entropy 5; and an absolute temperature 7, for 
the set y:, and similarly that there exist functions S2, T2 
for v2. Since the equation d'0= TdS remains valid under 
the transformation T— CT, S—> CS, however, there 
is still some arbitrariness in the definitions. If one set 
y,is considered by itself, for example, the choice of sign 
is’still available, and this gives rise to various types of 
thermodynamics, as considered in I. 
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In the present example the signs chosen for 7 and S 
in y: and in 72 are also arbitrary from the thermo- 
dynamic point of view. It is only if one considers the 
relation between the two sets that additional restrictions 
can be brought into play. For instance, one can use the 
statistical mechanical result that for a given field one 
can have two physically distinct states of the same 
entropy. It then becomes very convenient to choose 
opposite signs for the absolute temperatures in y; and 
v2, and to choose the additive constants in the entropy 
in such a way that the entropies are positive in both 
yi and 7. 
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APPENDIX 


Using the notation of Abragam and Proctor,’ the 
Hamiltonian of the system is W=Ho+ Hi, where 


Tr(Ho)=Tr(A,) = Tr(Aof;) =0. 
The mean internal energy in the high-temperature ap- 
proximation is, with B=1/kT, 
U=Tr(We-®")/Tr(e8¥ )=Tr(W —BW?)/TrI. 

The mean magnetic moment in the direction of the 
field is 

M=Tr(Me*")/Tr(e*" )=Tr(M—BMW)/Trl. 
Since Ho= — MH, where H is the magnetic field, 


U>—C(H?+B)/T, M2CH/T, (Al) 


where 
C=Tr(M?*)/kTrI, BP=Tr(H;?)/Tr(M?). 


In the text U and M have been written for U and M. 
The relation TdS=dU+MdH becomes, upon using 
H and T as variables, 
dS=CT~*(H?+ B*)dT—CHT~d. 
Hence the entropy can be taken in the form 


S=A-}CT>(1?+B?). 


This yields Eqs. (1) to (3) of the text. 
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A method for improving systematically the Holtsmark distribution is described. It is based on a cluster- 
type expansion and takes into account increasing orders of correlation. In this paper, it is applied to the 
calculation of the distribution of the high-frequency component of the electric field in an ionized gas in 


thermal equilibrium. 


I. INTRODUCTION 


HE knowledge of the probability distribution 
function for the electric field in an ionized gas is 

a prerequisite to the solution of a number of problems, 
in particular that of the calculation of the broadening 
of spectral lines emitted by atoms in the gas. This 
problem was first attacked a long time ago by Holts- 
mark,' who solved it by neglecting the correlations 
between the various charged particles producing the 
field. Since then, various attempts have been made to 
include these correlations.?~® In the present paper, we 
shall propose a method for including them which is 
somewhat similar to the cluster expansion method of 
statistical mechanics.’ The idea is to set up the calcu- 
lation in such a way as to yield exactly the Holtsmark 
result in the high-temperature limit when correlations 
become unimportant. The corrections to this appear as 
the result of taking into account increasingly compli- 
cated types of correlation, the first correction being 
provided by two-body correlations, the next one by 
three-body correlations, etc. Obviously, such an ap- 
proach will be valid only if the result does not deviate 
too far from the original Holtsmark distribution. This 
restricts it to the high-temperature, low-density limit, 
i.e., to the case of an ionized gas in the usual sense as 
opposed to that of a very hot solid for which some of 
the previous theories were also intended.? On the other 
hand, when used in its region of validity, it constitutes 
the first few terms in a series expansion in powers of a 
small parameter and can, therefore, be trusted com- 
pletely. Although we shall write the complete series 
expansion in a formal way, we shall eventually calculate 
only the correction due to two-body correlations. For 
the correlation function we shall use the Debye-Hiickel® 

* Supported by the Office of Naval Research. 
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result. The conditions under which it is correct are well 
known,’ and are the same as those that make our power 
expansion meaningful. Stated in physical terms, they 
say that the volume of the cloud which surrounds each 
charged particle and shields it should be large compared 
to the volume per particle. 

We distinguish two parts in the electric field, which 
we call the high-frequency and the low-frequency 
components. The high-frequency component is that 
part of the electric field whose time variation is governed 
by the motion of the electrons, while the time variation 
of the low-frequency component is governed by the 
motion of the ions. It is obviously desirable to separate 
the two parts and calculate their distributions sepa- 
rately since they involve such radically different fre- 
quencies. But it would be incorrect to believe that the 
high-frequency part is just the sum of the fields of all 
the electrons and the low-frequency part the same for 
the ions. Indeed, the low-frequency part contains a 
contribution from the electrons since each ion is sur- 
rounded by a cloud of electrons which moves at the 
same speed it does and follows it everywhere. The 
correct way to calculate the distribution of the low- 
frequency component is to assume first that the ions 
are fixed in space and to take the time average of the 
electric field at the point where the distribution is 
desired. It is this time average which constitutes the 
low-frequency component, and its distribution can then 
be obtained by letting the ions themselves be distributed 
in space in the appropriate manner. In other words, 
the low-frequency component consists of the sum of 
the shielded ionic fields, the shielding being caused by 
the electronic cloud surrounding each ion, and the 
average being taken over times long compared to 
typical electronic relaxation times, but short compared 
to ionic times. For the shielded ionic field, it is appro- 
priate again to use the Debye-Hiickel result® since this 
is a long-time average. We emphasize that this shielding 
does not include any contribution from the other ions. 
The Debye-Hiickel theory does not apply there, and 
this effect will be properly taken into account when we 
introduce the ion pair correlation function. Having 
thus defined the low-frequency component, we see that 
the average of the remainder, the high-frequency 


®L. Landau and E. Lifshitz, Statistical Physics (Pergamon 
Press Limited, London, 1958), Sec. 74. 
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component, over times large compared to typical elec- 
tronic times always vanishes. It is, therefore, plausible 
to assume that the distribution of the high-frequency 
component is the same as that of a gas of electrons 
with uniform neutralizing background, and we shall 
do so. 

The method which we shall develop applies equally 
well to both components of the electric field. Since the 
calculations are simpler for the high-frequency part, 
only the results of that case will be reported here. The 
low-frequency part of the distribution will be published 
later. In Sec. II we derive the Fourier transform of the 
field distribution by a cluster expansion method, and 
in Sec. III we apply it to the calculation of the proba- 
bility distribution of the high-frequency component at 
a neutral point. 


Il. THE CLUSTER EXPANSION 
We consider N particles with coordinates x1, ---Xw, 
enclosed in volume VU, and we call m the density, 
n=N/V. We call E, the electric field produced at a 
given point by the particle located at x;. The total 
electric field we call E, 


E=E,+ E.+---+Evy. (1) 
We are looking for the probability distribution W (E) 


of the total field, but it is simpler to calculate its 
Fourier transform, 


Fik)= f exp(ik- E)W(E)@F. (2) 


We do this by changing over to the variables x, ---xw, 
instead of E. We call P(x:,x2,---xwy) the probability 
of occurrence of a given configuration of the NV particles. 
Therefore, 


F(k) = f expt (+--+ By) 


K P(x1,° + -Xwy)d*x,---d®xy. (3) 


At this point we use a standard trick and replace each 
exponential, exp(ik-E,), by the sum of two terms 


exp(ik- E;)= 1+ [exp(ik- E;)—1]. (4) 


In order to abbreviate notations, we write this in the 
form 


exp(ik- E;)=1+ ¢,, (5) 
and expand the product of V such factors. The result 
is to replace the exponential in (3) by the following 
series : 


14-201 vitLe vigst:::, (6) 


where >, means the sum over all particles, }°2 the sum 
over all pairs, etc. When the Mth term of this series is 
substituted in (3), we can integrate immediately over 
all coordinates but those of the M particles to which 
the g’s refer. This means replacing P(x,,---xv) by 
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P(Xi,-++x,), the probability function that the M 
particles 7, - - -s, will be located at x,, «+ -x,. The result is 


F(k)=> Fur(k), (7) 


with 
F i (k) =) ou fie pe OP u(Xi,° -+x,)d°x; °° -d>x,. (8) 


The sum in the last equation is over all possible combi- 
nations of M particles among the V. 

We now introduce explicitly the idea that correlations 
will have a small effect. This is expressed by writing 
the function Py in the form of a series containing in- 
creasing orders of correlation. As a first approximation, 
we can say that the M particles are completely inde- 
pendent and therefore Py will be the product of M 
one-body probability functions. The latter can be taken 
equal to U-! when we compute the field distribution at 
a neutral point, but not if we require it at a charged 
point. As a correction to our first approximation, we 
may introduce in Py a two-body function which will 
take care of those cases where two particles approach 
each other closely and are correlated. If two different 
pairs of particles come close together in two different 
parts of the gas, we shall just take the product of two 
such corrections. But if three particles should all come 
close together, we would need a further correction since 
the sum of the pair corrections is probably not accurate 
there. Therefore, we introduce a three-body correction 
and it will also occur when several distant groups of 
three particles come in close contact. Next we need a 
four-body correction, etc. All this is expressed in the 
following equation”: 


UMP (xi,° +X) =[] gi(xiJ + Doo go(x;, xe] gi(x:) 
+ yoo g2(Xj,X)g2(X1,Xm) 11 £1(Xi) +) 220° ie 
+33 g3(xj,X%,X2) 1] g1(x;) 
+¥ 33 £3(Xj,Xx,X0)23(Xm,XnyXp) 11 1(Xi) +d 333° * 
+332 g3(Xj,Xu,X1)g2(Xm Xn) LT gi(xi)+--- 
5 Pe (9) 


We have called the one-body probability function 
U-'g,(x). The function gs is the two-body correction, 
etc. By extracting the factor U” as we did, we have 
defined the g functions in a way which is independent 
of U for large U. Here }°» stands for the sum over all 
pairs among the M particles, while }° 22 is the sum over 
all distinct pairs of pairs. Similarly, 5°32 is the sum over 
all possible combinations of one triplet and one pair 
involving five distinct particles out of the M, etc. In 
each term, the product J] gi(x;) extends over all 
remaining particles among the M, i.e., all those which 
are not already involved in pairs, triplets, etc. Each 
term in (9) may be represented by a cluster diagram in 
the customary manner.’ 

The g functions appear occasionally in the literature. See, 


for instance, J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 4 
(1941); or E. E. Salpeter, Ann. phys. 5, 217 (1958) 
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We must now substitute expression (9) back into (8) 
and sum over all M’s. We assert that, in the limit 
where NV and VU become very large, the density m 
remaining constant, the result for F(k) is the same as 
the following: 


F(k) =G,(k)G2(kK)G3(k)- - -, (10) 


with 


Gp(k)=1+0-? > p foes we $08 P(Xi,° . 


-X, )d°x;-- -d3x, 


+U “2P pp foes : * Pr P(Xi,° ° xX, )gp(Xz,° . -X,) 


XK dx;+ + «dx, +0-3P > pre: ae ae (11) 


Here, )>p runs over all possible combinations of P 
particles out of the V, Srp over all possible distinct 
combinations of two clusters containing P particles 
each, all particles being different, and so on. The 
difference between (7) and (10) is only that in every 
term of (7), as expanded using (8) and (9), all particles 
must be different, while in (10), as we have defined it, 
it could happen that one of the particles involved in 
Gp, say, would be the same as a particle involved in Gg. 
Thus (10) contains some terms which are not included 
in (7). But the reader will easily convince himself that 
the number of such terms is smaller than the number 
of terms appearing in both expressions by a factor of 
order N, and therefore this is a negligible correction 
when WN tends to infinity. 

If we let NV become infinite, we can write Gp(k) in 
closed form if we realize that in every sum all terms are 
equal and that we only have to count the number of 
terms. The result is 

Gp(k)=exp[ (n?/P!)hp(k) ], (12) 


with 


helh)= fers ergelais-xr)dav vr, (13) 


and therefore we obtain the Fourier transform of the 
field distribution function in the form 


® 


Pk) =exp| ¥ (nP/P!)hp(k) |. (14) 


P=! 


As is customary in other cluster expansion problems, 
the result is the exponential of a power series, each 
term of which involves bigger and bigger clusters. By 
taking the first term only, one obtains the Holtsmark 
distribution in the case of the field at a neutral point. 
In our calculations we shall include the second term, 
substituting for the function g2 the result of the Debye- 
Hiickel theory. The field distribution itself is obtained 
by inverting (2), 

W (E) = (2x) 


exp(—ik- E)F(k)d*k. (15) 


DISTRIBUTIONS IN 


IONIZED GAS 523 

The question, how fast does the series in (14) con- 
verge, might be raised at this point. It is possible to 
show that, for given m and k, successive terms contain 
increasing inverse powers of the temperature. Thus, 
the series becomes increasingly better as we approach 
the high-temperature limit, as we have stated earlier. 
In this respect, the present problem differs radically 
from the imperfect gas problem,’ for which the cluster 
method, when applied to Coulomb interactions, gives 
divergent answers. The reason for the difference is 
that the electric field, for which we want the probability 
distribution, depends mainly on the positions of the 
particles in the immediate vicinity of the point where 
we are calculating it, and any long-range interaction of 
these particles with others elsewhere in the gas is not 
very important. By using the Debye-Hiickel correlation 
function, we have already taken care of all relevant 
long-range aspects of the problem. It is also clear that, 
although both theories use the “cluster trick,” they put 
it to different purposes ; in (4) it is applied to exp(ik- E,), 
while in the imperfect gas problem it is used for the 
Boltzmann factor itself. 


III. DISTRIBUTION OF THE HIGH-FREQUENCY 
COMPONENT AT A NEUTRAL POINT 


Our model consists of a gas of electrons of density 
with uniform neutralizing background. We choose the 
origin of coordinates to be the point at which we want 
the field distribution. The proper field to use is the 
unshielded Coulomb field, 


E,= ex;/r33. (16) 


Since the origin is neutral, g; is unity. The integral 
(13) is straightforward for h; and yields 


hy (k) = — (4/15) (2rek)!, (17) 


which is the Holtsmark result. 
According to the Debye-Hiickel theory,® the pair 
correlation function is 
P2(X1,X2) = U~? exp(—e'@12/kT), (18) 
with 
1.= |xX,—X2|—! exp(— |x1—Xe| /A), (19) 
and 


A= (xT /4arne*)?. (20) 


The corresponding expression for g2 follows from (9), 


£2(X1,X2) = exp(—e'y2/xT) —1. (21) 
The fact that /2(k) is a small correction to 4;(k) for hot 
ionized gases whose densities are not too large is a 
consequence of the smallness of gs for all configurations 
except those where electrons 1 and 2 approach each 
other very closely. Similar reasoning leads one to expect 
that three or more electrons have even less chance of 
being close enough together and that the pair correction 
gives most of the correlation effect. In accordance with 
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Fic. 1. The func- 
tion ¥(xty) in terms 
of which the correc- 
tion due to pair cor- 
relations is evalu- 
ated. 


Asymptote 


the spirit of the Debye-Hiickel theory, we shall linearize 
(21) and use instead 


£2(X1,X2) = — Pj. xT, (22) 


ho(k) =—(¢ uf) f [ cicsbradtnd (23) 


This last integral seems at first sight rather difficult 
to evaluate. But some insight into the behavior of the 
integrand is obtained if one notices that a fairly good 
approximation for ¢; is iek-x,/r3 for small k or large r;, 
and minus unity for large k or small r;. This indicates 
that, if we expand ¢; in spherical harmonics, the first 
two terms, i.e., the isotropic and the dipole term, will be 
most important. Therefore, we expand every factor in 
the integrand of (23) in spherical harmonics as follows 
(taking the vector k along the z direction): 


Yi= ss i'[ 4m (2/+-1 ) PL 7i(ek 7?) —810 |¥ 10(8:,w:), 


hence 


Pio= > Af (2/4+1 ) A }* fi(11,72,X) V 10(612,012) 
2a filri,re,d ) V tm™ (01,01) V tm (02,2). 


The last line is obtained from the previous one by using 
the addition theorem for spherical harmonics." The 
functions j; are spherical Bessel functions." The func- 
tions f; can be obtained in closed form and are fairly 
simple for the lower / values. The angular integrations 
can now be performed with the help of the orthogonality 
relations for spherical harmonics, and one is left with 
a series over /, each term consisting of a double integral 
over 7; and ro. It turns out that the main contribution 
comes from the /=1 term in conformity with our 
expectations. The series is alternating and convergent 
and is well approximated by its first three terms. The 
sign of /2(k) is opposite to that of 4,(k), but its absolute 
value is always smaller. 

For the numerical calculations it 
define a unit length ro by 


is convenient to 


(4/15) (2r)'ro'n=1. (27) 


This is numerically almost equal to r, defined by 
(42/3)r,3n=1, but more convenient. We also define a 
unit of field strength 


Evy=e fo", (28) 
and we call 8= E/E, and x=kE». Since W(E) does not 

J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 784. 
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depend on angles, the probability distribution (8) for 
the scalar quantity 8 is 


H (8) =41n6?W (6) 


= 2a f sin(6x)F (x)xdx. (29) 


According to (17), the first term of the series in (14) is 
nhy(k) = —x', (30) 
while the second term can be written 


1 n2ho(k) = xhp(x,y), (31) 


with 


y=ro/d. (32) 


It turns out that y depends only on x'y and this 
function is plotted in Fig. 1. Our approximation for 
F(x) is, therefore, 


F(x)=exp{—2x'[1—y(x!y) ]}. 


We expect it to be good when the two-body correction 


(33) 


TaBLE I. Distribution function /(8) of the high-frequency 
component at a neutral point for several values of ro/A. (The 
Holtsmark distribution corresponds to ro/A=0.) For values of 
ro/ not tabulated, one may use linear interpolation for most values 
of 8. The accuracy of the numerical integration is such that the 
last figure quoted is uncertain. 


o/A =08 ro/A =0.2 ro/AX=0.4 


0.02189 0.02853 
0.08158 0.10433 
0.16348 0.20298 
0.24818 0.29670 
0.31873 0.36499 
0.36487 0.39943 
0.38390 0.40218 
0.37906 0.38138 
0.35674 0.34655 
0.32393 0.30578 
0.28661 0.26464 
0.24910 0.22641 
0.21404 0.19255 
0.18274 0.16347 
0.15562 0.13894 
0.12741 0.11389 
0.10476 0.09401 
0.08672 0.07825 
0.07235 0.06569 
0.06087 0.05562 
0.05164 0.04749 
0.04418 0.04087 
0.03809 0.03543 
0.03308 0.03093 
0.02893 0.02718 
0.02546 0.02402 
0.02254 0.02135 
0.01795 0.01711 
0.01456 0.01396 
0.01200 0.01156 
0.01003 0.00970 
0.00849 0.00824 
0.00726 0.00706 
0.00627 0.00611 
0.00545 0.00533 


ro/AX =0.6 


0.03646 
0.13062 
0.24611 
0.34564 
0.40686 
0.42591 
0.41144 
0.37630 
0.33195 
0.28627 
0.24372 
0.20623 
0.17427 
0.14752 
0.12533 
0.10294 
0.08529 
0.07132 
0.06017 
0.05121 
0.04394 
0.03800 
0.03309 
0.02901 
0.02559 
0.02269 
0.02023 
0.01631 
0.01337 
0.01112 
0.00936 
0.00797 
0.00685 
0.00594 
0.00519 


0.01667 
0.06308 
0.12960 
0.20327 
0.27132 
0.32402 
0.35620 
0.36726 
0.36004 
0.33694 
0.30684 
0.27275 
0.23822 
0.20557 
0.17606 
0.14437 
0.11837 
0.09741 
0.08067 
0.06733 
0.05667 
0.04811 
0.04118 
0.03553 
0.03089 
0.02704 
0.02382 
0.01901 
0.01525 
0.01249 
0.01038 
0.00874 
t 0.00745 

9.5 0.00641 
10.0 0.00556 


oo 


0.36731 
0.31610 
0.26765 
0.22500 
0.18887 
0.15890 
0.13427 
0.11409 
0.09389 
0.07804 
0.06550 
0.05549 
0.04743 
0.04086 
0.03547 
0.03100 
0.02727 
0.02413 
0.02146 
0.01919 
0.01555 
0.01280 
0.01068 
0.00902 
0.00771 
0.00664 
0.00577 
0.00505 
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* The Holtsmark distribution, except for 8 from 2.0 through 6.0, was 
taken from S. Chandrasekhar, Revs. Modern Phys. 15, 73 (1943). 
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is small compared to the original Holtsmark term, for 
those values of x which do not make F(x) very small. 
Figure 1 shows this to be the case for values of ro/A 
ranging from 0 to approximately unity. This is also 
the range of 7o/A for which we can expect the Debye- 
Hiickel theory to give a reasonable approximation to 
the pair correlation function. 

The final Fourier transformation (29) was performed 
by numerical integration. Table I lists the field distri- 
bution for several values of ro/A including the Holts- 
mark case, ro/A=0. Temperatures and densities in 
most laboratory experiments and many astrophysical 
problems fall in the range of ro/A for which the curves 
were calculated. The main feature of the results is the 
shift to smaller fields of the peak of the distribution as 
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ro/X increases. For large values of 8 not included in 
Table I, H(8) is well represented by the following 
asymptotic expansion which consists of the asymptotic 
expansion for the Holtsmark distribution, Ho, minus a 
correction for the pair correlations, 


H(8)= Hy (ro )e-? *10.5453 (ro ‘d) 
+11.788-"+ 114.63-?+----], (34) 


where 


Ho 1.4968-*/?+- 7.6398-4+ 21.608-M/24----. (35) 


In another paper we shall apply this method to 
several other field distribution problems, in particular 
that of the distribution of the low-frequency component, 
and compare our results with those of other workers. 
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Single crystals of hexagonal ZnS, unactivated and activated with Cu, Al, or Mn, have been examined. 
The polarization effects in the transmission spectrum of unactivated ZnS were measured further into the 
fundamental absorption than were previously measured. The theoretical prediction that, for direct tran- 
sitions at k=0, light polarized perpendicular to the c axis is more strongly absorbed than light polarized 
parallel to the c axis is born out throughout the fundamental absorption region except in the wavelength 
region between 290 and 325 my. The wavelength dependence and the polarization of the excitation and 
fluorescence spectra of the activated and unactivated crystals were measured at room temperature and at 
77°K. The excitation spectra showed an agreement with the selection rule at the edge of the fundamental 
absorption, but there was a reversal of the selection rule deep in the absorption region. There was also an 
impurity absorption exhibiting the same polarization properties as the edge. Some fluorescent emissions 
were polarized perpendicular and some were polarized parallel to the c axis. Speculations are made on the 
reversal of the polarization deep in the fundamental absorption and on the symmetry and the nature of the 


sites causing the various fluorescence bands. 


INTRODUCTION 


I’ a previous work! anomalously high photovoltages 
and their reversals with wavelength were measured 
on activated and unactivated single crystals of hex- 
agonal ZnS. In order to answer questions as to what role 
the presence of certain activators played in the phe- 
nomena, we undertook an investigation of the optical 
properties of single crystals, pure and activated with 
various combinations of Cu, Al, and Mn. The optical 
studies consisted of measurements of excitation and 
emission spectra of pure and activated samples as well 
as transmission spectra of a single crystal plate of un- 
activated ZnS. (We denote by unactivated crystals, 
those samples to which no activators have been pur- 
posely added.) 

In addition to these measurements we undertook to 
determine the effects of polarized light in the excitation 
spectra and the polarization of the fluorescence spectra. 
The selection rule for the fundamental absorption has 
been worked out by Casella? and independely by Bir- 
man.* Their work differs in that Casella’s applies only 
to the absorption edge where the symmetries of the 
initial and final states are assumed different and the 
result is otherwise independent of their symmetries, 
whereas Birman’s work is based upon detailed assump- 
tions regarding the explicit symmetries of the bands. 
In agreement with this selection rule, the polarization 
effects in the transmission spectra of ZnS in the wave- 
length region between 328 and 700 my had been meas- 
ured by Piper, Marple, and Johnson.‘ Recently, Lem- 
picki® reported on the polarization of fluorescence of 
activated ZnS crystals, and Dutton® reported on the 


1G. Cheroff and S. P. Keller, Phys. Rev. 111, 98 (1958). 

2R. Casella, Phys. Rev. 114, 1514 (1959). 

3 J. L. Birman, Phys. Rev. Letters 2, 4, 157 (1959). 

4 Piper, Marple, and Johnson, Phys. Rev. 110, 323 (1958). 

5 A. Lempicki, Phys. Rev. Letters 2, 4, 155 (1959). 

6D. Dutton, J. Phys. Chem. Solids 6, 101 (1958); Phys. Rev. 
112, 785 (1958) 


polarization of edge emission and of fundamental ab- 
sorption in CdS. 

Since the Mn ion in Mn-activated hexagonal ZnS 
occupies a substitutional site, known from measure- 
ments of the anisotropy of its paramagnetic resonance 
absorption,’ we could measure the polarization effects 
of a substitutional site by measuring these effects in the 
excitation and fluorescence of the Mn center. By com- 
paring these polarization measurements with those of 
other emission bands, due to different activators and 
centers, we hoped to be able to make some statements 
about the nature of the site associated with the unknown 
centers. There have been many discussions in the litera- 
ture of certain emission centers in ZnS. In the case of 
unactivated crystals we hoped that we could shed light 
on the nature of the green centers and the blue centers. 
These centers have been under examination for a num- 
ber of years. Kréger and co-workers® at various times 
suggested that the green emission was due to either sub- 
stitutional Cut stabilized by Cl, to interstitial Zn, or 
to anion vacancies with trapped electrons. They sug- 
gested that the blue centers were due to cation vacancies 
with a trapped hole, V*, or to Cuy* at high Cu concen- 
trations. Bube’ associated the blue emission of pure ZnS 
with excess Zn. He further associated various green and 
blue emissions with Cu going into the lattice intersti- 
tially or substitutionally as either the monovalent or the 
divalent ion. In a later article Kréger' proposed that 
the green center was Cut in a substitutional site and the 
blue center was Cuy* contrary to Bube’s® proposal of 
the green center being Cut in an interstitial position 
and the blue center being Cu* in a substitutional posi- 


7 Keller, Gelles, and Smith, Phys. Rev. 110, 850 (1958). 

8 F. A. Kréger and J. A. M. Dikhoff, J. Electrochem. Soc. 99, 
— F. A. Kroger and H. J. Vink, J. Chem. Phys. 22, 250 
(1954). 

®R. H. Bube, Phys. Rev. 80, 764 (1950); 80, 655 (1950); 81, 
633 (1951); J. Chem. Phys. 20, 708 (1952). 

0 F. A. Kroger, J. Chem. Phys. 20, 345 (1952). 
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tion. In a later article Kroger" suggested that the green 
emission was caused by a V,~ (anion vacancy with a 
trapped electron) site resulting from firing the sample 
in a reducing atmosphere. He claimed that further re- 
duction leads to a V,™ site with a decrease in the green 
emission and that the blue emission is due to a V,* site 
resulting from firing the sample in excess sulfur or in 
oxidizing conditions. Bowers and Melamed" proposed 
that the green emission is due to substitutional Cut sites 
whereas the blue emission is due to zinc vacancies. They 
rule out the possibility of Cu** or V+ being the emitting 
centers since either would be paramagnetic and they 
were unable to measure any paramagnetic susceptibility. 

We felt that measurement of the effects of polarized 
light on the excitation of single crystals and measure- 
ments of the polarization of light emitted from single 
crystals would help clarify the question as to the nature 
of the centers causing the green and the blue emissions 
in unactivated crystals as well as the nature of other 
centers in activated crystals. 


CHEMICAL PREPARATIONS AND 
INSTRUMENTATION 


The preparation of the single crystals was described 
in detail earlier!’ where the materials investigated were 
single crystals of hexagonal ZnS, either pure or triply 
activated with Cu, Al, and Mn. The Mn is divalent and 
the Cu is probably monovalent due to the absence of a 
paramagnetic resonance absorption as mentioned in 
reference 7. The Al is assumed to be trivalent consis- 
tent with charge compensation arguments of Kroger, 
Klasens, ef al. 

In the present investigations, in addition to the un- 
activated and triply activated samples, we measured 
crystals singly activated by Cu, Mn, or Al. The crystals 
were all grown in the same fashion. The phosphor powder 
was sealed in a quartz tube with a room temperature 
pressure of 20 cm of H2S. The tube was then inserted in 
a temperature gradient such that the charge was located 
in the hottest part of the furnace which was maintained 
at 1170°C. The tube remained in the furnace for 50 to 
100 hours. The crystals that were obtained were either 
needles or plates. In both types there occurred bire- 
fringent banding perpendicular to the c axis which was 
contained in the planes of the crystals. We used the 
birefringent banding as an identification of the location 
of the c axis. In order to make the optical measurements, 
crystals of the same firing were cemented to quartz slides 
such that their c axes were all lined up. The sample slides 
were then cemented to a rotatable quartz tube which 
served as the inside wall of an evacuable quartz Dewar. 
The outer jacket was made of tubular quartz in which 
was mounted a flat quartz window. The inner tube could 
be filled with liquid Nz and rotated so that different 
samples could be brought into the optical beam. 


1 F, A, Kroger, Suppl. Brit. J. Appl. Phys. 4, 58 (1955). 
2 R, Bowers and N. T. Melamed, Phys. Rev. 99, 1781 (1955). 
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For excitation and fluorescence spectra light from a 
Perkin Elmer model 112U Monochromator was focused 
onto the sample. The light source was a dc-operated 
high-pressure Xe lamp. The light emitted from the 
sample was focused into a perkin Elmer model 98 
Monochromator, detected by an RCA 1P21 photo- 
multiplier tube, and recorded. For excitation spectra the 
PE 112U was scanned while the PE 98 was held fixed. 
For fluorescence spectra the PE 98 was scanned while 
the PE 112U was held fixed. For the polarization meas- 
urements Polaroid films were used. The cellulose coat- 
ings were removed by dissolving them in acetone. In this 
way we were able to increase their transmission in the 
ultraviolet. The Polaroid film was placed before or after 
the sample, dependent on the desired run, with the 
optical axis either parallel or perpendicular to the crystal 
axis. In the measurements of the polarization of the 
fluorescence, all of the emissions occurred between 465 
and 570 mu. In this region the Polaroid films were be- 
tween 94% and 99% effective at polarizing light. The 
data were appropriately corrected. In the measurements 
of the polarization effects in excitation spectra, the 
Polaroid films ranged between 60% and 85% effective 
and again corrections were made. The optics of the 
monochromators caused some polarization of the light 
and corrections were accordingly made. We will present 
only those data which exhibit effects greater than the 
corrections or opposite to the direction of the corrections. 

For the transmission run the sample was located at 
the entrance slit of the PE 98 and both monochromators 
were scanned simultaneously with their wavelengths 
coincident. The Polaroid was placed in front of the 
sample with its optic axis parallel or perpendicular to 
the crystal axis. The results were corrected for the polar- 
izing power of the Polaroid. Since the spectrum was 
corrected for the background light, the polarization 
effects introduced by the optics were cancelled. The 
single crystal plate, on which transmission measure- 
ments were made, was accidentally destroyed before its 
thickness could be measured. From fragments we esti- 
mated its thickness to be about 0.005 cm. One should 
normally treat with care data that are well within the 
absorption edge of a crystal of this thickness. However, 
our data, as will be seen, deal with polarization effects 
and not absolute transmission and the nature of the 
results and their reproducibility in repeated runs indi- 
cate their validity. 

The impurity concentrations of the samples were de- 
termined by spectrographic analysis and will be pre- 
sented in the appropriate sections. 


EXPERIMENTAL RESULTS AND DISCUSSION 


1. Polarized Transmission of a 
Single ZnS Plate 


The measurement was made at room temperature. 
Following convention we plot P= (1y—J1)/Uut+d,), 
expressed in percentages, where /,, is the transmitted 
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Fic. 1. Polarized transmission of a single crystal plate of hex 
agonal ZnS. P= (J); — 1,)/(J\; +11), expressed in percentages. 


light when the incident light has its polarization parallel 
to the c-axis and J, is the transmitted light when the 
incident light has its polarization perpendicular to the 
c axis. It can be seen that P is proportional to (a,—a,,) 
where a, is the absorption coefficient for perpendicular 
polarized light and a, is the absorption coefficient for 
parallel polarized light. When a difference is measured 
at a specific absorption peak, one expects this function 
to go through a maximum (or minimum) since a,—ay; 
goes to zero on either side of the peak. In the case of a 
measurement of the absorption edge, one also expects 
the function to go through a maximum (or minimum) 
since the absorption coefficients should go to zero on the 
long wavelength side of the edge and should approach 
each other on the short wavelength side. The data are 
presented in Fig. 1. The data presented go further into 
the fundamental absorption than do the data of Piper, 
Marple, and Johnson.‘ It is seen that near 335 my, the 
fundamental absorption is that predicted by theory? in 
that perpendicular light is more strongly absorbed than 
parallel. It can further be seen that there is impurity 
absorption peaked at 360 my following the same optical 
selection rule as the fundamental absorption. This is 
consistent with the data of Balkanski and Waldron.” 
An interesting feature of the data is the reversal of the 
selection rule in the short-wavelength region of the edge. 
Below 325 my, light polarized parallel to the c axis is 
more strongly absorbed than light polarized perpendicu- 
lar to it. It is possible that this region of reversal is 
associated with excitonic absorptions, analogous to that 
reported by Dutton® for CdS. One normally expects ex- 
citonic absorption to occur at an energy which is less 
than the energy gap by an amount equivalent to the 
binding energy of the exciton. If we assume that for 
more complicated reasons excitons can be formed by 
energies greater than that of the gap, then there is no 
obvious reason why the optical selection rule should 
not break down nor on the other hand is there an obvious 
reason why it should reverse. We can offer no expla- 


18 M. Balkanski and R. D. Waldron, Phys. Rev. 112, 123 (1958). 


nation at this point for the reversal of the polarization 
selection rule. 


2. Excitation and Fluorescence Spectra 
of Unactivated Crystals 


The crystals were spectrographically analyzed and 
most of them contained between 0.0001 and 0.001% Cu. 
At times Fe, Sn, or Pb were reported in equivalent con- 
centrations. The contaminations were introduced from 
the quartz. 


a. Unpolarized Light 


The data presented in this section represent data ob- 
tained from four different quartz sample slides on which 
were mounted crystals as mentioned earlier. One of the 
quartz slides contained the single-crystal plate discussed 
in Sec. 1. All data were obtained at room temperature 
(RT) and at 77°K (LT). We have chosen those data 
which we consider representative of the samples. Where 
there are distinct exceptions, note will be made of them. 
The RT excitation and fluorescent spectra are presented 
in Fig. 2. The solid line denotes the excitation spectrum 
in which region the abscissa represents the wavelength 
of the incident light and the dotted line denotes the 
emission spectrum in which region the abscissa repre- 
sents the wavelength of emitted light. The excitation 
spectrum was determined for the emitted light located 
at 520 mu. A comparison of the heights of the two curves 
is not meaningful. The curves have been corrected for 
constant incident energy. (These conventions will be 
maintained throughout the remainder of the paper.) 
Excitation by either 339- or 370-my light results in the 
emission shown. The 520-my emission is the well-known 
green emission and the emission near 455 my is the 
well-known blue emission. These are probably due to 
Cut contamination but the exact origin is still in doubt. 
The 420-my excitation peak was seen with two of the 
sample slides. In the case of the single-crystal plate, 
mentioned in Sec. 1, the excitation spectrum showed the 
339-mu peak to be much higher than the 370-my peak. 
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Fic. 2. RT excitation and fluorescence spectra of unactivated 
single crystals. The solid line represents the excitation spectrum 
of the 520-my emission and the dashed line represents the fluo- 
rescence spectrum resulting from either 339- or 370-my excitation. 
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The LT excitation and fluorescence spectra are shown 
in Fig. 3. The solid line and broken lines have the same 
significance as in Fig. 2. The excitation spectrum was 
determined for the emitted light located at 465 mu. The 
emission is the well known blue emission of “‘self-acti- 
vated” ZnS. It is excited by either 328- or 358-my light. 
The excitation peaks are shifted to shorter wavelength 
at LT by an amount equal to the shift of the absorption 
edge. With one sample slide, the 358-my peak was about 
equal to the 328-my peak. It will be seen from future 
data and it will be pointed out again that there is an 
association between the structure near 319 my on the 
excitation peak in Fig. 3 and a reversal in the polariza- 
tion of absorbed light in excitation measurements. It is 
possible that the 319-my structure is also related to the 
320-my reversal in the fundamental optical selection 
rule governing the absorption of polarized light, as seen 
in Fig. 1. The latter reversal was measured at RT 
whereas the observed structure near 319 my was meas- 
ured at LT. There should be a larger difference due to 
the temperature shift of the energy gap. Melamed" has 
reported on similar measurements and his excitation 
spectra for powdered samples, with only Cl as activator, 
have peak positions differing slightly from our data. He 
also reports structure on the excitation peak at shorter 
wavelengths than that ascribed to the fundamental ab- 
sorption peak. It might be thought that our pure samples 
should be compared to Melamed’s Cu activator sam- 
ples, since his Cu activated samples contain 0.0001 to 
0.001 molar percent Cu. However, there is also disagree- 
ment with those results in that peak positions differ. He 
reports with these samples an excitation of the green 
center at LT similar to the 420 my peak shown in Fig. 2, 
which we shall discuss shortly. 

We ascribe the RT 339-my and LT 328-my excitation 
to fundamental absorption and the RT 370-my and LT 
358-my excitation to absorption by the blue emitting 
center. We further propose that the 420-my excitation 
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Fic. 3. LT excitation and fluorescence spectra of unactivated 
single crystals. The solid line represents the excitation spectrum 
of the 465-my emission and the dashed line represents the fluo 
rescence spectrum resulting from 328- or 358-my excitation. 
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Fic. 4. Energy level diagram of unactivated ZnS. The upper- 
headed arrows represent absorption and the lower-headed arrows 
represent emissions. 


of Fig. 2 is due to absorption by the green emitting 
center. Figure 4 presents an energy level diagram of the 
system. It is seen that the energy difference between the 
excitation and emission at the blue center is nearly equal 
to the energy difference at the green center. The ex- 
planation as to why the green emission predominates at 
RT but the blue at LT is one given in the past by many 
workers ; namely, the blue center retains its hole at LT 
more readily than at RT whereas the hole is readily 
trapped by the green center at RT. Hence, LT favors 
the blue emission and RT favors the green emission. The 
dominance of the short-wavelength excitation peak at 
LT can be understood if one postulates (1) the existence 
of a thermal quenching center, and (2) proximity of the 
green center to the blue center which at RT become 
coupled. On this basis one can assume that at room 
temperature, holes created in the valence band either 
can be trapped at the blue center of the couple and sub- 
sequently transferred to the green center or they can be 
annihilated at the quenching center. During funda- 
mental absorption the latter process is the dominant one 
whereas during the blue center absorption the former 
process is the dominant one. Hence, at RT 370-my light 
is as efficient at exciting green emission as is the funda- 
mental 339-my light. At LT the thermal quencher no 
longer is the dominant hole trap since the blue center 
becomes a very efficient hole trap. In addition, those 
holes trapped by the blue center are no longer transferred 
to the green centers due to the lack of thermal coupling 
of the two centers. As a result holes generated in the 
valence band can be trapped only at the blue centers. In 
this case fundamental excitation at 328 mu is more 
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Fic. 5. Polarization of exciting light and emitted light, for 
unactivated crystals. The solid curve represents P**, related to 
the polarization of the exciting light; and the dashed curve repre 
sents Pe™, related to the polarization of the emitted light. In 
both plots the emitted light is peaked at 520 my and the data 
were obtained at RT. 


efficient at exciting blue emission than is the blue center 
absorption at 358 mu. 


b. Polarized Light 


Two types of polarized light experiments were per- 
formed. In one type, two excitation spectra were de- 
termined; one with the exciting light polarized perpen- 
dicular to the ¢ axis and the other with the exciting light 
polarized parallel to the c axis. The other type of polar- 
ized light experiment involved the measurement of the 
polarization of the emitted light. For every wavelength 
of exciting light, we determined the polarization, rela- 
tive to the c axis, of that wavelength of emitted light 
for which the excitation spectrum was being obtained. 
For the excitation spectra we have used as a measure of 
the polarization effects the difference between the in- 
tensities of the emitted light with the exciting light 
polarized perpendicular and parallel to the c axis divided 
by the intensity of the emitted light with the exciting 
light polarized perpendicular to the c axis. This ratio, 
pex=],°*—J],,*/I,°*, expressed in percentages, is related 
to a,—a,,, where a@ is the absorption coefficient as ex- 
plained previously. The quantity P* is plotted as a 
function of the wavelength of exciting light. 

For the emission spectra we have plotted the differ- 
ence between the intensities of the emitted light polar- 
ized perpendicular to the ¢ axis and polarized parallel 
to the c axis divided by the intensity of the emitted 
light polarized perpendicular to the c axis. This ratio, 
pem=J],e™—J],,°™/T,°™, expressed in percentages, is 
simply the degree of polarization of emitted light and is 
plotted as a function of wavelength of exciting light. 

In Fig. 5, we present both P* and P*™ as P*™ ©™ taken 
at RT for the unactivated crystals. In this case the 
emitted light was the green emission at 520 mu. The RT 
blue emission was not strong enough in the three sample 
slides with which we made polarization measurements 
and hence we could not obtain P® and P*™ data for this 
emission. In Fig. 6, we present P*: ©™ taken at LT for 
the blue emission at 465 my. (The data presented here 
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and elsewhere in the paper exhibit polarization effects 
that were larger than could be explained by the dichoric 
absorption shown in Fig. 1.) Related to Fig. 6, one sam- 
ple slide showed a reversal in the polarization of the 
emitted light when the exciting light was located at 
320 mu, the region where the polarization of the exciting 
light reverses. 

It can be seen that the polarization of the excitation 
of the blue center is different from that of the green 
center in that the blue center has a positive polarization 
in the LT 358-my excitation peak region. Light in the 
RT 370-my excitation peak, polarized in either direction 
is equally effective at exciting the green emission whereas 
light polarized perpendicular to the c axis is more effec- 
tive at exciting the blue emission than light polarized 
parallel. A possible explanation for this is similar to what 
was given in the discussion of Fig. 4 involving coupled 
centers. At RT the green and blue centers are coupled 
such that the.green center affects the absorption in the 
blue center. The results of the coupling are such that 
there is no preferential polarization. This would be true 
if the green centers are spatially randomly located with 
respect to the blue centers. At LT the centers are not 
coupled due to decreased lattice vibrations in which 
case the blue center can absorb according to its un- 
perturbed selection rule which states that perpendicular 
light is more absorbed than parallel. The apparent differ- 
ence between Fig. 5 and 6 at wavelengths shorter than 
320 my is not real in that we could not carry the RT 
measurements of Fig. 5 into this region. 

The emitted light for both centers indicates that the 
light is polarized perpendicular to the ¢ axis. This is in 
agreement with Lempicki’s® results for his crystals ac- 
tivated with Cu. In the case of the blue center for some 
samples, there appears to be a depolarization, or reversal, 
of the emitted light in that wavelength region where the 
optical selection rule governing fundamental absorption 
is not obeyed; i.e., at 320 mu. One can interestingly 
speculate that if the 320-my region of negative P*® is 
due to excitonic absorption, as suggested earlier, then 
when the emission at a center is due to free hole-electron 
recombination, the emission is polarized perpendicular 
to the c axis in accordance with some selection rule. On 
the other hand, when the exciting wavelength is such 
that excitons are generated and destroyed at emission 
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Fic. 6. Polarization of exciting and emitted light for unactivated 
crystals. The data were obtained at LT and the emitted light is 
located at 465 mu. The solid curve represents Pe* and the dashed 
curve represents Pe™, 
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centers, the resultant emission has no, or opposite, 
polarization. This breakdown of polarization of emitted 
light can be attributed to the influence of the symmetry 
of the field of the exciton on the emission center thus 
dominating the normal selection rule. 

Aside from speculation there appears to be a strong 
correlation between the existence of structure around 
319 my in the excitation curve, as seen in Fig. 3, and the 
reversal of polarization at 320 my as seen in Fig. 6. In 
some samples where the reversal in polarization was not 
strong there was little structure seen near 319 mu on the 
excitation curve. On the other hand, whenever a 319-my 
structure was seen, there was also seen a strong reversal 
in polarization. 


3. Excitation and Fluorescence Spectra of 
Crystals Activated with Cu 


The crystals were grown as described previously. The 
concentration of Cu was determined by spectrographic 
analysis and was found to be between 0.01-0.1%. Cu is 
present presumably as Cut since no paramagnetic reso- 
nance absorption was found.’ 


a, Unpolarized Light 


The RT excitation and fluorescence is essentially that 
shown in Fig. 2. The excitation spectra did not show the 
420-myu peak and the peak at about 339 my is much 
higher than that at about 370 my. The emission spec- 
trum is the same as that shown in Fig. 2. If one assumes 
the green and blue centers of unactivated crystals are 
due to Cut, then in the present crystals the increased 
Cut centers would enhance the emission and one would 
also expect the 370-my absorption to be correspondingly 
increased, as can be seen in Fig. 4, contrary to observa- 
tion. We can offer no explanation of this discrepancy at 
this time. The LT spectra are essentially the same as 
those presented in Fig. 3 with the exception that in the 
present case the excitation peak at around 358 my is 
approximately equal in height to that at 328 my. This 
is consistent with what would be expected based upon 
the increased Cut concentration which presumably 
caused this impurity band absorption. There is again 
seen structure on the excitation peak near 319 my and 
from what has been said we would thus expect to see a 
reversal of polarization at about 320 my in the excitation 
spectrum. This will be seen to be true. Our results are 
again not in agreement with those of reference 14, both 
in peak positions and relative peak heights of the excita- 
tion spectra. The ratio of the intensities of the green to 
blue emissions are also not in good agreement with 
reference 14. This may partly be due to the fact that 
our activated samples have more Cu. 


b. Polarized Light 


The quantities P*™ and P®™ obtained at RT are pre- 
sented in Fig. 7 for which the emitted light is at 520 mu. 
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Fic. 7. Polarization of exciting and emitted light for crystals 
activated with Cut. The data were obtained at RT and the emitted 
light is peaked at 520 mu. The solid curve represents P** and the 
dashed curve represents P*™. 


There are several differences between these data and 
those of unactivated crystals shown in Fig. 5; (1) the 
present data show reversed polarization in the excitation 
spectrum at around 370 my, and (2) the emitted light 
has polarization reversed to that shown in Fig. 5 and 
opposite to that reported by Lempicki.° A possible ex- 
planation for these effects may lie in the increased con- 
centration of the Cut centers in the present case. If the 
Cut is associated with the green and blue emission of 
so-called pure ZnS, as it is generally assumed, then as- 
sociation of these Cu centers can add a spatial symmetry 
with resultant light polarization that would be absent 
in crystals where Cut centers are not associated. As an 
example the excitation at 370 my, which was assumed 
to be due to coupled blue and green centers, is not 
polarized in unactivated crystals as shown in Fig. 5. As 
more Cut is added to the lattice they can associate 
with the green centers and effect an internal symmetry 
so that light polarized parallel to the c axis is more 
strongly absorbed than light polarized perpendicular, 
as shown in Fig. 7. However, the fundamental absorp- 
tion still obeys the selection rule and is independent of 
the association. On the other hand, the emitted light, 
under all excitation will reflect the association and will 
be polarized parallel to the c axis, as shown in Fig. 7. 
As was stated before, we offer no explanation as to why 
the emitted light for unactivated crystals, shown in 
Fig. 5, is polarized perpendicular to the ¢ axis. One can 
always assume as Birman’ did that the emitting center’s 
excited state and ground state have the same symmetry 
as the conduction and valance band respectively. (By 
excited state we mean the higher state that the center 
is in before an emission, and by ground state we mean 
the lower state that the system finds itself in after an 
emission. The states can be distinct and characteristic 
of the center as in the case of Mn centers. In the case of 
the Schén-Klasens model, the higher state would be the 
bottom of the conduction band and the lower state 
would be characteristic of the activator. In the case of 
the Lambe-Klick model, the higher state would be 
characteristic of the activator and the lower state would 
be the top of the valence band.) In other words, one 
can assume that the excited state is expandable in terms 
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Fic. 8. Polarization of exciting and emitted light for crystals 
activated with Cu*. The data were obtained at LT and the emitted 
light is located at 465 my. The solid curve represents Pe and the 
dashed curve represents Pe" 


of conduction band wave functions and the ground state 
is expandable in terms of valence band function. This 
explanation would account for the observed polarization 
of the emitted light for unactivated crystals shown in 
Fig. 5, being consistent with the polarization of the 
exciting light, at least in the excitation region around 
340 mu. 

The LT measurements of P® and P*™ are given in 
Fig. 8 for which the emitted light is at 465 my. The only 
difference between these data and those ‘presented in 
Fig. 6 for the unactivated crystals is that in the present 
case the emitted light goes through a polarization re- 
versal at 330 my in that the light emitted due to longer 
wavelength excitation is polarized parallel to the c axis 
and the light emitted at shorter wavelength excitation 
is polarized perpendicular to the c axis. The association 
argument offered for the RT data can explain the op- 
posite signs of polarization of excitation spectra for RT 
and LT at 370 mu. At RT the absorbing center experi- 
ences the effective field of associated Cut ions and hence 
its excitation is polarized parallel to the c axis. (At low 
Cut concentrations, for unactivated crystals, there is 
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Fic. 9. RT excitation and fluorescence spectra of Mn activated 
single crystals. The solid line represents the excitation spectrum 


of the 570-my emission and the dashed line represents the emission 
resulting from 342-my excitation. 


ue oe i I i 


no polarization since the presence of small amounts of 
Cut was sufficient to negate any selection rules such 
that there resulted no polarization.) At LT the effect of 
the associated Cut ions is removed by uncoupling them 
from the absorbing center. As a result the absorption is 
polarized in the same direction as the fundamental ab- 
sorption and as the absorption in so-called unactivated 
crystals. With these speculations, it is difficult to recon- 
cile the polarization of the emitted light at LT. At RT 
we gave the argument that the associated ions effected 
an over-all symmetry at the emission site and hence 
gave the negative polarization of the emitted light. If 
the above is correct the emission at LT should be inde- 
pendent of the associated ions due to uncoupling, and 
it should be polarized positively as in unactivated 
samples and should be of the same sign for all exciting 
wavelengths. We see that this is not true and can offer 
no explanation for the reversed polarization of emitted 
light, at long wavelengths, at this time. 
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Fic. 10. LT excitation and fluorescence spectra of Mn activated 
single crystals. The curve a represents the excitation spectrum of 
570-my light and the curve 6 represents the excitation spectrum of 
465-my light. The dashed curve represents the emission spectrum 
resulting from 342-my excitation. 


4. Excitation and Fluorescence Spectra 
of Crystals Activated with Mn 


The crystals were grown as described previously. The 
concentration of Mn, as determined by spectrographic 
analysis, was between 1.0% and 10%. We know from a 
previous work’ that Mn is present as the divalent ion 
and that it is present in the lattice in a substitutional 
site. It was hoped that the optical and polarization data 
of these crystals could be used as the reference for 
making conclusions about the nature of the lattice loca- 
tion of other centers. 


a. Unpolarized Light 


The RT excitation and emission spectra are presented 
in Fig. 9. The excitation spectrum was determined for 
the emitted light located at 570 mu. The location of the 
excitation peaks, when comparable to those of other 
samples, at RT and at LT, are shifted to longer wave- 
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lengths by about 10 mu. We have no explanation for 
this other than the fact that the inclusion of Mn into 
the lattice has so changed charge distributions and 
lattice spacings so as to shift the peaks. We assume that 
the 342-my excitation peak is due to the fundamental 
absorption. It is possible that there is green emission 
present at RT, but it is masked by the Mn emission 
at 570 mu. As a result the 384-my excitation may result 
in unresolved 520-my emission and not in 570-my 
emission. In this way we can see why the 342-my excita- 
tion peak is so high. The excitation in the blue or green 
centers of Fig. 4 probably does not result in a trans- 
ference of energy, by means of hole migration, to the 
Mn center. Hence, the fundamental absorption is the 
most efficient at exciting the Mn emission. This is born 
out by the LT data. 

We present in Fig. 10 the LT data. There are two 
excitation curves, a and 5. Curve a represents the exci- 
tation of 570-my light, whereas curve 6 represents the 
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Fic. 11. Polarization of exciting and emitted light for crystals 
activated with Mn**. The data were obtained at RT and the 
emitted light is peaked at 570 my. The solid curve represents 
Pex and the dashed curve represents P*™. 


excitation of 465-my light. The emission is that due to 
342-my excitation. These data afford an example of the 
nontransference of holes from the blue center of Fig. 4 
to the Mn centers. If there were a transference we would 
see an excitation peak of the 570-my emission located 
around 370 my. From the structure shown near 319 mu 
of the excitation curve 6, we would expect to see an 
appreciable reversal of polarization in the excitation 
curve, which turns out to be the case. 


b. Polarized Light 

The quantities P® and P*™ obtained at RT are pre- 
sented in Fig. 11, in which the emitted light is at 570 
mu. The peaks in the polarization data have also been 
shifted to long wavelength as in the optical results. The 
data are slightly different from that of the Cut centers 
shown in Fig. 7, in that there is a very small positive 
polarization to the excitation spectrum at around 384 
my in the case of the Mn centers. The emitted light has 
negative polarization similar to Fig. 7. 
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Fic. 12. Polarization of exciting and emitted light for crystals 
activated with Mn*?, The data were obtained at LT. Figure 12(a) 
was obtained for the emitted light peaked at 570 my and Fig. 12(b) 
was obtained for the emitted light peaked at 465 my. The solid 
curves represent Pe* and the dashed curves represent P*™. 


The quantities P™ and P*™ obtained at LT are pre- 
sented in Figs. 12(a) and 12(b). The emitted light in the 
former is located at 570 my and the emitted light in the 
latter is located at 465 mu. One should compare the data 
for the 465-my emission in Fig. 12(b) with the data for 
the same emission for the unactivated samples in Fig. 6 
and with the data for the same emission for the Cu 
activated samples shown in Fig. 8. The results compare 
well with those shown in Fig. 8, except for P*™ excited 
below 330 mu. Since the Mn occupies a substitutional 
site it would do well to compare the data in Fig. 12(b), 
and other data obtained at RT, with those data in 
Fig. 12(a), obtained for the Mn centers. One sees that 
in Fig. 12(a) the P® curve is negative at short wave- 
lengths and it is positive in the same region of Fig. 12(b). 

From the previous RT data one can conclude that the 
green center in pure crystals does not have the same 
symmetry as the green center in crystals doped with 
large concentrations of Cu and neither does it have the 
same symmetry as substitutional Mn sites. The green 
centers in concentrated Cu samples also are not the 
same as the Mn substitutional sites. 

The LT data indicate that the blue centers in unac- 
tivated crystals have a different symmetry from the 
blue centers in Cu activated crystals and different from 
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Fic. 13. LT excitation and fluorescence spectra of crystals 
activated with Cu, Al, and Mn. The solid curves represent exci- 
tation spectra and the dashed curves represent emission spectra. 
Figure 13(a) presents the excitation of the 570-my emission and 
the emission resulting from 328-my excitation, while Fig. 13(b) 
presents the excitation of the 465-my emission and the emission 
resulting from 358-my excitation. 


the Mn** substitutional sites. Furthermore, the blue 
center in Cu activated crystals is slightly different from 
the substitutional Mn centers. The difference is in the 
short wavelength region in which the emitted light for 
Mn is not polarized whereas for Cu it is. This difference 
in behavior may be due to either (1) a difference in the 
method of transference of energy from the fundamental 
absorption to the Mn or Cu center, and (2) the differ- 
ence in the polarization of the short wavelength excita- 
tion spectra as can be seen in Figs. 8 and 12(a). 


5. Excitation and Fluorescence Spectra 
of Crystals Activated with Al 


The crystals were grown with more difficulty than the 
others. We tried to get more Al doping into them but 
could only get between 0.001 and 0.01%. The crystals 
also contained Cu contamination between 0.0001 and 
0.001%. We assume the Al is present in the trivalent 
state. 

The optical data were essentially the same as the un- 
activated crystals and the spectra were essentially the 
same as that given in Figs. 2 and 3. In the RT excitation 
curve there was a structure at 532 my in addition to the 
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structures of around 420, 370, and 339 my shown in 
Fig. 2. The emission at RT was the typical green emis- 
sion and that at LT was the typical blue emission. There 
was no structure seen near 319 my on the LT excitation 
spectra. Because of the similarity of the optical spectra 
between the present sample and unactivated samples 
we did not undertake any polarized light experiments. 


6. Excitation and Fluorescence Spectra of Crystals 
Activated with Cu, Al, and Mn 


The crystals were grown in the same fashion as the 
others. The percentages of the activators were as follows: 
0.001-0.01% Cu; 0.001-0.01% Al; 0.01-0.1% Mn. 
There was also present from trace to small amounts of 
Ge, Ag, and In, presumably introduced from the quartz. 
The latter contaminants did not seem to affect the opti- 
cal properties. 


a. Unpolarized Light 


The RT emission was the same as that presented in 
Fig. 9 for Mn activation. The excitation of the 570-my 
peak was the same as that shown in Fig. 9 with a shift 
of peak positions to shorter wavelengths, thus bringing 
them more in line with those of the unactivated phos- 
phor of Fig. 2 and Fig. 3. Perhaps the perturbation to 
the crystal parameters introduced by Mn, as discussed 
in paragraph 4, has been compensated by the introduc- 
tion of the other activators. The excitation spectrum of 
the 465-my emission is the same as that discussed in 
paragraph 3 for Cu activation. 

The LT spectra are presented in Fig. 13(a) and 13(b). 
The former contains the excitation of the 570-my emis- 
sion and the emission resulting from 328-my excitation 
while the latter contains the excitation of the 465-my 
emission and the emission resulting from 358-myu 
excitation. 

The conclusions that one can derive from the spectra 
are similar to what had been derived earlier. It appears 
as if the collective optical properties of the crystals 
activated with Cu, Al, and Mn are simply additions of 
the properties of crystals activated with Cu alone, and 
of crystals activated with Mn alone. A feature to be 
noted is the structure near 310 and 319 my on the exci- 
tation curve in Fig. 13(b). We have noticed frequently 
structure at 319 my which we have correlated with the 
negative polarization of the excitation spectra at about 
320 mu. We suspect that the 310-my structure should 
be associated with the positive polarization peak at 
315 my in Fig. 6, the 314-my peak in Fig. 8, the 317-mu 
peak in Fig. 12(b), and the positive peaks, to be reported 
in Figs. 14 and 15, at 315 my and 313 my, respectively. 


b. Polarized Light 


The quantities P™ and P*™ obtained at RT are pre- 
sented in Fig. 14 in which the emitted light is located 
at 570 my. The results are similar to what were shown 
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in Fig. 11 for the sample activated with Mn alone and 
for which the data are also for the 570-my emission. 
(One sample, not shown, had no negative polarization 
at 325 my and its positive peak at 330 my had a magni- 
tude of 85% and its emitted light was 30% polarized 
and flat over most of the exciting wavelengths.) 

The LT measurements of P* and P*™ are shown in 
Figs. 15(a) and 15(b). The emitted light in the former 
is located at 570 my and the emitted light of the latter 
is located at 465 mu. The data shown in Fig. 15(a) are 
similar to the analogous data presented for the Mn acti- 
vated sample in Fig. 12(a). Figure 15(b) presents data 
which are comparable to those presented in Fig. 12(b), 
for Mn activated samples, and Fig. 8, for Cu activated 
samples. 


CONCLUSIONS 


We have seen that in the case of the transmission 
spectrum through a single crystal, the selection rule 
governing direct transitions at k=O, resulting in the 
fact that a, (Ai) >a (Ax), is obeyed at the fundamental 
absorption edge but it is reversed at shorter wavelength 
regions. Further, this reversal of polarization is also seen 
in the excitation spectra of activated and unactivated 
crystals and this reversal is associated with short- 
wavelength structure in the excitation curves obtained 
using unpolarized light. 

The polarization of the light emitted from some 
samples especially unactivated samples, is in agreement 
with the results obtained by Lempicki.® Most of the 
activated samples emit light polarized parallel to the 
c axis, contrary to the results of Lempicki. In any case 
the polarization of the emitted light is a function of the 
wavelength of incident light and in those samples acti- 
vated with Cu the polarization of the fluorescence can 
change sign as the wavelength of the exciting light is 
varied. 

The exact meaning and consequences of these re- 
versals of P** and P*™ is not clear. One expects that in 
the fundamental region the light polarized perpendicu- 
lar to the c axis to be more strongly absorbed than the 
light polarized parallel to the ¢ axis, for direct transitions. 
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Fic. 14. Polarization of exciting and emitted light for crystals 
activated with Cu, Mn, and Al. The data were obtained at RT 
and the emitted light was peaked at 570 my. The solid curve 
represents P** and the dashed curve represents Pe™. 
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lic. 15. Polarization of exciting and emitted light for crystals 
activated with Cu, Mn, and Al. The data were obtained at LT. 
The solid curves represent P** and the dashed curves represent 
Pem, Figure 15(a) is for emitted light peaked at 570 my and 
Fig. 15(b) is for emitted light peaked at 465 mu. 


The reversal of this selection rule at shorter wavelengths 
is not understood. An interesting speculation associates 
these reversals with excitonic absorption. From a classi- 
cal point of view one would expect the emitting center, 
if a substitutional site, to be influenced by the polar 
field of the crystal and hence emit light polarized parallel 
to the ¢ axis. For the crystals activated with Mn, which 
is known to occupy a lattice site, the light emitted from 
the Mn center is polarized parallel to the ¢ axis, consis- 
tent with the classical argument. This is also true for 
crystals activated with Cu, at least in certain spectral 
regions. As a corollary to the classical reasoning, one 
would expect that if a center emits light polarized per- 
pendicular to the c axis then the center would be some- 
thing other than substitutional, or that it at least feels a 
local field other than the polar one of the normal lattice. 
We find the emitted light to be polarized perpendicular 
to the ¢ axis for those centers which supply the normal 
green and blue emission of unactivated crystals at all 
exciting wavelengths. It is similarly polarized in Cu 
doped samples for short-wavelength excitation. 

From comparisons of the polarization of the various 
emissions to that of Mn, we conclude that the green 
center and the blue center of unactivated ZnS do not 
have simple substitutional symmetry, but our measure- 
ments do not enable us to conclude the nature of these 
centers. The centers associated with Cu, at least in 





536 S P. KELLER 
crystals with large concentrations of Cu, are also differ- 
ent from the green and blue centers of unactivated ZnS 
and are slightly different from the Mn centers as shown 
in polarization of the emission resulting from short- 
wavelength excitation. If we assume that the Cu, like 
the Mn, is substitutional, a possible explanation for the 
difference in the emission for Mn and Cu centers, even 
though they may be of the same symmetry, perhaps 
involves the nature of the energy transfer to the centers ; 
i.e., the transfer of energy to the Cu center may reflect 
the nature of the absorbed energy directly whereas the 
transfer of energy to the Mn center goes via a different 
mechanism! and only less directly reflects the nature of 
the absorbed energy. 


1 R. Leach, J. Electrochem. Soc. 105, 27 (1958); D. L. Dexter, 
J. Chem. Phys. 21, 836 (1953). 
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It is possible that the dominant influence in the 
polarization of the emitted light for various centers lies 
in the symmetry of their excited and ground states, 
rather than the symmetry of the crystalline field. 

There appears to be a connection between the existence 
of the reversal in polarization of exciting light near 
320 my with changes in polarization of emitted light 
resulting from excitation at this wavelength (e.g., the 
change in sign of polarization of emission for Cu acti- 
vated samples, decreases in degree of polarization of 
emitted light, for unactivated samples, etc.). We plan 
to investigate further the short wavelength polarization 
reversal. As yet we have been unable to correlate the 
results presented here and the photovoltages reported 
in reference 1. 
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Nernst and Ettingshausen Effects in Germanium between 300 and 750°K 


HERBERT METTE, WOLFGANG W. GARTNER, AND CLAIRE LOSCOE 
United States Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 
(Received March 6, 1959) 


The Nernst and Ettingshausen effects in germanium single crystals of different conductivity type and 
with various impurity densities have been measured between 300 and 750°K in magnetic fields of 9000 gauss ; 
the Nernst effect also at 2100 gauss. The experimental results are compared with theoretical expressions for 
the Nernst and Ettingshausen coefficients and with previously reported values for the thermal conductivity, 
which links the two effects through the Bridgman relationship. The qualitative agreement is very good, 
quantitative discrepancies are explained in terms of deviations of the sample mobilities from the theo- 
retically assumed pure low-field lattice mobilities and by uncertainties in the numerical values used for the 
theoretical calculations. A derivation of the Nernst constant in the range of negligible phonon-drag effect is 
given, based on the analogy between thermo- and photomagnetoelectric effects. 


I. INTRODUCTION 
itp of the Nernst effect in semi- 


conductors have recently been reported by 
several authors.’ These investigations were mostly 
concerned with the interesting phenomena which occur 
in the phonon-drag region below room temperature. 
The experiments described here have been carried out 
in the temperature range above room temperature where 
carrier diffusion makes the dominant contribution to 
the Nernst effect. Together with Hall effect and elec- 
trical conductivity measurements it may be used to 
investigate carrier mobilities. Knowledge of this effect 
is also of practical interest, e.g., because it always 
occurs in conjunction with the photomagnetoelectric 
effect due to heating of the illuminated surface, and 
may falsify the results. 

Ettingshausen data on germanium or silicon have to 
our knowledge not yet been reported in the literature. 
Assuming the validity of the Bridgman relation, one 
may use Ettingshausen measurements together with 
Nernst data to determine the heat conductivity at high 
temperatures. Since the Ettingshausen effect is always 
present in Hall effect measurements and may amount 
to as much as 1 deg/cm, and furthermore may not be 
removed by reversal of the magnetic field, its knowledge 
can be used to correct de Hall data. 


II. EXPERIMENTAL TECHNIQUES 


Figure 1 shows the apparatus which permits measure- 
ment of the Nernst and of the Ettingshausen coefficients 
on the same crystal from room temperature to 500°C 
and above. The samples were slabs of germanium of 
2X0.7X0.1 cm’, the ends of which were rhodium plated 
to obtain good electrical contacts. Each sample was 

1 Herring, Geballe, and Kunzler, Phys. Rev. 111, 36 (1958). 

2T. V. Krylova and I. V. Mochan, J. Tech. Phys. (U.S.S.R.) 
25, 2119 (1955). 

3R. I. Bashirov and I. M. Tsidil’kovskii, J. Tech. Phys. 
(U.S.S.R.) 26, 2195 (1956) [translation: Soviet Phys. (Tech. 
Phys.) 1, 2129 (1956) J. 

*Mochan, Obraztsov, and Krylova, J. Tech. Phys. (U.S.S.R.) 
27, 242 (1957) [translation: Soviet Phys. (Tech. Phys.) 2, 213 
(1957) ]. 


mounted with high-temperature cement to a round 
brass block provided with threads, which was put into 
an oven that controlled the ambient temperature. The 
oven was placed between the poles of a calibrated 
magnet. Electrical contacts were made to the ends of 
the sample to pass the current for the Ettingshausen 
effect and a heater was mounted on one end of the 
sample to establish the temperature gradient for the 
Nernst effect. Four tiny chromel-alumel thermocouples 
(0.002—in. wire) were cemented to the crystal as 
temperature probes in such a way as to allow by suitable 
connection of their leads the measurement of (1) the 
absolute temperature at each of the four points by 
comparison with a reference temperature, (2) the 
longitudinal temperature gradient necessary for the 
Nernst effect, and (3) the transverse Ettingshausen 
temperature gradient. Tungsten leads on rhodium 
plated contacts were mounted between the thermo- 
couples at each side to pick up the Nernst-voltage. The 
thermocouple emf’s were measured by a compensation 
method using a voltage-sensitive galvanometer as the 
null instrument. Temperature differences of a milli- 
degree could easily be read and fractions of it estimated. 

Nernst effect—In order to eliminate errors due to 
thermal emf’s at the contacts, all readings were taken 
by reversing the field at constant magnitude. The 
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Fic. 1. Apparatus for the simultaneous measurement of TME 
effects. (a) Cross section; (b) top view of crystal block. 
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Fic. 2. Experimental Nernst coefficient, B, in n- and p-type 
germanium of different resistivities, as a function of temperature 
between 300 and 750°K, measured at 2100 and 9000 gauss. 


gradients used were between 2 and 8 deg/cm. No 
difference was found whether the effect was measured 
under vacuum or in air. Since preliminary measure- 
ments on several samples showed a slight field de- 
pendence of B above 3000 gauss over a certain range 
above room temperature, the Nernst coefficient was 
determined at two magnetic field strengths, 9000 gauss 
and 2100 gauss. 

Ettingshausen  effect—Since _ small 
changes down to several millidegrees had to be measured 
on an object which itself was at temperatures up to 
500°C, it was necessary to obtain these measurements 
by a lengthy and careful process of repeatedly reversing 
the magnetic field at intervals of 30 seconds. Then the 
direction of the current was reversed and the set of 
measurements repeated at the same temperature. The 
readings were plotted and averaged graphically thereby 
eliminating errors due to drifting of the ambient 
temperature and of the gradient and due to effects 
which might have been caused by self heating of the 
sample under the Ettingshausen current or by small 
gradients within the sample due to irregular heat 
dissipation from the sample surface. Thirty seconds 
were found to be enough time to establish temperature 
equilibrium within the sample after each reversal of 
field. 

In order to obtain a sufficiently large reading accuracy 
especially in the temperature ranges where the effect is 
small, all measurements were taken only at fields of 
9000 gauss and current densities of 1 to 3 amp/cm’. 
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Fic. 3. Experimental Ettingshausen coefficient, P, in n- and 
p-type germanium of different resistivities, as a function of 
temperature between 300 and 750°K, measured at 9000 gauss. 


Although the effect was linear with the current at least 
to a measuring accuracy of several percent, as control 
measurements at its optimal temperatures confirmed, 
the low-field values are probably slightly higher for 
temperatures below 150°C in a similar way as in the 
case of the related Nernst effect. 


III. EXPERIMENTAL RESULTS AND 
INTERPRETATION 


Figure 2 shows the measured values for the Nernst 
effect at two values of magnetic field; Fig. 3 shows the 
Ettingshausen effect for the same samples at 9000 
gauss. In the temperature range between 300 and 600°K 
the Nernst data by Bashirov and Tsidil’kovskii* when 
suitably normalized are compatible with our results. 
One notices that in the lower temperature range a 
magnetic-field dependence of the Nernst effect is notice- 
able which decreases towards higher temperatures. 
Since the Nernst and Ettingshausen coefficients, B 
and P, are related through the Bridgman relationship*® 

BT=xP (1) 
(where 7 is the absolute temperature and «x is the 
thermal conductivity), one may derive the tempera- 
ture dependence of the thermal conductivity from 
simultaneous measurements of the two effects. The 
results of such a calculation are shown in Fig. 4 together 


5 P. W. Bridgman, Phys. Rev. 24, 644 (1924). 
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Calculated from the 
Nernst and Ettings- 
hausen coefficients, (b) 
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authors. 
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with previously reported measurements of the thermal 
conductivity of germanium.® The quantitative agree- 
ment is fairly good for high resistivity samples, but is 
poorer for low resistivity samples, indicating that our 
Nernst data may be too high or our Ettingshausen 
data too low. To compare the experimental results with 
theoretical expectations, Figs. 5 and 6 show plots of 
theoretical Nernst and Ettingshausen coefficients as a 
function of temperature with the impurity content as 
the parameter. V, and N, in Figs. 5 and 6 denote the 
donor and acceptor densities, respectively. The expres- 
sion for the Nernst coefficient’ due to carrier diffusion 
alone (assuming mobilities and lifetimes constant), 


gD (u,.4% +My") d(n,*) 
a(no+ po) dT 


B= (2) 


is derived in the Appendix, Eq. (A11), as a special case 
of a theory for thermomagnetoelectric effects which is 
based on the analogy of these effects and the photo- 
magnetoelectric effect. 

In Eq. (2), g is the electronic charge; D is the ambi- 
polar diffusivity, D=D,(potno)/(potbno); Dy is the 
diffusion constant of electrons in highly p-type material, 
D,=(kT/q)un?; po and mo are the equilibrium carrier 
densities; 6 is the ratio of electron drift mobility, u,?, 
over hole drift mobility, u,”, ie., b=pn?/up?; uw,” and 


® B. Abeles, Conference on Thermoelectricity sponsored by the 
U. S. Naval Research Laboratory, Washington, D. C., September 
3-4, 1958 (unpublished); and Proceedings of the International 
Conference on Semiconductors, Rochester, August, 1958 [J. Phys. 
Chem. Solids 8, 340 (1959) ]; A. F. Ioffe, Can. J. Phys. 34, 1342 
(1956); F. Kettel, Miinster Meeting of the German Physical 
Society, April, 1957; and J. Phys. Chem. Solids 10, 52 (1959). 

7For a comprehensive list of references on earlier theoretical 
treatments see reference 1. 
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up” are the electron and hole Hall mobilities; ; is the 
intrinsic carrier density; o is the conductivity of the 
sample, = q(unPnotup? po). 

The following numerical values have been used to 
obtain Fig. 5: 


n?=3.1 10" T*X exp(—9.101 X 10° T),* 
bn? = py =4.9X 107K 107? 66 9 

pe? =1.05X 10 T-? 8 90 

py” = 1.8u,7.8 


Using the Bridgman relationship, Eq. (1), and the 
expression (2) for the Nernst coefficient, the Ettings- 
hausen coefficient, P, has been calculated and plotted 
in Fig. 6 employing the following empirical temperature 
dependence of the thermal conductivity, «, 


x= (181/T) watts/ (deg. cm), (3) 


which is based on the data reported by Abeles® and 
which are similar to the ones published by Ioffe® and 
Kettel.° The temperature range of P has been limited 
to the range over which relationship (3) appears to be 
valid. 

A comparison between the experimental and theo- 
retical curves for the Nernst coefficient in Figs. 2 and 5 
shows good qualitative agreement. The theoretical 
curves lie, in general, higher than the experimental 
values which may be due to the fact that the theo- 
retically assumed values for the mobilities are probably 
too high for the samples used. An additional uncertainty 
8 F, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
9M. B. Prince, Phys. Rev. 92, 681 (1953). 

10 P, P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
1! F, J. Morin, Phys. Rev. 93, 62 (1954). 
12 EF, M. Conwell, Proc, Inst, Radio Engrs. 46, 1281 (1958). 
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Fic. 5. Theoretical Nernst coefficient, B, in n- and p-type germanium with various impurity 
concentrations as a function of temperature between 200 and 1000°K. 


enters through the assumption made about the ratio 
between Hall and drift mobilities. To achieve quanti- 
tative agreement between theory and experiment, Hall 
and drift mobilities shall be measured simultaneously 
with the thermomagnetoelectric effects in future 
experiments. 

Since the theoretical Ettingshausen curves, Fig. 6, 
are derived for zero field but the experimental data are 
taken at 9000 gauss, no direct comparison is possible. 
One may, however, assume that the field dependence 
of the Ettingshausen effect is similar to that demon- 
strated for the Nernst effect in Fig. 2 so that the true 
zero-field values should be higher than in Fig. 3. 
Another source of uncertainty lies in the fact that heat 
conductivity measurements in germanium are still 
quite problematic and the results of different authors 


show a certain amount of scattering. The error intro- 
duced by the use of relationship (3) to obtain the curves 
of Fig. 6 may therefore be considerable. In view of these 
difficulties the agreement between Figs. 3 and 6 may 
be regarded as satisfactory. 
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APPENDIX. DERIVATION OF NERNST CURRENTS 
AND VOLTAGES DUE TO CARRIER DIFFUSION 
AND FINITE RECOMBINATION 


Because of the similarity between the Nernst effect 
outside the phonon-drag region and the photomagneto- 
electric (PME) effect, the phenomenological theory of 
the spectral distribution of the PME effect" is directly 
applicable’ if we assume (1) a slab of homogeneous 
semiconductor material, infinite in the x and z direc- 
tions; (2) a (weak) magnetic field in the z direction; 
(3) a temperature gradient in the y direction (isothermal 

13 For a comprehensive list of references and a rigorous formu- 
lation of the underlying theory see W. van Roosbroeck, Phys. Rev. 
101, 1713 (1956). 

44 W. Girtner, Phys. Rev. 105, 823 (1957). 

15 Under certain assumptions some of the equations in this 
Appendix may be specialized to agree with relationships given by 
G. E. Pikus, Zhur. tekh. Fiz. (U.S.S.R.) 26, 22 (1956) [trans- 
lation: Soviet Phys. (Tech. Phys.) 1, 17 (1956) ], in his extensive 
theoretical discussion of thermomagnetoelectric effects including 
the influence of recombination. 
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Nernst effect); (4) local charge neutrality, p—po 
=n—no; gradn=grad p; (5) steady state; (6) short 
or open-circuit conditions; (7) small Hall angles; (8) 
small injection levels, so that 


p— pol <K4(potno), (A1) 


p— po! K (pot bno)/(b+1); (A2) 
(9) negligible phonon-drag and Soret effects; (10) 
constant mean free time; (11) negligible temperature 
dependence of the energy gap; (12) the “thermal Hall 
angles” for carrier transport under the influence of a 
temperature gradient are negligibly different from the 
ordinary Hall angles for carrier transport in an electric 
drift field. These assumptions may be expected to hold 
in and near the intrinsic range of germanium and 
silicon. 

The minority carrier density is then governed by a 





METTE 
differential equation of the form 


ex. 


. (A3) 
dy* hy D 
Equation (A3) applies to holes in n-type material and 
an analogous relationship holds for electrons in p-type 
crystals. p(y) is the hole density; Z is the diffusion 
length, defined as L?=Dr; 7 is the lifetime of excess 
carriers; g(y) denotes a bulk generation rate due to 
other influences than temperature (e.g., light) which 
is a function of y only. It could, e.g., be used to investi- 
gate the influence of illumination on the Nernst and 
Ettingshausen effects or to analyze the contribution 
of the Nernst effect in a measurement of the photo- 
magnetoelectric effect. For the following considerations 
we set it equal to zero. po(y) is the equilibrium hole 
density corresponding to the temperature at point y, 
and : ‘s determined from mo—po= Na—Na and nofo 
n? The formulation of Eq. (A3) is thus not re- 
stric av? to the linear approximation for the equilibrium 
carrier densities used below. Equation (A3) must be 
solved under the boundary conditions 


Rit Ddp/dy=s\(p—po) at y=0, (A4a) 


and 


Ro— Ddp/dy=s2(p—po) at (A4b) 


y=Wv, 


where ®, and ®, are surface generation rates (e.g., 
due to light) which are set equal to zero in the following ; 
5, and so are the surface recombination velocities at the 
front and back surface, respectively ; w is the thickness 
of the sample. We now further assume that L is a 
constant independent of y, and that po(y) is given by 
the linear approximation po(y)=a—by, where a is the 
equilibrium carrier concentration corresponding to the 
temperature at the front surface, a=po(0), and 6 
= — (dpo/dT) (grad T), where (grad T) is treated as a 
constant. The solution of Eq. (A3) for g(y)=0 is then 
given by 

(A5) 


p(y) =Aew"4+ Bev!" —by+a 


where 
L(D—s.L)— (D+siL) ] 


DobL[le~" 
A=— 
--¢* L(D+s,L)(D+s0l ) 


evV/L(p— s,L)(D—seL)— 


Dobe" 
e-“/L(D—s,L)(D— 


L{ D+52L) — (D—s,L) | 
so) —e"!“(D+s,L)(D+50L) 
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Result (A5) indicates that in thin slabs with different 
recombination velocities at the two surfaces, the Nernst 
voltages and currents will have different magnitudes 
depending on the direction of the temperature gradient. 
Standig"® has shown that Eq. (A3) yields an analytical 
result also for the case where L? or 1/L? vary as c+dy, 
i.e., are explicit functions of the temperature across the 
slab. The solution then contains modified Bessel 
functions of the first and second kind. The short-circuit 
Nernst current, J,“°, and the open-circuit Nernst 
field, £,©°, are given by Eqs. (21) and (22) in reference 


14. 
— p(w) |, (A6) 


T° = —qD6[ p(0) 
and 
BE, = 2° / (ow), (A7) 


where 6=H(u,%+y,") is the sum of the Hall angles. 
These equations hold for the case of small temperature 
differences and thus small changes in conductivity 
across the sample. If this condition is not satisfied, 
Eqs. (37) and (39) of reference 11 must be used. 

To obtain an expression for the bulk Nernst constant, 
we must specialize solution (A5) for the case of infinite 
surface recombination velocities, (s;=ss=%) and 
negligible volume lifetime, L=0, and we obtain 

dpo 
p(0) — p(w) = bw = ——(gradT)u 


d 


(A8) 


constant, B, is defined as B=E,“° 
From Eqs. (A6) through (A8) we therefore 


The Nernst 
(H-grad7). 
find 
qD(u tn thy 7) > 
Prairies oe (A9) 


o 
Since dpo/dT and np=n;? and thus 
Po 1 d(n;*) 


—= (A10) 
aT Hot Po aT 


one obtains 


gD (u nt tun”) d(n,”) 


; (A11) 
a(not+ po) a 


This last expression has been used to calculate the 
theoretical curves of Fig. 5 


i J. Standig (private communication). 
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A model for low-temperature dislocation motion is developed using the concept of nucleation and growth 
of kinks in dislocations lying in Peierls potential troughs. The model is compared with existing experi 


mental data. 


INTRODUCTION 


YTTON et al.' have found an activation energy for 

the low-temperature creep of single crystals of 

pure aluminum which they suggest may be associated 

with the Peierls? energy. In the following treatment a 

creep mechanism requiring the presence of the Peierls 

energy barrier is proposed which yields results which 
are in agreement with experimental evidence. 


DISLOCATION KINETICS 
1. Definitions and Presentation of the Problem 


An otherwise straight dislocation line lying along a 
close packed direction in the Peierls potential valley 
will contain an equilibrium number of steps where the 
dislocation line is displaced by a simple lattice vector.’ 
We shall follow the notation of Read‘ in terming such a 
step a kink if it lies in the glide plane; a jog if it does not 
lie in the glide plane. A dislocation acted on by a stress 
less than the Peierls stress will advance by a two-stage 
process involving the nucleation of kinks and the 
lateral propagation of kinks along the dislocation line. 

New kinks must be formed by the nucleation of 
double kinks. These double kinks, shown in Fig. 1, 
then can separate under the action of both the applied 
stress and fluctuating thermal stresses. For a separation 
d, the external shear stress will balance the kink-kink 
attraction. As the kink-kink attraction is of short range, 
we can consider, in all cases to be discussed later, that 
the critical separation, d,, beyond which the interaction 
between kinks is negligible, will be given by 

d2w, (1) 
where w is the kink width (Fig. 1). The activation 
energy for thermal production of a kink pair of separa- 
tion larger than d, will thus be about 


W =2W,-—obad., (2) 


where W,=energy of formation of one kink; o=com- 


1 Lytton, Shepard, and Dorn, Trans. Am. Inst. Mining, Met., 
Petrol. Engrs. 212, 220 (1958). 

2 R. Peierls, Proc. Phys. Soc. (London) 52, 34 (1940). 

3W. Shockley, Trans. Am. Inst. Mining, Met., Petrol. Engrs. 
194, 829 (1952). 

4W. T. Read, Jr., Dislocations in Crystals (McGraw-Hill Book 
Company, Inc., New York, 1953), p. 46, 80. 


ponent of external shear stress in glide plane along the 
Burgers vector, o,, minus the Taylor stress due to 
elastic interaction of the dislocation with other dis- 
locations in the lattice, o.; b=the magnitude of the 
Burgers vector }(110); and a=}v3b=distance between 
neighboring close-packed rows in the glide plane.® 

A kink on a dislocation line will diffuse under thermal 
stresses. Thus a kink pair will not necessarily separate 
once it has reached a separation greater than d, because 
the probability for back diffusion against the shear 
stress and subsequent kink-kink annihilation will be 
great. In fact it will later be argued that only a small 
fraction of the nucleated kink pairs will reach a separa- 
tion beyond which the recombination probability is 
negligible. A kink pair nucleated in the direction 
opposed by the shear stress will be forced to annihilate. 

Hence, in order to form a theory of dislocation creep 
over the Peierls barrier, the rates of double-kink 
nucleation and of kink diffusion must be evaluated. 
Double-kink nucleation has previously been considered 
in a theory for the Bordoni® peak by Seeger and Donth’'® 
who employ the theory of stochastic processes in deter- 
mining the interaction of a dislocation line with sound 
waves. Seeger? has also suggested a formula for the 
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A double kink in a dislocation line segment 
lying in a {111} plane. 


Fic. 1. 


5 Evidently we consider only a face-centered cubic lattice 
throughout this treatment since we shall compare the model with 
experimental results obtained for aluminum. Nonetheless, the 
model is general and could be applied to other crystal structures 
by a suitable change of parameters. 

® P. G. Bordoni, J. Acoust. Soc. Am. 26, 495 (1954) 

7H. Donth, Z. Physik. 149, 111 (1957). 

8 Seeger, Donth, and Pfaff, Discussions Faraday Soc 
(1957). 

9G. Leibfried and Discussions to G. Leibfried, Dislocations and 
Mechanical Properties of Crystals, edited by J. C. Fisher (John 
Wiley & Sons, Inc., New York, 1956), p. 495. 
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nucleation rate of double kinks. However, it is not easy 
to see how these methods could be correlated with the 
diffusion of kinks in an unequivocal way. Yet it is 
noteworthy that all models employed for activation of 
the dislocation line are such that one may rightly 
assume that the dislocation line can be treated as a 
mechanical system whose average state is determined 
by the partition function 


z= f emrapag (3) 


neglecting quantum effects. This assumption will be 
employed in a direct evaluation of the thermal concen- 
tration of kinks. The nucleation rate will be determined 
by balancing it against the annihilation rate due to the 
collisions between diffusing kinks. 


2. Thermal Density of Kinks 


In the Appendix the partition integrals Z’ for a dis- 
location line containing a single kink, and Z for a non- 


kinked dislocation line are evaluated. From these 


expressions [ Eqs. (36), (60) ] the equilibrium density, », 
of double kinks per unit length is given by 


Z'\? 
n~(—) = 
Z 


a pab frbo,\* —2W, 

1.1- — expi — ). (4) 
kT \ 2aS kT 

where o,=Peierls stress, k=Boltzmann’s constant, 


T=absolute temperature and S=line tension of the 
dislocation. 


3. The Diffusion of Kinks 


A dislocation kink will be of small extension, say 
w= 10a. The mean square amplitude of thermal stress 
over this distance, o7= (2uk7T/w*)! (u=shear modulus), 
will, except at very low temperatures, exceed the 
applied stress, and it will certainly far exceed any 
crystalline resistance to motion of the kink. The kink 
can therefore effectively be regarded as a free effective 
mass oscillating under thermal stresses, in agreement 
with the continuum model of the kink presented in the 
Appendix. Also the motion of a kink under an external 
shear stress of ordinary magnitude can be looked upon 
as a drift superimposed on diffusion, as the external 
shear stress only perturbs the thermal stresses. 

But the forced oscillations of the kink under thermal 
waves do not describe the diffusion process when the 
waves are considered to be coherent. The diffusion is 
rather to be considered as due to thermal fluctuations in 
the radiation force (analogous to acoustic radiation 
pressure) on the kink. This force is determined by the 
scattering of sound waves by the kink. When the kink 
moves, it runs into more waves on one side than on 
the other establishing a net radiation force which de- 
termines the mobility of the kink. Diffusion and drift 
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are thus controlled by the same factors, indeed by the 
Einstein” relation, 
v= Doba/kT, (5) 


where 2 is the velocity of the kink along the dislocation 
line and D is the diffusion coefficient. 

Dislocation mobility has been discussed by Leib- 
fried,'! whose work was later extended by Nabarro." 
Nabarro concludes that the Leibfired formula is correct 
in form and order of magnitude, although it probably 
yields a somewhat low mobility. The cases considered 
were radiation from oscillating dislocations, each seg- 
ment radiating as if it were part of an infinite rigid 
dislocation; and scattering by the deformed lattice 
around the dislocation. Only the latter process was 
found to be important. Because of the small extension 
of a kink, the radiation emanating from kink oscilla- 
tions of not too high frequency will correspond to the 
radiation from a point rather than from a line segment. 
This will certainly contribute to the resistance to 
motion. Radiation of waves along the dislocation may 
also be significant. We hope to discuss these problems 
at a later opportunity; at present we shall assume that 
the Leibfried-Nabarro process is dominant. We should 
also mention that the Leibfried formula has had some 
success in the interpretation of megacycle internal 
friction." It is possible that in crystals with no external 
shear stress, the dislocations largely lie along non-close- 
packed rows and contain so many kinks that they can 
be considered as being essentially free in megacycle 
experiments. Then the Peierls barrier would only be 
evinced during plastic flow and large bow-outs of 
dislocations. 

The Leibfried formula reads 


V=100c/E, (6) 


where = normal velocity of the dislocation, c= velocity 


of sound, and E is the energy of thermal vibrations 
per unit volume. For a kink, then, 


~10c0/E. (7) 
By the Einstein relation, Eq. (5), 
D=10ckT / Eba. 


Inserting the classical value E~3kT/b*, one obtains 
finally the diffusion coefficient 


D=vpb’, (9) 


where vp=c/b=Debye frequency. 

1 A. Einstein, Investigations on the Theory of Brownian Move- 
ment (Methuen and Company, Ltd., London, 1926), p. 9. 

1G, Leibfried, Z. Physik. 127, 344 (1950). 

wk R. N. Nabarro, Proc. Roy. Soc. (London) A209, 278 
(1951). 

8 A, Granato and K., Liicke, J. Appl. Phys. 27, 789 (1956). 

4A. H. Cottrell, Discussion to K. Liicke and A. Granato, 
Dislocations and Mechanical Properties of Crystals, edited by 
J. C. Fisher (John Wiley & Sons, Inc., New York, 1956), p. 457. 





DISLOCATION DYNAMTECS 


4. Dislocation Velocities and Creep 


On a straight dislocation line, double kinks will be 
nucleated by a thermal activation process. The probable 
separation, d,, of a critical-size double kink nucleus 
will be about 2w for the following reasons. The longer 
the separation d, the larger is the activation energy 
required to overcome the Peierls barrier, and the lower 
is the frequency factor for direct nucleation of double 
kinks, both factors reducing the probability of nuclea- 
tion of a double kink of wide separation. When the 
separation between the double kinks is small they will 
interact strongly leading to collapse of such a double 
kink. Thus a nucleation of kinks of separation d, will 
be balanced by kink annihilation by kink-kink collision, 
establishing the equilibrium concentration of kinks. 

Let n(l)dl be defined as the number of double kinks 
per cm of dislocation with length between / and /+dl. 
At the moment consideration is restricted to non- 
interacting double kinks. Kink-kink collisions are sum- 
marily taken into account by the boundary condition 
(12) to follow. Under equilibrium conditions, n(/) is 
constant for />2w, because in the region />2w, there 
are neither sources nor kinks and the diffusion coeffi- 
cient is constant (see Fig. 2). 

When an applied stress is present, the diffusion cur- 
rent is, by Eq. (5), 


(10) 


dn(l) aba 
J=—-—2D— +20(~ *) r(1). 


dl kT 


Under steady-state conditions, this current must be 
constant in the region />2w. The solution of (10) 
is then 


kTJ aba 
)=——— | 1exp| d—24)| 
2cbaD kT 


aba 
+n(2w) exp| (1-2) | (11) 
kT 


n(l 


Now suppose that an unfolding double kink is annihi- 
lated when it reaches a length XY. In an infinite dis- 
location line X would be related to double kink-double 
kink collisions. The corresponding boundary condition 


ni) 


LC Equilibrium Curve 
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Fic. 2. Distribution of double kinks as a function of kink length /, 


AT 


LOW TEMPERATURES 


in the diffusion problem is 
n(X)=0. 
Equations (11) and (12) yield 


aba oba 
J =2n(2w)D— exp] (x — 2u)|/ 
kT kT 


aba 
exp (x—au|- 1 } 


ee (13) 
kT 


which reduces to 


J =2n(2w)Doba/kT, (14) 


independent of X, when 


X—2w>1.=kT/oba. (15) 


The physical meaning of /. can be explained in the 
following way: Double kinks which have reached a 
length greater than /.+2w will only have a small 
probability of recombining under thermal fluctuations 
and will expand under applied stress until they annihi- 
late upon reaching a length X; while double kinks 
much shorter than this critical length will have a high 
probability of recombining. 

Now for all cases we will consider, the stress-de- 
pendent term in Eq. (2) is less than the uncertainty in 
the activation energy W and can be neglected. Also in 
all cases 1.>h, h being the diffusion path leading to 
double-kink collapse (see Fig. 2). Now as long as /.>2w, 
most of the double kinks nucleated must collapse, so, 
since the stress dependence of the nucleation is small as 
noted above, the double-kink density m(2w) will be 
about the same as the equilibrium value ». Hence, 
employing Eq. (4), Eq. (14) becomes 


a fabon\? {rbop\' —2W; 
J=2.2D- (=) ( =) exp(— *). (16) 
op\ kT 2aS kT 


The velocity of advance of an infinite dislocation in 
its glide plane in a direction perpendicular to the dis- 
location line will be 


V.=aXJ, (17) 


provided X>/,., where X is the distance along the dis- 
location swept out per kink pair, 
X=2r1, (18) 
and 7 is the average time required for a nucleation event 
in the newly exposed ledge within a growing kink pair, 
r=2/XJ, (19) 
so that by Eqs. (3) and (14) 
X= (v/J)§= (2/n)?. (20) 
Inserting Eq. (20) into Eq. (17), we obtain 


V.= 2a(Jv)!, 
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In general, for a dislocation segment of finite length L, 
Eq. (21) will be modified to 
V =2a(Jv)*(L/L+X), 
which reduces to two limiting expressions : 


V=2a(Jv)! for L>X, 


(22) 


(23) 


and 


V=2aJoL/X=aLJ for X>L. (24) 


Finally the dislocation velocity will be related to the 
creep rate € by the expression 


é=)bV,7 (25) 


where A is the total length of active dislocation line 
per cm*. 


COMPARISON OF THEORY WITH EXPERIMENT 


The above model will be compared with the results 
of Lytton ef al.! on the creep of aluminum. 

The following constants will be used: h=2.7X10"! 
dynes/cm?, b= 2.86X10-* cm, and yp10" sec~'. The 
dislocation line tension is given by S=yb*. 

The main experimental facts obtained by Lytton 
et al.' which are relevant to the present discussion are 
as follows: 

In creep experiments on 99.995% pure aluminum 
single crystals oriented to favor slip on a single slip 
system, a stress-independent activation energy, 


AH = 3400 cal/mole (0.15 ev), 


was found for strains less than 10% in the temperature 
range 80°K-400°K. For strains higher than 10% and 
temperatures higher than 400°K, other creep mecha- 
nisms which presumably are associated with cross-slip 
and climb became predominant. These other mecha- 
nisms were manifested by larger activation energies. 

Typical stresses used were ¢c=10~y at 80°K and 
o=2X10-°w at 295°K. At a temperature of 395°K, 
with a stress ~2X10-°y, a creep rate e~0.3X10~ 
sec! was found. 

Let us tentatively assume that the creep law Eq. (24) 
applies. Then the observed activation energy should 
equal 2W,, i.e., 

W).=0.075 ev. 


By Eq. (30) of the Appendix, then 
op=2X10™ pu. 
With this value of o,, the width of the kink, defined in 
the Appendix by Eq. (47), becomes 
w= 2d=7b. 

These values are not unreasonable, but of course they 
should only be taken as rough order of magnitude es- 
timates showing that ¢, is about 10-*y and w is 


about 10). Incidentally this estimate shows that it is 
consistent within our model to assume the Peierls 
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barrier to be larger than the applied stress in the creep 
experiment. 
With o,10 yw and 2W,=0.15 ev, the calculated 
values for X, from Eqs. (4) and (20), are 
100°K: X =0.65X 10° (1.85 10~ cm), 
300°K: X=3.5X 107) (110-5 cm), 
400°K: X=2X 10% (0.57X10~ cm). 


For creep law (24) to apply, the requirement L<X 
must be fulfilled. The value of LZ will be determined by 
such factors as: 

(a) The average length of operative sources. 

(b) The average spacing between locking impurities. 

(c) The average distance between intersecting dis- 
locations. 

(d) Average length of straight dislocation segments 
in the Peierls valley (see Fig. 3). 


An intersection of a dislocation with dislocations 
having one of six 4 (110) Burgers vectors mutually 
sharing a {111} glide plane will result only in the forma- 
tion of one kink in each dislocation. In aluminum this 
cutting process is expected to have a low activation 
energy, of the same order as double kink formation, 
say 0.2 ev. The energy of interaction between a dis- 
location and an impurity in a f.c.c. metal will typically 
be of the same order of magnitude.!® So, in these cases 
we expect for reasonable stresses that small pile-ups of 
kinks will provide the necessary stress concentration 
for break-away. These pinning points should therefore 
influence the creep only by playing a role in the determi- 
nation of L. Dislocation—dislocation intersections lead- 
ing to jog formation would require a much higher 
activation energy and would provide strong pinning 
points at the lower temperatures where diffusion is 
slow. It may be necessary for our model to apply that 
the spacing between these pinning points be sufficiently 
large to allow the dislocations to bow out between 
them, although it is possible to think in terms of a 
modification of the Seeger’® theory for the yield point, 
in that for high stresses the buildup of stress concentra- 
tions at the intersecting points is rate controlling, while 
for lower stresses these buildups are so rapid compared 
with the break-through frequency that Seegers theory 
applies. This mechanism is possible because the break- 


Doubie Kink 


Fic. 3. Straight segments of a dislocation line 
lying in a {111} plane. 


'® J. Weertman and E. J. Salkovitz, Acta Met. 3, 1 (1955). 

'6 A. Seeger, Dislocations and Mechanical Properties of Crystals, 
edited by J. C. Fisher (John Wiley & Sons, Inc., New York, 
1956), p. 243. 
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through frequency increases much more rapidly with 
stress than kink nucleation. 

All possibilities considered, it is likely that L>10~ 
cm, and considering case (d) above, caused by internal 
stresses, it might be of the order 10~> cm. Referring to 
the above-listed values of X, it can be seen that the 
condition L<X should be fulfilled. 

The condition (15), with LZ substituted for X, is well 
fulfilled for the lower temperatures and the higher 
stresses. But for T7=300°K and ¢o~2X10~ yp, we obtain 
1.=1.2X10~* cm, which is close to the smaller possible 
values of Z. But the effective kink nucleation rate is 
only slightly changed if condition (15) is not quite 
fulfilled, so this point is not considered critical. 

With o,~10~ p, €~10~ sec}, o~ 10~* wp, 2W,.~0.15 
ev, T~300°K, and L~10~° cm, Eq. (25) yields \~ 10° 
cm~?, a reasonable value for active dislocation length in 
a good single crystal. Thus formula (24) describes the 
experimental data in a self-consistent manner. 

The creep formula (23) can definitely be ruled out as 
inapplicable. If it were accepted, it would be necessary 
to put 21V;,.~0.30 ev, which at 100°K would lead to 
values of X of the order of hundreds of meters, which is 
impossible. 

SUMMARY 


The creep Eq. (25) applies to a creep mechanism that 
gives a stress-independent activation energy at low 
temperatures. This mechanism is substantiated by the 
observation of a stress independent activation energy 
for the low-temperature creep of aluminum. Although 
the agreement between theory and experiment is good, 
the following reservations are noted. 

Condition (15) must be fulfilled for the model to 
apply. Thus high temperatures and low stresses limit 
the application of Eq. (25). Also at very large stresses, 
the kink concentration (2w), the boundary condition 
on the diffusion problem, could be reduced below the 
equilibrium value. In this case the gross nucleation rate 
would have to be considered, involving Eq. (2) and a 
transmission coefficient analogous to the Zeldovich" 
term in classical nucleation theory: both of these terms 
would introduce a stress dependence into the activation 
energy, although clearly the Peierls barrier would still 
control the creep rate. Finally, quantum effects have 
been completely neglected in the theory. However, the 
temperature hv/k corresponding to the lowest frequency 
of dislocation vibration in the Peierls valley is ~10°K, 
and the frequency changes of the higher frequencies 
during kink activation are shown (in the appendix) to 
be moderate. Thus it seems reasonable to apply the 
classical treatment above ~10°K. 

The present treatment is felt to be important in 
demonstrating that a translating dislocation line can be 
treated as a continuous line. If, in the frequency-change 
calculation in the Appendix, the contributions of short 


17 J. B. Zeldovich, Acta Physicochim., U.R.S.S. 18, 1 (1943). 


AT LOW TEMPERATURES 547 
wavelengths had been important, it would have been 
necessary to introduce a cutoff wavelength (~a) which 
would have introduced the discrete nature of the dis- 
location line. The calculations show that it is not 
necessary to introduce this discreteness. It is hoped 
that the continuous line model can later be applied to 
the Bordoni® effect. 

Lastly, it is noted that other investigators!*-* have 
found temperature-independent activation energies for 
low-temperature creep to which Eq. (25) may apply. 
Conrad'* also shows the stress dependence of the creep 
rate and notes that no theoretical explanation exists 
for the stress dependence. No such explanation is 
attempted here, but it is noted that the unknown stress 
dependence in Eq. (25) is in the factors \ and L, both 
of which are probably dependent on stress and strain. 
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APPENDIX. PARTITION FUNCTION FOR KINKED 
DISLOCATION LINE 


A dislocation line is taken to satisfy the equation of 
motion 
pd?t/dl??— Sd*§/dx?+ be, sin(2ré/a) =0, (26) 


where p= effective mass per unit length and € and x are 
explained in Fig. 4. In the static case (26) reduces to 


"— bap 2ré 
———-- sin( ) 0. 
iw 6S a 


Considering the case of one kink with its center at x=0, 
the solution of (27) is 


a _ fexp(2xG) —-1 
f9=— arc sin = | 
T exp(2xG)+1 


(27) 


where G= (2rba,/aS)'. The energy of the kink is 


% OE\? aopab 2ré 
We= f {1s(—) +— { 1+cos( — ) fa 
—2 Ox 2r a 


18H. Conrad, Acta Met. 6, 339 (1958). 

19 J. W. Glen, Phil. Mag. 1, 400 (1956). 

20H. Conrad and W. D. Robertson, Trans. Am. Inst. Mining, 
Met., Petrol. Engrs. 209, 503 (1957). 
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Potential Valley 


Fic. 4. Detail of a kink in a dislocation line in a {111} plane. 


By insertion of Eq. (28) into (29), the energy of the 
kink is* 

W,= (2a/x?)(2rabo,S)'. (30) 

Subsequently the dislocation line is described by 

normal mode amplitudes. Consider a dislocation of 

length M. Then perform the orthogonal transformation 


t(x)=(2/M)'\; A; sin k(x— 43M) ], 
j=mn/M; m=1,2,---. (31) 

The summation over j should only be carried out up 
tO jmax=/b, as 6 is the distance between neighboring 
atoms along the dislocation. However, such a cutoff is 
not consistent with the continuum model defined by 
Eq. (26). Fortunately it will turn out that all of the 
quantities of interest receive negligible contributions 
from short-wave amplitudes so that summations may 
be carried out up to j= without appreciable error. 
Expanding the dislocation energy H to the second 
power, the whole segment M remaining in one potential 


0&\* 0&\? 
»( *) +1s(—) soed 
ot Ox a 


and inserting Eq. (31) into (32), 


valley, 


M/2 
rfp 
M/2 


(33) 


; aha 
H=¥ ¥As+¥ ( 1Sj+— )s z. 


a 


The circular frequencies of vibration w; are given by 
(34) 


The kinetic energy term in H will factor out with the 
same amount in the partition integral in all cases to 
be considered, so only the potential energy term 


-H 
z=ff--f exp(— aa 1dAo:--dAm (35) 
kT 


AND 
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need be treated. By Eqs. (33) and (34) 


=) 


Now consider a dislocation line of the same length M 
and the same total number of degrees of freedom which 
contains a kink. It is necessary to compute the partition 
integral for this system to compare with Eq. (36). In 
passing from the unkinked to the kinked configuration, 
one vibrational degree of freedom has been removed and 
one translational degree of freedom consisting of pure 
translation of the kink along the dislocation line has 
been introduced. 

Under pure translation of the kink, the energy re- 
mains constant and a line in the m-dimensional space 
(A,, Ao, --:, Am) is described. The contribution to the 
partition integral stems from a ‘“‘tube” in phase space 
around the translational line (see Fig. 5). The cross 
section of the tube is determined by the vibrational 
modes. It is assumed that it is possible to integrate 
independently over the cross section and along the 
translational line. This procedure is rigorous only for 


(36) 


an infinitesimal cross section. 
An element of tube 6B then contributes 


2ekT \? Wi. 
6Z=6B [[” (—) x ep(-—), 
i Pe kT 


where the double prime indicates that there is one less 
factor in the product than in Eq. (36), the single prime 
indicates that the frequencies are different, and 


6B=[6A °+6A27+ ---+64,7]}}, 


(37) 


(38) 


where 6A, are the Fourier components of the 6€ result- 
ing from a translation 6x of the kink. From Eq. (28) 


4aG_exp(g) 


sg=— 


— ————-5x, (39) 
m exp(2g)+1 


where g=Gx. Then 


(2) 


2 exp(g) sin j(x—3M) ] 
ef eaten, 
exp(2g)+1 





—M/2 
Extending the limits of integration to + and sum- 
ming over the residues at 2g= (2m+1)ix, m=0, 1, ---. 
2 \? exp(ax«/2G) 
isms =#2x2a(—) =e = 
M/ exp(m«/G)+1 


k=(2m+1)x/M, m=0,1,---; 
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Fic. 5. A tube in phase space corresponding to translation 
of a kink along a dislocation. 
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and 


A 2m 0. (42) 


Now, by Eq. 
integration, 


exp(x/2G) ; 
5B= ixx2af- (= Ja, (43) 
9 Lexp(a«/G)+1 


(38), changing the summation into 


(44) 


2a/G\} 
6B= =(-) bx. 
w\X\2 


The frequencies w’ are found from the differential 
equation resulting from linearization of Eq. (26) about 
the solution (28): 


exp(2g)—1\? 
exp(2g)+1 
(45) 


Instead of the difficult (45) the frequency changes are 
estimated from 


at aE 
~~ 
ol? Ox? 


Pb org 
-S——G'St=0, |x|<|d], (46a) 
Ox? 


"ar 


aE 
free es SE=0, 
ar 


|x|>|d|. (46b) 


At x= +4, it is required that £ and 0&/dx be continuous. 
The distance d is chosen so that there exists a solution 
of Eqs. (46) of zero frequency and yielding §(x)—>0 as 
|~|—>0, corresponding to the translational mode. d is 
then given by 
d=1/4G. (47) 
Now consider the eigenfrequencies of Eqs. (46) with 
the boundary conditions §&=0, x= +M/2. The trans- 
lational mode is excluded. For —d<x<d, 


| sin(Kx) | | (4a) 


w? 
K?=—+G?; 
cos(K-x) é 


AT 
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for |x|>I|d\, 


t=P sin(Qx)+R cos(Qx), Q’=——G*. (48b) 
2 


The secular equations become, for uneven solutions, 


1—(Q/K) tan(Kd) than 
tan(QM/2)=— 
cot(Qd)+(Q /K) tan(Kd 





for even solutions, 


cot(Qd)— (Q/K) cot(Kd) 
cot(QM/2)=— 
1+(Q/K) cot(Kd) cot(Qd) 


It can be shown that when the translational mode is 
excluded, only real and positive Q and K need be con- 
sidered. 

By some rewriting of Eqs. (49) and (50), for uneven 
solutions, 


QM/2=Q.M/2+Qd-—4, tang= 
Qo=2mr/M, m= .. 2,°°° ; 





(50) 


tan(Kd), 


(OK) (51) 


for even solutions, 

QM/2=Q.M/2+Qd—¢, coto=(Q/K) cot(Kd), 
Qo=(2m+1)4r/M, m=1,2,---. 

To first order, from Eq. (48b), 

(Qc?/w*)6Q. 


bw/w= 


The sequence of frequencies w, Eq. (34), starting 
with n=2, is to be compared with the sequence of 
frequencies w’ determined by Eqs. (51) and (52). This 
procedure secures that the total number of degrees of 
freedom is the same in both cases, without specification 
of the cutoff wavelength. 

An estimate is needed of 


6 In[Jw=InJ [w—InJ Jw’ = > 


Employing Eqs. (34), (48), (51), (52), and (53), 
approximating Qd by Qod, and turning the resulting sum 
into an integral, it follows that 


(54) 


(w/w). 


5 In] [w= (c2/r) a (Q/w*)(2Qd—)dQ, (55) 
where ; 


0K 
tand=4(—+—) tan(2Kd). (56) 
K Q 


It can be shown that ¢ must be taken in the same 
quadrant as 2Kd. The integral in Eq. (55) is then 
rapidly convergent. By Eqs. (47) and (48), Eqs. (55) 
and (56) become 


i. Z 
binfJo== fi - (2Z—¢)dZ, (57) 
0 Z2442/ 16 


us 
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where By numerical integration 


6 InJ [w= —0.50. (59) 


(59), and 


Z 


tan¢d= | —__—_—_——. 
(Z?-4+-n2/8)4 


(44), and 


Finally, from Eqs. (34), (36), (37), 
realizing that Z’=6Z/éx, 


(Z?+-2?/8)! , bop \' /rbop\? Wi 
1 tan2( 244 ). 6 —=1.050(— ) ( ) ep(-—). (60) 
Z akT 2aS kT 
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Effect of Oxygen on the Work Function of Barium 


P. A. ANDERSON AND A. L. Hunt 
State College of Washington, Pullman, Washington 
(Received March 2, 1959) 


While a high sensitivity of the work function to gaseous contaminants is generally characteristic of metals 
which adsorb the common gases strongly, barium combines outstanding work function stability with an 
exceptional affinity for these gases. The paradox is investigated by administering measured quantities of 
oxygen to vapor-deposited barium surfaces at known rates, with concurrent monitoring of the work function. 
It is found (1) that when clean barium is exposed suddenly to a massive dose of oxy gen, its work function is 
lowered by 0.32 ev; (2) that the work function of the heavily oxygenated surface remains constant for 5 days 
and then drifts very slowly toward the clean-metal value, and (3) that when oxygen is administered to a 
barium surface slowly (2X 10" molecules per cm? per hour) no change of work function occurs during or after 
the absorption of a quantity of oxygen equivalent to 100 complete monolayers of the oxide. 

The results are interpreted as stemming from two processes which compete for control of the surface; the 
expected surface oxidation and a restorative process involving engulfment of oxygen ions. The mechanism of 


engulfment is discussed. 


T is well known that a high sensitivity of the work 
function to gaseous contaminants is generally char- 
acteristic of metals which adsorb, or absorb, the com- 
mon gases strongly. The tungsten-oxygen system is the 
common prototype of this class; when a tungsten sur- 
face is cleaned by momentary flashing in a vacuum of 
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Fic. 1. Tube for massive dose experiments. Barium vaporized by 
ovens O and H and re-vaporizer J (1-mil Ta, 45° mounting) is 
deposited to form reference surface K and test surface G. G, moved 
on track F (parallel 60-mil W wires) by armature M, is exposed to 
oxygen by breakage of glass capsule D. C is molten tin seal, 
externa] heater not shown. Glass sylphon J transmits motion for 
Kelvin measurements. K, G, spun cups O, H; disk N: 5-mil Ta. 
Winch A for glass bell B: 2-mil W wire on Pyrex drum. 


the order of 10-§ mm, its work function drifts upward 
rapidly as a monolayer of oxygen builds up on it. In 
another group of metals, epitomized by silver, zinc, and 
cadmium, the work function of an initially clean surface 
is unaffected by prolonged exposure to residual gases at 
pressures of the order of 10-* mm. It is thus possible to 
classify many of the common metals in two mutually 
exclusive groups, the gas-sorbing, work-function-sensi- 
tive metals and the nonsorbing, insensitive metals. 
Against this background, the behavior of barium stands 
out as highly anomalous. Barium isan excellent “getter” 

it combines stoichiometrically with oxygen and is an 
effective absorber for hydrogen, nitrogen and water 
vapor. But if a clean barium surface is prepared by 
vapor deposition at a residual gas pressure of the order 
of 10-* mm and if the fresh surface is measured before 
contamination can occur, i.e., so quickly that the total 
number of gas molecules which strike the surface within 
the deposition-measurement interval is small with re- 
spect to the gas content of a monolayer, the initial work 
function shows no drift with time.” We have the unusual 
spectacle of a metal surface absorbing gas continuously 
while showing no measurable change in work function. 


1 P. A. Anderson, Phys. Rev. 49, 320 (1936) ; 57, 122 (1940) ; 98, 
1739 (1955). 

2 Pp. A. Anderson, Phys. Rev. 49, 320 (1936). 

3.N. C. Jamison and R. J. Cashman, Phys. Rev. 50, 624 (1936). 
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While this unorthodox behavior has been confirmed in 
numerous studies in our laboratory, these studies have 
provided no explicit information concerning the com- 
position and total bulk of the gases absorbed. The 
present work was undertaken for the purpose of de- 
termining the effect on the barium work function of 
known quantities of the most important of the active 
gases, oxygen, administered to an initially clean surface 
at a known rate. Such measurements have intrinsic 
value and throw some light on the mechanisms involved 
in gettering. 


SCHEME OF THE INVESTIGATION 


Such indirect evidence as was available at the start of 
these experiments suggested that the rate at which 
oxygen is delivered to a barium surface may well be the 
factor which determines the effect of the oxygen on the 
work function. The measurements were planned ac- 
cordingly to provide (1) work function determinations 
before and after exposure of an initially clean barium 
surface to massive doses of oxygen administered sud- 
denly, and (2) monitoring of the work function while 
oxygen was delivered slowly and continuously by 
calibrated diffusion through a heated silver tube. Work 
functions were determined by measuring the contact 
potential difference (cpd) between the test surface and a 
reference surface of known work function using a 
Kelvin technique described previously.‘ 


MASSIVE-DOSE EXPERIMENTS 


Figure 1 is a sketch of the tube employed for studying 
the response of barium to the stepwise administration 
of large doses of oxygen. The reference surface was 
vapor-deposited barium‘ protected from the oxygen by 
the isolation scheme shown. The tin seal, thoroughly 
outgassed during the preliminary baking regime, was 
kept molten throughout the absorption periods by an 
external nichrome ribbon winding, not shown. The tube 
contained three radially arranged, all-glass oxygen 
capsules, one of which is shown. The outgassing, loading, 
and film-deposition procedures were similar to those 
described previously.* The quantity of barium con- 
tained in the test film, as determined by gravimetric 
analysis after the measurements were completed, was 
3.3310 mole. Each of the glass capsules contained 
2X 10~ mole of oxygen so that each dose of oxygen was 
sufficient to react with approximately 12% of the 
barium. 

After initial exposure to oxygen, the test specimen 
was left in the gassing compartment for 18 hours to 
insure complete clean-up. It was then moved into the 
measuring position and its cpd relative to the reference 
surface taken at convenient intervals over a period of 
10 days to determine the effect of aging. The results were 
as follows, taking zero time as the moment at which the 


*P. A. Anderson, Phys. Rev. 88, 655 (1952). 
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oxygen capsule was broken. At 18 hours the oxygenated 
barium was 0.32 volt positive relative to the clean 
barium, i.e., the work function was lowered 0.32 ev by 
absorption of oxygen. At 68 hours the oxygen-treated 
barium was 0.32 v positive, at 116 hours 0.31 v, and at 
234 hours 0.29 v positive. When the test specimen was 
exposed to additional doses of oxygen by breakage of 
capsules 2 and 3, the barium film blistered and its 
conductance became so erratic that further measure- 
ment was useless. 


CONTINUOUS ABSORPTION EXPERIMENTS 


The continuous-absorption studies were carried out 
under conditions which simulated those obtaining in the 
slow clean-up of gas in barium gettered tubes. Since the 
rate of diffusion of oxygen into the measuring tube was 
low relative to the rate of absorption of the oxygen by 
the barium, it was possible to use vapor-deposited silver 
as the reference surface and thus to avoid the complex 
tube design necessitated by the use of a barium refer- 
ence.’ Tubes of two types were used in these experi- 
ments. Tube I was similar to a tube described previ- 
ously‘ except for omission of the electron gun. In Tube 
II the barium vaporizing arrangement of Tube I was so 
modified that the areas of the barium films deposited on 
the tube walls, as well as on the test surface, could be 
estimated with reasonable accuracy. The upper barium 
vaporizer was omitted and the lower vaporizer mounted 


‘in a plane tangent to the spherical bulb which received 


the excess barium vapor. The tantalum target, on which 
the test film of barium was deposited, formed in effect 
part of the wall of this bulb and received an estimable 
aliquot of the total barium deposit. The geometry, based 
on cosine emission of vapor from the oven, insured, also, 
reasonably good uniformity in the thickness of the 
barium films deposited on walls and target. 

The silver diffusion valve for controlled admission of 
oxygen to the measuring tube is diagrammed in Fig. 2. 
This valve was calibrated by determining the rate of 


G H 





























A 


Fic. 2. Oxygen diffusion valve. Ag-Pt tube D (Baker and 
Company) is heated by nichrome-on-quartz oven E, end view E’, 
Oxygen is delivered to measuring tube at G. After outgassing tube 
is sealed at H and opened to O2 supply at J. C, end view C’, is Pt 
cooling fin. 


5L. L. Blackmer and H. E. Farnsworth, Phys. Rev. 77, 826 
(1950), have found that the work function of silver is unaffected by 
residual gas pressures as high as 10 mm. 
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pressure increase in an evacuated bulb of known volume 
as a function of heater current. Pressures on the low- 
pressure side of the valve were measured with a differ- 
ential Pirani gauge which had been calibrated with tank 
oxygen against a McLeod gauge. The reference arm of 
the bridge was a Pirani unit to which a barium gettering 
bulb was sealed for stabilization of its vacuum. The 
twin Pirani units were so constructed that they dupli- 
cated each other closely and were mounted in a single 
Dewar. The calibration curve for the diffusion valve, 
determined before starting the measurements and 
checked after each series of measurements, was highly 
reproducible throughout the investigation. In each 
series of measurements the valve was sealed to the 
measuring tube and the entire assembly outgassed as a 
unit. Except for a lowering of maximal baking tempera- 
tures necessary for protecting the soft glass seal to the 
platinum-silver thimble, preparative procedures fol- 
lowed the standardized schedule described previously.‘ 

The measuring procedures for Tube I and the results 
of the measurements may be summarized as follows. 
(1) Both the reference and test surface substrates (2.0- 
cm disks of smooth tantalum sheet) as well as the 
surrounding walls of the tube were coated completely 
with vaporized silver to meet the conditions necessary 
for reliable Kelvin measurements in glass systems.‘ The 
observed cpd Ag-Ag was zero to 0.01 volt. (2) The test 
electrode was coated completely with barium and the 
cpd Ag-Ba measured repeatedly as a succession of fresh 
silver films was laid down on the reference electrode, and 
the barium surface renewed repeatedly. The observed 
cpd, 1.97 v, was reproducible and constant to 0.02 v and 
supplied the fiducial reading characteristic of clean 
surfaces of silver and barium. (3) Oxygen was admitted 
to the measuring tube at the rate of 6X10" molecules 
per hour for six periods of 30 minutes each and then for 
12 hours at this rate. No change in cpd could be de- 
tected. (4) Oxygen was admitted at 1.210" for 50 
hours and finally at 2.910" molecules per hour, the 
maximum rate possible without overheating the valve, 
for 340 hours continuously. At no time did the contact 
potential deviate by more than 0.01 volt from the mean 
value characteristic of the clean metals. 

The measuring procedure for Tube II was similar but 
oxygen was admitted continuously to this tube at the 
maximum rate for 112 days. The contact potential, 
taken at convenient intervals during this treatment, 
‘showed no measurable deviation from the clean-metal 
value. Since the total area of barium surface was known 
for this tube, it was possible to compute the oxygen 
dosage in terms of complete monolayers. If it is assumed 
that all of the admitted oxygen was absorbed by the 
barium, this calculation shows that the absorption of 
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oxygen equivalent to more than 100 complete monolayers 
of oxide left the work function of barium unchanged. 
The uncoated areas of the tube walls may be allowed 
several monolayers of oxygen without altering this 
result significantly. 


DISCUSSION 


The results show quite clearly that two competing 
processes are involved in the action of oxygen on 
barium. The first oxygen molecules to strike the surface 
presumably form isolated nucleation centers for the 
growth of a 2-dimensional oxide film. If the surface is 
heavily bombarded with oxygen, the nuclei grow rapidly, 
a continuous film of oxide is formed and the work 
function is altered. But if the rate of bombardment is 
low, the nucleation period is prolonged and a second, 
restorative process comes into play. This process ap- 
parently removes the nuclei by engulfment of oxygen 
ions. Since transfer of an oxygen ion from the surface to 
the interior is attended by a decrease of free energy, the 
engulfment is thermodynamically feasible. The mechan- 
ism of engulfment must be one which involves activation 
energies low enough to allow the process to proceed at 
room temperature. Becker® has obtained convincing 
evidence for the ready migration of barium-on-barium 
at room temperature and it is reasonable to assume that 
the effects of this surface mobility will be transmitted for 
some distance into the substrate through barium atom- 
barium vacancy exchange. In this situation an oxygen 
ion, already occupying a most-favorable site in a 
surface-layer vacancy, has only to fall into a few lower- 
layer vacancies to be engulfed. In its initial stages, the 
engulfment can evidently be characterized either as a 
diffusion of oxygen into the substrate or as a migration 
of barium over the oxygen. Deeper penetration of 
oxygen into the barium would presumably occur by 
conventional vacancy-type diffusion. 

It should be emphasized perhaps that the tolerance of 
barium for oxygen, in terms of the maximal quantity of 
slowly admitted oxygen which a barium surface of 
known area can handle without alteration of work 
function and the maximal rate of absorption possible 
without such alteration, was not determined by our 
measurements. It should be pointed out also that in our 
slow-absorption experiments, planned to simulate con- 
ditions existing in sealed-off tubes, the measurements 
were carried out against a background of residual gas of 
unknown composition and bulk. Intermediate range 
experiments in which the rate of oxygen absorption is 
raised progressively above the “noise level” of the 
residual gas are desirable. 


6 J. A. Becker, Bell System Tech. J. 30, 923 (1951). 
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The work functions of sixteen gold surfaces have been determined by measurement of their contact differ- 
ences of potential with respect to barium reference surfaces of known work function. The gold surfaces were 
prepared by subjecting spectroscopic standard gold to repetitive fusion-solidification outgassing followed by 
fractional distillation and condensation on tantalum; the barium surfaces by a similar technique which 
yields surfaces reproducible and constant to 0.01 ev. Measurement was by the Kelvin method with a time 
interval of 15 seconds between deposition and measurement of a fresh surface. 

The contact difference of potential Au-Ba is found to be 2.31+-0.02 volts and the work function of gold 


4.83+0.02 ev, referred to a barium work function of 2.52 ev. 


HE work function of gold is of more than ordinary 
interest at present because of the need which now 
exists for a metallic reference material suitable for 
surface potential studies on semiconductors. Gold is one 
of the more likely possibilities for this role, in particular 
for studies involving exposure of the semiconductor 
surfaces to gases at low pressures. A second requirement 
for the profitable investigation of semiconductor surface 
potentials, and for metallic surfaces in gaseous atmos- 
pheres, is a measuring method which introduces no 
disturbance of the surface, by heating, irradiation, or 
electron bombardment. The Kelvin method of contact 
and surface potential measurement is unique in that it 
meets these conditions unequivocally. The objective of 
the present work was a determination of the work 
function of clean gold by Kelvin measurement of its 
contact difference of potential with respect to barium, 
our standard reference material for work function studies 
on clean metal surfaces. 

Previous determinations of ¢,, by the thermionic 
method! have yielded values ranging from 4.0 to 4.58 ev. 
The careful photoelectric measurements of Morris? lead 
to the value 4.90 ev when analyzed by the Fowler 
method’ and to 4.81 ev when subjected to analysis by 
DuBridge’s monochromatic method.‘ A determination 
of @au by the contact potential method, carried out 
with questionable techniques, gave a value of 4.46 ev. 


EXPERIMENTAL METHODS; PROCEDURES 


The experimental methods were similar and the 
preparative procedures of tube outgassing identical to 
those employed in our earlier Kelvin measurements on 
vapor-deposited silver and barium.® The tube, Fig. 1, 
was so designed as to satisfy the conditions essential for 
satisfactory Kelvin measurements in glass systems® and, 


1A. Goetz, Z. Physik 43, 531 (1927); I. Ameiser, Z. Physik 69, 
111 (1931); S. C. Jain and K. S. Krishman, Proc. Roy. Soc. 
(London) A217, 451 (1953). 

2L. W. Morris, Phys. Rev. 37, 1263 (1931). 

8 R. H. Fowler, Phys. Rev. 38, 45 (1931). 

4L. A. DuBridge, Phys. Rev. 39, 108 (1932). 

5Q. Klein and E. Lange, Z. Elektrochem. 44, 542 (1938). 

6 P. A. Anderson, Phys. Rev. 88, 655 (1952) and earlier papers 
cited therein. 


through use of a swinging-plate arrangement, to reduce 
the time interval between deposition and measurement 
of a fresh film to approximately 15 seconds. Since this 
interval is small relative to the minimal deposition time 
for a monolayer of gas at the pressures obtaining in a 
barium-gettered tube,’ and since fresh barium surfaces 
show no short-period drift in work function, determina- 
tion of the contact potential as a function of time 
provided a means for detecting any progressive con- 
tamination of the gold surfaces which might have 
followed their deposition. 

The barium surfaces were prepared from the material 
and by the technique described previously.* The gold 
was Johnson-Matthey spectroscopic standard material 
in the form of 40-mil wire, about 0.8 g per vaporizer. 
Each of the metal charges was outgassed by repetitive 
fusion and solidification before sealing the tube from the 
pumps. Since gold vaporizes very slowly at tempera- 
tures slightly above the melting point, it is easily 
outgassed by this method. After seal-off, the barium was 
subjected to six more fusions, each accompanied by 
heavy vaporization to the walls of the tube. The 
measured surfaces were laid down after adjusting the 
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Fic. 1. The tube. Vaporizers C (20-mil W wire helix) and D 
(1-milX5-mm W foil boat) deposit gold on 5-mil Ta disk A. 
Vaporizers E (1-milX10-mm Ta boat) and F (20-mil W wire) and 
re-vaporizer G (1-milX 18-mm Ta foil) deposit barium on Ta plate 
B, swung by armature M. A is rocked through 10-mil flexible 
Kovar diaphragm K. S is cylindrical glass shield beaded to 
envelope. 


7P. A. Anderson, Phys. Rev. 57, 122 (1940). 
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vaporizer currents to deposit a visible film of each metal 
in approximately 2 minutes. The measurements were 
carried out in sequences of the type A,B, Ai B2, A2Bz, 
where A,A2--- and B,B,--- represent, respectively, 
successively deposited films of gold and barium. This 
scheme of single-surface renewal provided information 
concerning the aging characteristics of the individual 
films of gold and barium; it was varied occasionally by 
renewing both surfaces simultaneously. 


RESULTS 


Sixteen pairs of gold-barium surfaces were measured. 
The barium films showed their usual high reproducibility 
and long-term constancy throughout the measurements. 
In the first four depositions of gold, the initial contact 
potential values were erratic and marked drifts in 
contact potential occurred on aging for periods of one to 
two days. With deposition of the fifth gold film, the 
variation in the initial readings and the drift with aging 
disappeared simultaneously. All measurements on the 


PHYSICAL REVIEW VOLUME 


115, 


ANDERSON 


last 12 gold surfaces, including those taken immediately 
after deposition and after aging periods extending to 48 
hours, gave contact potential values within the extreme 
limits 2.29-2.32 volts. For this group, all measurements 
on freshly deposited gold surfaces fell within the limits 
2.31-2.32 volts. Aging of the gold films for 24-48 hour 
periods generally, though not invariably, lowered the 
observed contact potential by 0.01 to 0.03 volt. The 
variability of gold films 1-4 was probably due to in- 
complete coverage of the tantalum substrate resulting 
from agglomeration and piling up of the gold about 
crystallization nuclei. 

Taking 2.31 volts as the contact potential value best 
representing these measurements and 2.52 ev as the 
work function of barium,’ we obtain 4.830.02 ev as 
our value for the work function of gold vapor-deposited 
onsmooth tantalum. This value is in excellent agreement 
with the Morris-DuBridge photoelectric determination 
of Au.‘ 


8 N.C. Jamison and R. J. Cashman, Phys. Rev. 50, 624 (1936) , 
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A quantitative analysis of polarization phenomena in photoconducting insulators is presented for the 
case in which a strip of the sample is illuminated far from the electrodes. It is shown that if the drift length 
of the photo-excited carriers is small compared with the dimensions of the dark and illuminated regions, 
the photocurrent decays exponentially during both the buildup and release of polarization. The decay 
constant is essentially independent of the characteristics of the contacts and the applied voltage, and can be 
expressed in terms of geometrical factors and the photoconductance of the illuminated strip. The conclusions 
of the analysis are checked in colored single crystals of NaCl. The experimental results are found to be in 


satisfactory agreement with the theory presented. 


INTRODUCTION 


T is well known that photocurrents in insulators 
frequently exhibit polarization effects.' Following a 
relatively rapid initial rise, the photocurrent decays 
slowly with time of illumination as the polarization 
builds up, until a fairly constant “saturation” value is 
reached. Further, on the removal of the external field, 
a short-circuit photocurrent appears which subsequently 
decays to zero as the polarization is released. The 
buildup of polarization is associated with the accumula- 
tion of space charge in the sample as a result of the 
drift under field of the photo-excited carriers. Such an 
accumulation can materialize only when the discharge 


1E, G. R. Hilsch and R. W. Pohl, Z. Physik 87, 78 (1933); 
R. C. Herman and R. Hofstaedter, Phys. Rev. 59, 79 (1941); A. G. 
Chynoweth and W. G. Schneider, J. Chem. Phys. 22, 1021 (1954). 


of current carriers between the space-charge regions 
and the electrodes is insufficient to neutralize the space 
charge formed. This may arise from contact effects 
and/or nonuniform illumination. In either case, to 
maintain the given voltage across the sample, the 
constant-voltage source must supply additional charge 
to the electrodes at a rate determined by that of the 
space-charge accumulation in the sample. The measured 
photocurrent is given by the rate at which the charge is 
induced at the electrodes, superimposed on any dis- 
charge current between the electrodes and the space- 
charge regions that may be present. The initial photo- 
current and its subsequent decay are associated with 
the self-limiting rate of space-charge formation. The 
saturation value of the photocurrent represents the 
discharge current which, under steady-state conditions, 
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just balances the rate of space-charge formation. The 
short-circuit current during the release process is associ- 
ated with the rate of space-charge neutralization by the 
drift of photo-excited carriers under the internal polar- 
ization field. 

In photoconductivity measurements uniform illumi- 
nation of the whole sample is generally employed. 
Polarization may then arise from the blocking nature of 
one or both of the contacts which prevents or limits 
the discharge current. In general, contacts applied to 
insulators are unavoidably of this type. The primary 
objective in such experiments is the measurement of 
the photoconductance under specified conditions of 
illumination. For this measurement it is necessary to 
determine both the photocurrent and the electric field 
in the sample. The presence of polarization renders the 
determination of the field difficult if not impossible. 
Attempts have therefore usually been made to eliminate 
polarization effects from the measurement. If, on the 
other hand, it were possible to analyze polarization 
phenomena, the latter could be specifically invoked to 
furnish quantitative information on basic electronic 
processes in insulators.? Such an analysis, however, is 
rendered difficult and uncertain wherever contact effects 
are predominant. 

It is shown in this paper that if only a strip of the 
sample is illuminated, rather than the whole sample, 
the polarization process can be subjected to a straight- 
forward quantitative analysis provided that the insu- 
lator is characterized by strong trapping. Under these 
conditions the accumulation of space charge is due to 
the trapping of photo-excited carriers in the dark regions 
adjacent to the edges of the illuminated strip. The dis- 
charge current is then limited by the high resistance of 
the dark regions as well as by contact resistance, where 
present. With a number of simplifying assumptions, 
the photocurrent is shown to follow an exponential 
curve whose decay constant can be evaluated in terms 
of geometrical factors and the photoconductance of the 
illuminated strip. This decay constant is independent of 
the applied voltage and is affected to a negligible 
extent only by the characteristics of the contacts. 

The conclusions of the model are checked for the 
case of colored NaCl crystals which provide a suitable 
medium. The experimental results are found to be in 
good agreement with theory as regards both the time 
dependence of the photocurrent and the electrical field 
distribution along the sample at various stages of 
polarization. The field distribution is determined by 
the use of light probes in the form of narrow illuminated 
strips. This technique has proved to be a powerful tool 
in general studies of field distribution in photo-con- 
ducting insulators. 


2H. Kallmann and B. Rosenberg, Phys. Rev. 97, 1956 (1955). 
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THEORETICAL CONSIDERATIONS 


The discussions that follow will be valid for any 
photoconducting insulator, irrespective of the detailed 
electronic processes taking place, provided the following 
conditions are fulfilled. First, the drift length w=yEr 
of both types of carriers should be everywhere in the 
sample small compared with the dimensions of both the 
dark and illuminated regions. In the expression for w, 
u represents the mobility of either carrier type, 7 its 
mean life in the conducting state, and E the effective 
field under which it moves. Second, the lifetime in the 
illuminated region should be constant during the 
polarization process being considered. For the sake of 
simplicity of presentation and with no loss of generality 
the case of a single carrier system will be considered. 

Consider a rectangular homogeneous sample of length 
L and unit cross section in which a uniform electric 
field is established. Let » denote the electron concen- 
tration in the dark. A well-defined strip perpendicular 
to the length of the sample and of width 0 is illuminated 
with penetrating light so as to produce uniform volume 
excitation of y electrons per unit volume in unit time, 
into the conduction band. Under the action of the field 
each electron drifts on the average a distance equal to 
the drift-length before leaving the conduction band. 
When the motion of all the electrons is considered, this 
process is found to lead to the formation of two space- 
charge layers at the edges of the illuminated strip. 
Within a distance of w inside the edge facing the anode, 
electrons are continually being photo-excited and car- 
ried outside of the illuminated strip where they are 
subsequently trapped. Thus a negatively charged layer 
of the order of w is formed just outside this edge. At the 
other edge, facing the cathode, a positively charged 
layer of approximate width w is formed as the electrons 
in this region are continually being carried away but 
not replenished by the dark current. Since the drift 
length everywhere in the sample is assumed to be 
negligible compared to the widths of the illuminated 
and dark regions, these charged layers may be con- 
sidered as charged surfaces. It can readily be shown 
that the rate of change of charge density on these 
surfaces is given by 

do ,/dt=eu(notyr)Ey—eunoE, (1) 
where E and & are the field intensities in the dark and 
illuminated regions, respectively. As only charged sur- 
faces are present in the sample, E and &, are uniform 
and can be evaluated from the surface divergence of 
the charge densities: 

E= (4r/e)o, (2) 
E,= (49/6) (o—¢>), (3) 


where o and ga, are the absolute magnitudes of the 
charge densities at each electrode and at each edge of 
the illuminated strip, respectively; € is the dielectric 
constant. 


‘ 
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According to Kirchhoff’s law, 
(L—b)E+bE,= (49/e)Lo—(49/e)bo,=V, (A) 


where V is the applied voltage across the sample, 
assumed to be constant. 

Equations (1) to (4) are sufficient to determine the 
time dependence of the photocurrent and of the electric 
field in the dark and illuminated regions. Consider first 
the simpler case in which the electron concentration in 
the dark is negligible compared with that under illumi- 
nation. Under this condition, the terms containing mo 
in Eq. (1) may be omitted. Differentiation of Eqs. (3) 
and (4) and the use of Eqs. (1) to (4) yields the follow- 
ing relations, 


dE,/dt= (4r/e)(1—b/L)euyrE,, (5) 
J=da/dt= (b/L)do,/dt=(b/L)ewyrE,, (6) 


from which the electric field E, and the photocurrent 
density J are evaluated as 


E,(t) = Exo exp(—i/T), (7) 
J (t)=Jo exp(—t/T), (8) 


where 
T= €/4n(1—)/L)epyr, (9) 
Jo= (b/L)ewyr Eso, (10) 


and £4» is the value of & at /=0. Equations (7) and (8) 
are applicable for either the buildup or the release 
processes. Equation (10) is identical with the expression 
for the photocurrent induced by a light flash as derived 
by Gudden and Pohl’ from different considerations. 

In the general case where mp is not neglected, a similar 
calculation leads to the following expressions for the 
field in the illuminated strip and for the photocurrent : 


E,(t) = Exct+ (Eso— Enc) exp(—t/T3), (11) 
J (t)=Jat(Jo—Jee) exp(—t/T), (12) 
(13) 
(14) 
(15) 
(16) 


where 
T1= (€/4m)/eu[ not (1—6/L) yz], 


E..= (V/L) {1 [m+ (1 —b L)y7 J}, 
J = eu(not+77) Eve; 
J o=euny(V/L)+euyr(b/L) Exo. 


It is seen that in the presence of a dark current 
(noX0), J again decays exponentially during both the 
release and the buildup processes, but in the latter 
process it reaches a nonvanishing saturation value. 
Thus, if this saturation value is taken into account, 
the general decay characteristics of the polarization 
phenomena are not altered by the dark conduction. 
It is only the value of the decay constant that is 
affected. The effect of ) becomes important in poor 


3B. Gudden and R. W. Pohl, Z. Physik 16, 170 (1923); 17, 331 
(1923). 


HARNIK, 


AND MANY 
insulators and under conditions of weak illumination 
in good insulators. 

The partially illuminated sample can be simulated 
by an electrical analog consisting of a combination of 
capacitators and resistors, as shown in Fig. 1. The onset 
of illumination is equivalent to the closing of the 
switch S. The charging or discharging currents become 
identical with the corresponding photocurrents during 
the buildup or release processes provided the following 
correspondence holds true. The three capacitances C), 
C2, and C; are, respectively, equal to the geometrical 
capacitances between the cathode and the left-hand 
edge of the illuminated strip, between the two edges 
and between the right-hand edge and the anode; the 
resistances R;, R2, and R; are equal to the dark re- 
sistances of the corresponding three regions; and the 
resistance r is equal to the photoresistance of the 
illuminated strip. 

The assumptions underlying the above analysis will 
now be discussed. 

(a) The carrier drift-length is negligible compared 
with dimensions of the dark and the illuminated regions. 
This is often the case in insulators where strong trapping 
is the general rule. In colored NaCl crystals, for ex- 
ample, ur is of the order of 10~-§ cm? volt, so that at 
fields of several thousand volt/cm this assumption is 
perfectly valid. The drift length may, however, become 
appreciably larger when the carriers swept out of the 
illuminated strip can saturate the traps in the dark 
regions. A calculation for this case, to be published in 
a future paper, shows that the photocurrent deviates 
from an exponential curve but the over-all decay time 
is not very different from that when no saturation of 
the traps takes place. 

(b) The lifetime in the illuminated region is constant 
throughout the polarization process. This assumption 
will be valid if the change in trap occupation is 
negligible. This is indeed the case in colored NaCl 
crystals for not too high light intensities such as those 
employed in the present measurements. 

(c) It has been assumed for simplicity that prior to 
illumination the electric field in the sample is uniform. 
It can be shown that this provision is not necessary in 
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Fic. 1. The equivalent electrical circuit of a partially 
illuminated photoconducting insulator. 
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the dark regions. This is also seen from the electrical 
analog, in which nonuniformity in the field will simply 
be reflected in the value of R;, Re, and R3. In a homo- 
geneous sample departures from uniformity in the field 
can arise only from contact effects. Hence, if the 
illuminated strip is well removed from the electrodes, 
the conclusions of the model are essentially independent 
of the nature of the contacts. 


EXPERIMENTAL 


The experimental results obtained on colored single 
crystals of NaCl will be subsequently described and 
discussed. The initial photocurrent and the decay 
constants during both the buildup and the release 
processes were measured as a function of the width of 
the illuminated strip, the intensity of illumination, and 
the applied voltage. The distribution of the effective 
electric field along the sample under various conditions 
was also measured. 
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Fic. 2. A typical cycle 
of measurements showing 
polarization in a partially 
illuminated photoconduct- 
ing insulator. (a) applica- 
tion of an external field, 
(b) illumination of a strip 
on the sample, (c) shutting 
off the illumination, (d) re- 
moval of the applied field, 
(e) re-illumination of the 
same strip, and (f) shutting 
off the illumination. 
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(a) Techniques 


The samples studied were rectangular plates of about 
10X4X2 mm’, cleaved from synthetic single crystals 
of NaCl grown by Harshaw Chemical Company. They 
were irradiated by x-rays, care being taken to ensure 
homogeneous coloring throughout their volume. The 
density of F centers, as derived from the absorption 
coefficient in the F-band, was found to lie between 101° 
and 10!” cm~ in the samples studied. 

The specimen was placed in a closed chamber with a 
10X4 mm? surface facing a camera window. Indium 
foils pressed tightly to the 4X2 mm‘* faces served as 
electrodes. The chamber was mounted on an optical 
bench and fitted with a mechanism by means of which 
it could be moved perpendicular to the bench. With 
these arrangements it was possible to illuminate well- 
defined strips of variable width anywhere along the 
sample. In all the measurements the sample was illumi- 
nated with white light. 

The photocurrent was measured by means of an 
electronic electrometer, the output of which was con- 
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Fic. 3. The electric field distribution along the sample due to 
the application of an external voltage. (a) With silver paint 
electrodes, and (b) with indium electrodes. 


nected to a Philips recorder. Voltages up to 1800 v 
were applied to the sample. In general the experiments 
were carried out in cycles with the following sequence 
of operations: (a) application of an external field, 
(b) illumination of a strip on the sample, (c) shutting 
off the illumination, (d) removal of the applied field, 
(e) re-illumination of the same strip, and (f) shutting 
off the illumination. Before each new cycle performed 
on the same sample, the whole crystal was illuminated, 
with the field removed, long enough to achieve total 
release of polarization and return the crystal to its 
initial state. The bleaching of the color centers even 
after many such cycles was negligible. 

Typical polarization phenomena are illustrated in 
Fig. 2 which presents the results of a conventional 
cycle of measurements. In this experiment, a strip of 
4 mm width at the center of a 10-mm long sample was 
illuminated. 


(b) The Initial Photocurrents; Light Probe 
Investigation of Effective Fields 


The initial photocurrent was found to vary linearly 
with the width of the illuminated strip, the intensity of 
illumination, and the applied voltage. This is in full 
agreement with Eq. (16). 

Since the initial photocurrent, at constant strip 
width and light intensity, is strictly proportional to the 
electric field, it may serve as a measure of the mean 
effective field inside the strip. Consequently, by using 
a narrow illuminated strip, the effective field at any 
point along the sample may be probed. Examples of 
light probing of various field distributions are shown in 
Figs. 3 and 4. They demonstrate the usefulness of this 
technique. Figure 3 shows the field distribution along 
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Fic. 4. The effective field distribution along the sample following 
the buildup of polarization. (a) With the applied voltage on, and 
(b) with the applied voltage removed (internal field). 
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Fic. 5. Plots of 
log{ (J-—J«)/Jo] ver- 
sus time of illumina- 
tion for three values 
of the applied volt- 
age. (a) For the 
buildup phenomena, 
and (b) for the re- 
lease phenomena. T 
denotes the decay 
constant. 
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the sample in the dark due to the application of an 
external voltage and its dependence on the nature of 
the electrodes. It is seen that the field is not uniform 
along the sample but increases towards the electrodes, 
being fairly symmetrical about the center. The variation 
of the field along the sample was found to be strongly 
dependent on the nature of the electrodes. Two extreme 
cases are shown here, one with silver paint contacts (a), 
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Fic. 6. Plots of 
log[ (J —J «)/Jo] ver- 
sus time of illumina- 
tion for three values 
of the width of the 
illuminated strip b. 
I (a) For the buildup 

t phenomena, and (b) 
for the release phe- 
nomena. The length 
of the sample L is 
11.8 mm. 7 denotes 
the decay constant. 
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and the other with indium contacts (b), It is seen that 
with indium electrodes the nonuniformity in the field 
is much smaller and is concentrated in the near vicinity 
of the electrodes. This is in accordance with the known 
small work function of indium. It is for this reason that 
indium electrodes are used in the measurements de- 
scribed here. 

Light probe measurements of the electric field at 
various locations on the sample, following the buildup 
of polarization, are shown in Fig. 4. Polarization was 
produced by illuminating a strip of 4 mm at the center 
of the sample. Light probes of 1 mm were used. The 
initial photocurrent due to a light probe is shown for 
the cases where the latter is applied at points, (i) inside 
the previously illuminated strip, (ii) between the strip 
edge and the cathode, and (iii) between the strip edge 
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and the anode. Figure 4(a) shows the results of meas- 
urements on the effective field in the presence of the 
applied field, while Fig. 4(b) presents results of meas- 
urements on the internal field, i.e., with the applied 
field removed. It is seen that the field distributions are 
in complete agreement with the implications of the 
proposed model except in the region between the strip 
edge and the anode, where the field is seen to fall off 
slightly as the probe approaches the previously illumi- 
nated strip. 


(c) Decay Constants 


According to Eq. (12) the photocurrent density 
should decay exponentially with time of illumination 
to a saturation value J,. Semilogarithmic plots of 
(J~J.)/Jo versus 1, for various values of the applied 
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voltage, strip width, and light intensity, are shown in 
Figs. 5, 6, and 7, respectively, for both the buildup and 
the release phenomena. The three curves shown in each 
of these figures correspond to different values of the 
respective parameter, the other variables having been 
kept constant. It is seen that in all cases the curves are 
exponential over a considerable portion of the decay 
process; the decay constant is independent of the 
applied voltage, while its reciprocal varies fairly linearly 
with (1—8/L) and light intensity. These results are in 
satisfactory agreement with theory. 

The value of J,, in the buildup process observed in 
these experiments is appreciably larger than the dark 
current. This must be attributed to the effect of scat- 
tered light on the conductivity of the dark regions, as 
no particular precautions were taken to eliminate its 
presence completely. The deviations from the exponen- 
tial curve may be associated with some spreading-out 
towards the anode of the space-charge of trapped elec- 
trons. This view is supported by the results presented 
in Fig. 4 which indicate the presence of a small space- 
charge of trapped electrons outside the illuminated 
strip on the anode side. The nature of this spread-out 
is now being investigated. 


(d) Estimation of us 


From the expression for the decay constant, Eq. (9), 
the value of yur can be calculated since all other 
quantities are measurable. Thus in curve I of Fig. 7, 
for example, 6=0.5 cm, L=1.2 cm, and the decay 
constant is 15.4 sec. The value of yur calculated from 
this data is 3.8X10° sec! cm7'. Alternatively, yu7 can 
also be calculated from the value of the initial photo- 
current, according to Eq. (10), if the initial field in the 
sample is assumed to be uniform. The value obtained 
in this way from the data of the same experiment is 
3.5X 10° sec! volt! cm~!. The agreement between the 
two values is good. 

The value of y as estimated from the intensity of the 
light source, taking into account the geometrical con- 
figuration, is of the order of 10° cm~ sec~!. Accordingly 
ur is of the order of 10-8 cm? volt~!. Values of ur 
reported in the literature for alkali halides are of the 
same order of magnitude.‘ 

4N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 


Crystals (Oxford University Press, London, 1940), p. 127. For 
KCl with 5X10" F centers per cc, ur-~10~* cm? volt". 
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ILLUMINATED INSULATORS 


CONCLUSION 


The success of the rather simple model presented 
here in accounting satisfactorily for polarization phe- 
nomena in insulators stems largely from the condition 
that a strip, rather than the whole sample is illuminated. 
For the common case of low dark conduction and small 
carrier drift length the polarization process is deter- 
mined by well defined quantities, namely the photocon- 
ductance of the illuminated strip and three geometrical 
capacitances. These parameters are independent of the 
nature of the contacts and of the applied voltage within 
wide limits. When the whole sample is illuminated, on 
the other hand, the polarization process will depend on 
a poorly defined quantity involving the space-charge 
capacitance associated with the contacts. A simple 
analysis in this case is feasible’ only when the carrier 
concentration under illumination prior to the applica- 
tion of the field is uniform throughout the sample and 
for applied voltages in the millivolt range.* The limita- 
tion of the measurements to such low voltages makes 
them extremely difficult. Moreover, the condition of 
uniform carrier concentration is rarely, if ever, satisfied 
in insulators because of the difference in the work 
functions of the electrode and sample materials and, 
possibly, the presence of surface states on the insu- 
lators. Such a nonuniformity in concentration is indi- 
cated, for example, in Fig. 3 by the nonuniformity of 
the field distribution near the electrodes. 

The analysis presented can be extended to cover 
situations where saturation of traps in the dark regions 
can take place during the buildup of polarization. 
Under these conditions the drift length may become 
appreciable compared to the sample dimensions giving 
rise to deviations of the photocurrent decay from 
exponential characteristics, as well as to nonuniformity 
in the field distribution in the dark regions. It is believed 
that in such cases the time dependence of the photo- 
current combined with the field distribution as deter- 
mined by the light-probing technique will furnish 
valuable information on trapping kinetics in insulators. 


5 J. R. MacDonald, Phys. Rev. 92, 4 (1953) ; J. Chem. Phys. 23, 
275 (1955); J. Chem. Phys. 23, 2308 (1955). 

* Note added in proof.—An analysis of space-charge capacity 
associated with contacts for large signals has recently been carried 
out by J. R. MacDonald [J. Chem. Phys. 29, 1346 (1958) ]. 
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Kinetics of Vacancy Motion in High-Purity Aluminum 
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It is shown that in very high-purity aluminum, Aly, the rate of vacancy annealing depends on vacancy 
concentration and annealing temperature but is independent of the temperature 7; of vacancy injection 
per se. The rate can be described as the sum of first and second order components. The first order component 
becomes most prominent at a monovacancy concentration estimated to be 10~* atom fraction. It is shown that 
the results are consistent with the Koehler-Seitz-Bauerle dissociative mechanism. The activation energy for 
diffusion of monovacancies in Aly; is found to be 0.652-0.06 ev. This, combined with earlier results on the 
formation energy of vacancies, gives 1.44+0.11 ev for the activation energy for self-diffusion in aluminum 
by a monovacancy mechanism. 

In zone-refined aluminum, Aly, of lesser purity the rate of vacancy annealing depends upon 7; per se and 
falls off more rapidly with decreasing vacancy concentration than in Aly;. Two hypotheses for the impurity 
effects are considered, namely: (1) trapping of vacancies by impurity atoms and (2) inhibition of dislocation 


climb by adsorbed impurities 


HEN metals are quenched to some low temper- 

ature, 7, (“annealing temperature”), after 
having been heated at a relatively high temperature, 
T; (‘injection temperature”), it is found that their 
resistivity,' specific volume! and energy’ all change 
(‘recover’) with time and finally approach limiting 
values presumed to be characteristic of the equilibrium 
state at 7,. It is generally supposed that this “recovery”’ 
corresponds to the falling of the concentration of point 
lattice defects, retained in cooling from the injection 
temperature, to its equilibrium value at the annealing 
temperature. 

The temperature dependence of the total resistivity 
recovery Apo in aluminum has been determined by 
Bradshaw and Pearson,’ Panseri and Federighi,‘ and 
the authors.’ The results are described by the equation: 


Apo=A exp[ —E,/kT, ], (la) 


1 1 1 
100 200 300 
TIME (MIN) 

Fic. 1. Resistivity recovery isotherms for Al (injection 
temperature 557°K). The experimental points are fitted by 
Eq. (4) (corresponding to solid curves) with constants given in 
Table II. 


1 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 
2 W. DeSorbo, Phys. Rev. Letters 1, 238 (1958). 

3 F. J. Bradshaw and S. Pearson, Phil. Mag. 2, 570 (1957). 
‘C. Panseri and T. Federighi, Phil. Mag. 3, 1223 (1958). 

5 W. DeSorbo and D. Turnbull, Acta Met. 7, 83 (1959). 


with the values of the constants given in Table I. Also 
given is Apo at the melting point 7,, of aluminum. All 
three investigations are in fair agreement on the magni- 
tude of E;, the energy of formation of point defects 
(presumed to be lattice vacancies). 

Takamura® and the authors’ have found that the 
length of aluminum specimens decreases during 
recovery. 

The simplest view’ of the recovery mechanism is 
that single-vacancies migrate to dislocations and are 
there annihilated with resultant climb of the disloca- 
tions. Then, if the density and efficiency of dislocation 
annihilation sites remains constant,’ the isothermal 
recovery kinetics should be of first order, i.e. 


Ap(t)/ Ap(t) =k, (1) 


200 400 600 800 1000 
TiME (Mim) 

Fic. 2. Resistivity recovery in Ali at 0°C for injection temper- 
atures 557 and 604°K. The experimental points are fitted by 
Eq. (4) (corresponding to solid curve) with constants given in 
Table II for 7;=604°K. 


6 J. Takamura, Met. Phys. 2, 112 (1956). 

7 Koehler, Seitz, and Bauerle, Phys. Rev. 107, 1499 (1957). 

§ Hirsch, Silcox, Smallman, and Westmacott [Phil. Mag. 3, 897 
(1958) ] found that dislocation loops are formed in some metals, 
presumably by vacancy condensation, after being quenched to 
room temperature from some high temperature. Howéver, such 
loop nucleation should be appreciable only at high injection tem- 
peratures, corresponding to very large vacancy supersaturations. 
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where Ap(é) is the unrecovered resistivity after time 
¢ and k, is a constant which should depend on the 
annealing but not on the injection temperature. 

Actually Ap(t)/Ap(¢) usually turns out to be de- 
pendent upon Ap(/) and in some cases apparently 
upon the injection temperature as well. Koehler et al.’ 
pointed out that the Ap(t) dependence might result 
from vacancy association. In particular they showed 
that, if only association to divacancies is considered, 
the effective diffusion coefficient, D,., of vacancies in 
a face centered cubic metal would be 


D,+8D.C, exp(B/kT) 


= (2) 
1+8C, exp(B/kT) 





where D,; and D» are the diffusion constants of the 
monovacancies and divacancies, respectively, C, is the 
atom fraction of the monovacancies, and B is the 
binding energy of a divacancy. 

Earlier investigations*.**° on the recovery rate in 
aluminum had shown Ap(t)/Ap(t) to be nearly pro- 
portional to Ap(¢). In this paper we shall describe some 
results on the very high-purity aluminum which 
indicate that some of the kinetic complexity in the 
earlier results may have been due to impurity effects. 


RESULTS 


Our experimental procedures have already been 
described.* The aluminum used in the earlier investi- 
gation will henceforth be referred to as Aly. It was 
zone refined and the residual resistivity ratio a, defined 
as 

a= Ro7zs°k/Ra4.2°k, 


was 800. The aluminum used in this investigation, Aln, 
was from a zone refined specimen which had a residual 
resistivity ratio a= 4200. 

The isothermal time dependence of the vacancy 
resistivity in Aly at 0° and 22°C for an injection 
temperature 284°C, is shown in Fig. 1. At a given 
vacancy resistivity the recovery rates Ap(/) at 0°C 


N ee oa oe 
020 030 040 050 060 
Apit)X 10°» OHM-CM 


Fic. 3. Relation between Ap(t)/Ap(t) and Ap(t) in Alm for two 
injection temperatures. The slopes Ap(t) are evaluated from the 
best curves through the experimental points shown in Fig. 2. 

9 T, Federighi and F. Gatto, Meeting of the Societa Italiano di 
Fisica, Padua, September 22, 1957 (unpublished). 

1 W. Wintenberger, Rev. mét. 54, 942 (1957). 
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TABLE J. Constants of Eq. (1a). 


Apo(uwohm-cm) 
at 
Ti=Tm 
0.09 
0.06 
0.17 


A (wohm-cm) Es(ev) Reference 


1240 0.76+0.04 
800 0.760.03 
0.79+0.04 





were nearly the same for two different injection tem- 
peratures 284° and 331°C. The resistivity-time curves 
for the two injections are shown in Fig. 2 and the 
corresponding rate curves, (from the experimental 
points) Ap(t)/Ap(t) vs Ap(t), are shown in Fig. 3. The 
rate of isothermal recovery can be described by the 
equation 


Ap(t)/Ap(t) = kit+k2Ap(t)+ksl Ap(t) P. (3) 


Actually the isotherms, Ap(t) vs ¢, almost can be 
described by carrying only the first two terms of Eq. (3). 
Thus we obtain 


| ee 
n meee 2 
Ap(t){kitkAp(0)} 





The curves shown in Fig. 1 were calculated from this 
equation with the constants given in Table II. The fit 
to the data would be improved by carrying an additional] 
term from Eq. (3), but considering the possibilities for 
systematic errors at low Ap(/), this would hardly be 
justified. 

Our results are consistent with the Koehler-Seitz- 
Bauerle dissociative mechanism. According to this 
interpretation the first order constant k, should be 
proportional to the diffusion constant D, of mono- 
vacancies, and the second order constant ky to the 
diffusion constant D2 of divacancies. More specifically, 


D,=bL*k,, (5) 


where L is the spacing of vacancy annihilation centers 
(presumably dislocations) and 0 is a factor, determined 
by the distribution of centers, which is probably within 
an order of magnitude of unity in most cases. Similarly 
[see Eq. (2) ] 

8D, exp(B/kT) 


gitoncanen (6) 
6128 


where @ is defined by 


Ap(t) =BC,(d) (7) 


TABLE II. Constants of Eq. (4) for Ali. 
Ta(°K) ki(sec™) 
273 2.33X 10 


273 2.3310 
295 1.2 X10 


ke(sec™ pohm-cm~) 
0.067 


0.092 
0.83 


Ti(°K) 
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Fic. 4. Evaluation of Z,, in Al: by method B. 


and it is assumed that C2 is negligible in comparison 
to on 

The first order component of recovery becomes 
dominant at Ap(t)<0.15X10-* wohm-cm. If we take 8 
to be 1.5 wohm-cm per atom %, this would correspond 
to a monovacancy concentration ~10~* atom fraction. 
This result implies that D. exp(B/kT) is about 10° 
times the monovacancy diffusion coefficient and that 
E.—B, where E, is the activation energy for motion 
of divacancies, is about 0.3 ev less than the activation 
energy for motion of monovacancies. Thus the di- 
vacancy contribution to the recovery rate appears to 
be much more prominent in aluminum than in gold. 

The temperature dependence of the recovery can be 
described by 


Ap(t)/Ap(t)=K exp[ —E,./kT. ], (8) 


where K and E,, depend in general upon Ap(¢). One 
method (A) of evaluating K and E,, is to use the data 
from different isotherms following different injections. 
A possible disadvantage of this method is that the 
concentration and distribution of dislocations may 
vary from one injection to another even at constant T,. 
This disadvantage is avoided in the procedure (B) of 
Kauffman and Koehler" in which the constants are 
evaluated from the Ap(t)/Ap(t) values immediately 
before and after an abrupt change in 7, during a single 
recovery (see Fig. 4 for some results obtained by this 
method). Actually the constants for Ali, which are 
summarized in Table III, obtained by the two methods 
agree within the experimental error. 

The average value of £, obtained in method B, 
which is preferred, is 0.65+0.06 ev. We may take this 
to be, approximately, the activation energy E, for the 
motion of monovacancies since it also holds for the 
region in which the first order contribution to (3) is 
dominant. Thus the activation energy for self-diffusion 
in aluminum by a monovacancy mechanism would be: 
E;+Em=1.44+0.11 ev which is in good agreement 
with Spokas’” value of 1.4+0.1 ev from nuclear 


4 J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955). 
12 J. J. Spokas and C. P. Slichtey, Phys. Rev. 113, 1462 (1959). 
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TABLE III. Constants of Eq. (8) obtained (A) from time scale 
factors for superposition of two isotherms at given 7;; (B) From 
Ap(é)/Ap(t) before and after abrupt change in annealing temper- 
ature during a single recovery. 








Method 7i(°K) Ta(°K) Em(ev) 


(A) 0.60+0.05 
(B) : 273 — 295 0.22 0.68+0.06 
(B) 55 295 — 273 0.17 0.66+0.06 
(B) 57: 273 — 295 0.17 0.62+0.06 
(B) 273 — 295 0.11 0.63+0.06 
(B) 53 295 — 273 0.078 0.67+0.06 
(B) 0 0.65+0.06 

Ave. for (B) 


Ap (t) 
(uohm-cm) K(sec™) 





2.3X 107 


magnetic resonance experiments. The value of K 
corresponding to E,;=0.65 ev and k, (see Table II) at 
273°K is 2.310" sec. If the frequency factor vp and 
entropy of activation AS, for vacancy diffusion were 
known the dislocation spacing Z could be estimated 
from the value of K. If, for example, we set vp~ 10" 
sec! and AS,~ 10 eu, we obtain L~2 microns. 

In contrast with these results for very high-purity 
aluminum (Al) we had found® that for less pure zone- 
refined aluminum (Aly) the major part of the recovery 
follows second order kinetics with an apparent activa- 
tion energy 0.52+0.04 ev evaluated at somewhat 
higher vacancy concentrations corresponding to Ap 
=0.5X10- wohm-cm. Further in Al;, Ap(¢) at constant 
T, appears to depend upon the injection temperature 
per se as well as upon Ap(t). Actually the recovery 
rates in the two kinds of aluminum under the same 
conditions are not so different. Typical recovery rates 
for Aly are compared with those for Ali in Fig. 5. 
Immediately after injection, the recovery rate in Al; 
is nearly but not quite as large as that in Aly. However, 
as recovery proceeds, the rate falls off more rapidly in 
Al; than in Aly and after long recovery is less than 3 
as large in Aly as in Aly. It is noteworthy that the 
rate, [Ap ],, 7,, at a given vacancy concentration and 
annealing temperature, which is independent of in- 
jection temperature in Aly, is always higher in Al; after 
a fresh injection than at a later stage in a single recovery 
(alternatively it may be said that [46],,.7 in Al; is 
higher the lower the injection ‘temperature). The near 
correspondence of [Af], 7, in the two kinds of alumi- 
num immediately after injection can be significant 
only if the density and distribution of dislocations in 
the two aluminums are the same. 

Impurities can affect recovery by trapping vacancies 
or by being adsorbed on dislocations and thereby 
inhibiting their climb. The possibly important role of 
impurities in trapping vacancies was pointed out by 
Lomer and Cottrell.’ Evidence that such trapping 
may occur in aluminum has been adduced by Panseri 
et al. and by Hart. 

'W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 71 (1955). 


'‘ Panseri, Gatto, and Federighi, Acta Met. 6, 198 (1958). 
'® FE. W. Hart, Acta Met. 6, 553 (1958). 





KINETICS OF VACANCY 

The total impurity content in our Al; is about 10~ 
to 10-° atom fraction. At this concentration level 
significant vacancy trapping could occur if the binding 
energy B,, between the impurity and vacancy exceeds 
about 0.25 ev. Such trapping would affect the divacancy 
concentration significantly. To account for the results 
on Al, on the basis of impurity trapping, assuming 
that the dislocation concentration and configuration 
is the same as in Aljr, it seems necessary to suppose 
that the vacancy-impurity complex is much less mobile 
than the free vacancy and that the concentration of 
the impurity responsible for trapping is about the same 
as the vacancy concentration (10~* atom fraction). In 
this case significant trapping would occur if By» 20.4 ev. 
It appears that trapping of vacancies by impurities 
would not lead to a dependence of [46],,.7, on 7; as 
observed for Alt. 

An alternative explanation for the impurity effect 
is that during recovery impurity atoms are swept to 
the dislocations and inhibit climb after being adsorbed 
there. For this to occur, the condition 


L/ay= (f/C:C))3 (9) 


must be fulfilled; where ao is the atom diameter, C; 
and C, are, respectively, the impurity and monovacancy 
atom fractions, and f is the number of adsorbed solute 
atoms per dislocation core atom necessary to inhibit 
climb. Probably f is of the order unity. For example, 
if Cy~10-* and C;~10~, significant adsorption of 
solute atoms at dislocations could occur during recovery 
(we suppose that there is significant trapping of 
impurities at dislocations at the annealing but not at 
the injection temperatures) if the dislocation spacing 
equals or exceeds 10° atom diameters. The climb 
inhibition hypothesis requires, as is observed, that 
[Ap],,.7, immediately after a high-temperature in- 
jection be higher than it was late in a single recovery. 

If the dissociative mechanism is correct, the apparent 
activation energy for recovery should be less the higher 
is the vacancy concentration at which it is evaluated, 
There is no trend of this kind, outside the experimental 
error, in our determinations for Ali (Table III). 
However, these evaluations were all made at compara- 
tively small vacancy concentrations. If the climb 
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t) x 10° sect" 


020. 030 040 
Apt) X10~ OHM-CM 
Fic. 5. Comparison of resistivity recovery rates at 0°C for 


very high-purity aluminum Aly: (a@= 4200) and less pure aluminum 
Al: (a= 800). 


inhibition hypothesis for the impurity effect is correct 
or if impurity trapping becomes important only at 
low vacancy concentrations, the values of activation 
energy E,, for recovery in the less pure aluminum, as 
determined by method (B), should be in accord with 
the dissociative hypothesis. Indeed determinations on 
less pure specimens at higher vacancy concentrations 
have yielded considerably lower values for Em. For 
example, we had found'® £,,=0.37 ev in Aly at Ap 
=3.1X10-* yohm-cm, corresponding to a vacancy 
concentration more than 10 times any at which E,, 
was evaluated in this investigation. Under similar 
conditions Bradshaw and Pearson® found E£,,=0.44 ev. 
At these levels of vacancy concentration (C,>10-5 
atom fraction), the divacancy mechanism should make 
the major contribution to the recovery rate in pure 
specimens, and the activation energy does agree fairly 
well with that estimated for divacancy diffusion from 
the results on Aly. Also in agreement with the dissocia- 
tive hypothesis, the value E,~0.52 ev mentioned 
above for Al; at an intermediate vacancy concentration, 
corresponding to Ap~0.5X10-* wohm cm, lies between 
the extremal values. 
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The Lindemann melting rule is used to eliminate the elastic constant from the thermal conductivity 
formula proposed by Lawson. The thermal conductivity is thus obtained as a function of density, atomic 
weight, and melting temperature. The introduction of a dependence on bond character allows a major 
fraction of the available high-temperature thermal conductivity data to be reproduced within a factor of 
two. A dependence of thermal conductivity on mass ratio of the type found theoretically by Blackman for 


diatomic crystals is observed. 


I. INTRODUCTION 


N insulators, in which the thermal current is carried 

by phonons, the thermal conductivity, A, is given 
by the formula’ A= 4Cvl, where C is the specific heat 
per unit volume, » is an average velocity of sound, and 
l is an average phonon mean free path. At high temper- 
atures in sufficiently pure and perfect crystals / is 
determined by phonon-phonon scattering. At temper- 
atures high enough so that the lattice oscillators are 
classically excited, C has the Dulong and Petit value and 
l is proportional to the reciprocal of the temperature. 
The thermal conductivity under these last circum- 
stances is referred to as the high-temperature thermal 
conductivity. 

Various expressions which relate / or \ in the high- 
temperature range to other mechanical properties (e.g., 
thermal expansion coefficient, Debye temperature) of 
the crystal have been proposed.?~* Unfortunately all of 
these expressions involve properties which are known 
only for rather intensively investigated crystals. 

For practically all materials which are intentionally 
prepared the density, atomic weights, and melting 
temperature are known. However, certain rules of a 
semiempirical nature connect the melting temperature 
with other physical properties of a crystal.’'* In this 
note such rules will be used to eliminate the less readily 
available parameters from the thermal conductivity 
formulas and to replace them with 7,,, the melting 
temperature. The resulting expression will be compared 
with experimental data given in the literature. 

A correlation of lattice thermal conductivity with 
melting temperature has been suggested previously: 


1 P. Debye, Vortrige iiber die Kinetische Theorie (B. G. Teubner, 
Leipzig, 1914). 

2 A. Akhieser, J. Phys. U.S.S.R. 1, 277 (1939). 

3 G. Leibfried and E. Schlémann, Nachr. Akad. Wiss. Géttingen, 
Math-physik KI IIa, 7 (1954). 

*J. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 98, 1751 
(1955). 

5 A. W. Lawson, J. Phys. Chem. Solids 3, 154 (1957). 

6T. A. Kontorova, J. Tech. Phys. U.S.S.R. 26, 2021 (1956) 
[translation: Soviet Phys. (Tech. Phys.) 1, 1959 (1957) ]. 

7F. A. Lindemann, Physik Z. 11, 609 (1910). 

®D. van der Reyden, J. Appl. Phys. 22, 363 (1951); M. E. 
Straumanis, J. Appl. Phys. 21, 936 (1950); F. Zwikker, Physical 
Properties of Solid Materials (Interscience Publishers, Inc., New 
York, 1954). 


Eucken® concluded on empirical grounds that many 
substances have the same thermal conductivity at the 
melting point. Such a rule appears to work fairly well 
for substances with low melting points, but is not valid 
for crystals melting above about 500°K. 


II. DERIVATION OF THE FORMULA FOR 7 


It has been shown by Lawson® and by White and 
Woods” that the various thermal conductivity formulas 
are essentially equivalent in the high-temperature 
region. The form proposed by Lawson is most con- 
venient for the present purpose. It is 


N= a/3y*T x89" (1) 


where a is the interatomic distance, y is the Griineisen 
constant, x is the compressibility, and p is the density. 
The dependence of all of these quantities on the 
temperature is very weak, and AT is constant to a good 
approximation at high temperatures. 

The Lindemann melting rule’ can be used to eliminate 
x from (1). The Lindemann rule is based on the as- 
sumption that melting takes place when the amplitude 
of thermal vibration of the atoms reaches some fixed 
fraction, e, which is the same for all materials, of the 
interatomic distance. It can be put into the form 


x=eV/RT», (2) 


where V is the volume per gram atom. Substituting (2) 
into (1) and setting a=(V/N>)'* and V=A/p, where 
A is the mean atomic weight and No is Avogadro’s 
number, gives 


AT =[R82/3y2EN 8 TT py8!2p?!3/ A116 (3) 
= BO, (4) 


where B represents the bracketed factor in (3) and 
Q=T,,3!2p?/8/A7/®, Now most of the variations of 
physical properties among different materials has been 
combined into the second factor of Eq. (3), and it 
might be hoped that Eq. (4) with B regarded as 
constant would be a useful formula for the approximate 


9 A. Eucken, Ann. Physik 34, 35, 185 (1911). 
0G. K. White and S. B. Woods, Phil. Mag. 3, 785 (1958). 
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HIGH-TEMPERATURE 
prediction of lattice thermal conductivities. In the 
subsequent text the evaluation of this idea will be 
undertaken, and references to Eq. (4) should be under- 
stood to mean Eq. (4) with B regarded as a constant. 


III. EVALUATION OF THE FORMULA 


For the purpose of evaluating Eq. (4), values of AT 
and of T7,,5/9?/8/A7/® are tabulated in Table I. An 
attempt has been made to include in Table I all of the 
available thermal conductivity data for which a 
temperature range has been observed in which X varies, 
at least approximately, as T—! and in which it appears 
that material of reasonably high structural perfection 
has been used. In some of these cases the measurements 
have been made at temperatures considerably less than 
the Debye temperature, and the assumption of classical 
excitation of the “optical” modes of vibration does not 
seem plausible, in spite of the 7—' dependence. However, 
the de-excitation of the optical modes will probably not 
make a difference of a factor greater than two in the 
thermal conductivity, and it will be seen that such a 
factor does not have an important effect on the con- 
siderations to be presented. 

The data of Table I has been used to construct Fig. 1. 
It is seen that Eq. (4) with B regarded as constant is 
capable of defining the thermal conductivity to within 
about one order of magnitude. Since the independent 
variable in (4) varies over four orders of magnitude, 
some significance can be attached to Eq. (4). 

In calculating Q for crystals containing a molecular 
unit, e.g., (CO3), (CsHe), the parameter A was taken’to 
be the molecular mass. This amounts to ignoring the 
internal degrees of freedom of the molecule. The 
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Fic. 1. The high-temperature thermal conductivity data of 
Table I plotted in the form suggested by Eq. (4). In the abscissa, 
Tm is expressed in Kelvin degrees, p in g/cm’, and A in grams 
per mole. A is the average atomic weight. The line indicates 
proportionality between AT and Q. 
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TABLE I. A collection of high-temperature thermal conductivity 
data, taken from temperature ranges in which A is approximately 


proportional to T. 








Bonding* ratio 


AT 2 
(watts/cm) (cgs units) 
31000 cv 
2500 
1000 cv 
284 370 CV 
16%¢ 110 cv 
10 230 cv 
5s 190 cv 
0.275 14.7 vW 
0.25» 14.4 vW 
0.075" Le ; 
400i 14000 cv 
160! 11900 i 
75i 8100 i 
210* 930 cv 
150! 1200 cv 
65)™ 650 cv 
InSb 40™ 2 280 cv 
PbTe 40° 430 
SiO» 354 4050 
TiO» 35) 6000 
BaF, 334 1500 
KCl 40° 730 
NaF 284 2500 
Mg3S,, 238 730 
NaCl 194 1140 
CaF, 15) 3160 
Ca(CO;) 12¢ 1240" 
KT 8.44 390 i 
(HO) 6v 150” vW 
BieTe; 5 260 cv 
AgBr 2.8 320 i 
(CO.) 0.87 50” vW 
(CeHe) 0.78588 28” vW 
(N20) 0.488 36" vW 
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®cv: covalent; i: ionic; vW: van der Waals or molecular bonding. The 
classification according to bonding type is based on structural considerations 
as described by F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940), Chap. I; and A. F. Wells, Structural Inorganic 
Chemistry (Oxford University Press, New York, 1945). 
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Fic. 2. The high-temperature thermal conductivity data plotted 
in a form similar to that of Fig. 1 for the ionic and van der Waals 
crystals. 


justification for this is mainly empirical: the use of the 
molecular mass fits the molecular crystals into the 
present scheme in the most satisfactory way. However, 
it is also true that in a case for which a contribution to 
the thermal conductivity from internal degrees of 
freedom has definitely been observed, the temperature 
dependence of \ is not 7—!, but is more nearly \=con- 
stant.” 

There are some general features of Fig. 1 which are 
worth noting: (1) Eq. (4) holds quite accurately for 
some sets of very similar substances, namely: neon, 
argon, krypton, and silicon, germanium, GaAs, InSb, 
InAs; (2) the covalently bonded solids tend to lie above 
the ionic and van der Waals solids for a given value of 
0; (3) the elements tend to have higher values of AT 
than compounds with the same value of 22; (4) in the 
units of Table I, B=0.03, which is about the order of 
magnitude to be expected from Eq. (3). 
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Fic, 3. The high-temperature thermal conductivity data plotted 
in a form similar to that of Fig. 1 for the covalent crystals. 


4 A. Eucken and FE. Schroeder, Ann. Physik 36, 609 (1939). 
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The suggestion provided by observation (2) is 
examined in Figs. 2 and 3, in which the points derived 
from the covalent and the ionic and van der Waals 
solids are plotted separately. The division of the solids 
into types is as in Table I. The lines of Figs. 2 and 3 
constitute a good representation of the data; two thirds 
of the points fall within a factor of two of the line to 
which they are assigned by the structural criterion. 
Many of the large deviations are cases in which a real 
question could be raised about the bonding classifi- 
cation, e.g., Se and Te, in which the bonding between 
chains is certainly not covalent. The value of B for the 
covalent line is 0.13, for the ionic-van der Waals line 
it is 0.015. 


IV. THE MASS RATIO EFFECT 


Observation (3) of the preceding section is a result 
first appreciated by Eucken and Kuhn,” who noted 
that in the alkali halides the thermal conductivity tends 
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Fic. 4. The deviations of the points from the lines of Figs. 2 
and 3, AT/(AT)catc, plotted against the ratio (heavy atomic 
weight/light atomic weight) for the diatomic crystals. 


to be highest for those crystals in which the anion and 
cation masses are most nearly the same. The theoretical 
explanation of the effect was given by Blackman.” 
Blackman considered the case of a linear chain of 
atoms. If all of the atoms of the chain are identical 
there is no thermal resistance in the linear case, as 
shown by Peierls.“ The reason is that the conservation 
laws for energy and for crystal momentum have only 
trivial simultaneous ‘solutions for the linear chain. 
Blackman showed, however, that if the lattice is 
diatomic the additional dispersion introduced by the 
splitting of the vibrational spectrum into two branches 
allows nontrivial solutions to be found. Thus the 
diatomic linear chain has a nonvanishing thermal 
resistance, which depends on the mass ratio of the 
atoms, increasing as the ratio is increased from one. 

In addition, however, Blackman showed that this 
thermal resistance persists only up to mass ratios of 

12 A, Eucken and E. Kuhn, Z. physik Chem. (Frankfurt) 134, 
193 (1928). 


13 M. Blackman, Phil. Mag. 19, 989 (1935). 
4 R, Peierls, Ann. Physik 3, 1055 (1929). 
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about three. If the mass ratio becomes larger than 
three, the separation of the acoustical and optical 
branches of the vibrational spectrum becomes so great 
that interactions involving phonons in both branches 
become impossible. Since these are the interactions 
which produce the thermal resistance, the resistance 
then vanishes. 

Although Blackman’s calculations applied only to 
the linear chain, he believed that a similar effect should 
appear in the three-dimensional case, superimposed on 
the ordinary three-dimensional resistance." 

In order to see the relationship of Blackman’s result 
to the present analysis of thermal conductivity data, 
it will be assumed in this section that the procedure of 
the preceding section has been successful in normalizing 
out of the thermal conductivity most of the variation 
from material to material which is due to variation of 
the average mass, the interatomic forces, and the 
crystal structure. The remaining variation can be 
studied by calculating the ratio of the measured AT to 
that predicted by the straight lines of Figs. 2 and 3, 
hereafter denoted by (AT) cate. ‘ 

An attempt is made in Fig. 4 to attribute this 
remaining variation to the mass ratio effect. In Fig. 4 
values of AT/(AT)caie are plotted against the ratio 
(heavy atomic weight/light atomic weight), column 
five of Table I, for the diatomic crystals. Although the 
points for high mass ratios are rather sparse, the 
trend can be recognized. For mass ratios from one to 
three, the ratio AT/(AT) aie decreases with increasing 
mass ratio. However, at a mass ratio of about three 
there is a discontinuity at which the value ofAT/(AT) cate 
increases to the value which characterizes the com- 
pounds with mass ratio near unity. The disappearance 
of the Blackman-type scattering does not take place 
sharply at mass ratio three, but this is not surprising 
in view of the simplicity of Blackman’s model. 


V. DISCUSSION 


The value of the present correlation, as compared to 
previous ones dealing with the same subject, is that it 
associates the thermal conductivity with more easily 
measurable, and hence more frequently available, 
parameters. The calculation of the abscissa in Fig. 1 
requires only a knowledge of chemical formula, density, 
and melting temperature. The use of the plots of Figs. 
2 and 3 requires, in addition some understanding of 
the crystal structure. 

In some cases, notably that of silicon and germanium, 
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Eq. (4) predicts the relationship of the thermal conduc- 
tivities of the solids in question with greater accuracy 
than the Lindemann rule gives the relationship of their 
melting temperatures. The derivation of Eq. (4) given 
in Sec. II should therefore be regarded as suggestive 
rather than quantitative. In this connection it should 
be pointed out that a result similar to Eq. (4) can be 
obtained using the semiempirical relationships in 
different ways; for example, one might substitute the 
relationship of Zwikker,’ a7,,=constant, into the 
Dugdale and MacDonald‘ formula for /, l=a/ayT, 
where a@ is the thermal expansion coefficient. 

The physical essence of the Eqs. (3) and (4) is that 
the melting temperature is used as a measure of the 
force constant of the crystals and it is assumed that the 
anharmonicity (in a dimensionless sense) is the same 
for all materials. Reasons why the covalent crystals do 
not fall into the pattern of the ionic and van der Waals 
crystals are not hard to find. Firstly, the Griineisen 
number is generally smaller for covalent materials than 
for other types, being only one or less for the former. 
Secondly, the melting phenomenon is different for the 
covalent materials, in that they usually melt with a 
contraction in volume to form a metallic liquid, whereas 
there is little change in structure or bonding involved 
in the melting of the other crystals. 

In all of the preceding discussion the anisotropy of 
the thermal conductivity of the noncubic substances 
has been ignored. This is principally because the simple 
semiempirical ideas used provided no way of taking the 
anisotropy into account. No improvement in the final 
correlation is to be expected from an inclusion of the 
effects of anisotropy, however, as, for most of the 
anisotropic substances of Table I the anisotropy of the 
thermal conductivity is not known, and in the remaining 
cases the anisotropy is usually less than a factor of two.'® 

A final point worthy of attention is the validity of the 
frequently used assumption that thermal conductivity 
is a decreasing function of atomic weight. Although A 
appears in the denominator of Eq. (3), and the state- 
ment appears to represent a trend in the covalently 
bonded solids, it is by no means universally true. The 
outstanding example here is found among the noble 
gases, where neon has the lowest atomic weight and 
the lowest thermal conductivity. The highest and lowest 
values of AT are represented by diamond and neon, 
respectively, the two elements of lowest atomic weight 
which are included. 

16 W. A. Wooster, Z. Krist. 95, 138 (1936). 
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Temperature-Dependent Defect Production in Bombardment of Semiconductors* 


G. K. WERTHEIM 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received March 9, 1959) 


A model is proposed to explain the observed dependence of the defect production rate on temperature 
when semiconductors are bombarded with electrons of sufficient energy to produce vacancy-interstitial pairs. 
The decreased defect density observed after low-temperature bombardment may be due to the production 
of a metastable vacancy-interstitial pair which may either anneal or form the defect usually observed. A 
temperature dependence in the production rate arises if these two competing processes have different 


activation energies. 


N a recent experiment it was noted that the rate of 
production of a certain defect by high-energy 
electrons in silicon is strongly dependent on the tem- 
perature at which the bombardments are made.’ More 
specifically, it was found that the energy level located 
0.16 ev below the conduction band is produced in lower 
density the lower the temperature of the specimen 
during bombardment. Figure 1 shows data for one 
sample bombarded at 0.7 Mev. The defect introduction 
rates were obtained from small changes in conductivity 
all measured at the same temperature of 200°K. They 
are plotted at the bombardment temperature. Two sets 
of points are shown; the triangles refer to introduction 
rates obtained on going from the bombardment tem- 
perature immediately to the measuring temperature, 
the circles to introduction rates after a 5-minute anneal 
at 333°K. The measuring temperature was chosen so 
that the defect level was at least 95% filled with 
electrons. 

Similar observations have recently been made in a 
number of other experiments. In the study of spin 
resonance it was found that the density of a defect 
tentatively identified with the 0.16-ev level was reduced 
by a large factor if the specimen is bombarded at liquid 
nitrogen temperature.’ This effect, in terms of carrier 
removal but of lesser magnitude, was also noted by 
Hill’ in an extensive series of measurements on electron- 
bombarded silicon. In germanium a similar effect has 
been observed by Brown in experiments extending down 
to 20°K.‘ He also found that the effect was more pro- 
nounced the lower the bombarding energy. 

Results of this nature may be understood in terms of 
the following model of the damage process. We consider 
damage produced by electrons having sufficient energy 
to displace lattice atoms to nearby interstitial positions 
as a result of an electron-nuclear encounter. The dis- 
placement process occurs in a time short compared to 
the time required for motion of the neighboring atoms, 
so that the struck atom moves through an undistorted 


* This work was supported in part by the Wright Air Develop- 
ment Center of the U. S. Air Force. 

1G. K. Wertheim, Phys. Rev. 110, 1272 (1958). 

2 G. Bemski (private communication). 

31D. E. Hill, thesis, Purdue University, 1959 (unpublished). 

4W. L. Brown (private communication). 


lattice. Subsequently the lattice around the vacancy 
just produced will relax. We now enquire as to the 
nature of the potential energy of the displaced atoms 
in their local equilibrium positions. It is clear that at 
some large distance from the defect the potential 
minima will all be identical. In the immediate vicinity 
of the vacancy the inward motion of the atoms sur- 
rounding it can create a more favorable position for the 
interstitial, Fig. 2. This inward motion may also result 
in a barrier which makes the last few jumps of the 
interstitial toward the vacancy more difficult. This is 
similar to a proposal made by Fletcher and Brown.® 
One additional feature of the potential energy diagram 
proposed here is that the first interstitial position, 
corresponding to a vacancy-interstitial (V-I) pair in 
(111) orientation, is highly unstable. Interstitials which 
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Fic. 1. Rate of introduction of damage in silicon by 0.7-Mev 
electrons as a function of sample temperature during bombard- 
ment. The introduction rate is measured per unit of bombarding 
flux and represents the number of defects formed per cubic centi 
meter for each electron per square centimeter incident on the 
sample. 


5 W. Kohn (unpublished). 
®R. C. Fletcher and W. L. Brown, Phys. Rev. 92, 585 (1953). 
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Fic, 2. A proposed potential energy diagram for an interstitial 
atom in the vicinity of a vacancy. 


populate this position may either fall back into the 
vacancy annihilating the damage, or they may jump 
into the second V-I configuration creating a relatively 
stable defect pair. Interstitials which are displaced to 
the second V-I position will remain there; and those 
displaced to the third or other positions may be free to 
move at room temperature and will either diffuse away 
or else form stable pairs in the second V-I configuration. 
The net result is the formation of three distinct defects, 
a close-spaced pair in second V-I position and two 
essentially isolated defects.f 

The two processes which compete in the destruction 
of the (111) pair will have thermal activation energies 
corresponding to the small barriers E, and £,. If these 
two barriers are not equal, the fraction of atoms going 
into the second V-I configuration rather than falling 
back into the vacancy will depend on temperature. In 
particular, if the barrier /, is greater than the barrier 
E,, the number of stable pairs formed by bombardment 
at low temperature will be smaller than that formed at 
high temperature. An estimate of the barrier heights 
required can be obtained in the following way: At 77°K 
the destruction of the (111) pairs is complete in a time 


+ Note added in proof.—The essential arguments remain un- 
changed if the potential minimum at the second V-I position is 
not sufficiently deep to stabilize the close-spaced V-I pair con- 
figuration. In this case the jump of the interstitial from the 
metastable position either annihilates the defect as before, or 
liberates the interstitial from the vacancy allowing either or both 
of them to diffuse to other trapping sites. 
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short compared to that required to make a measurement 
after bombardment, i.e., of the order of minutes. Since 


the jump-time 7 is given by 
t=v- exp(E/kT), (1) 


where », the lattice frequency, may be taken to be 10 
sec}, we find that the barrier height must be no greater 
than 0.3 ev. On the other hand, the fraction of (111) 
pairs which jump into the second V-I configuration is 


given by 
E.—E, 
fai /i+s exp(—— “)| (2) 
kT 


where ¥ is the ratio of the statistical weights of the jump 
which annihilates the defect to that which forms the 
stable pair. This function has the shape of the curve 
shown in Fig. 1, and the slope of the curve at low 
temperature gives the difference in barrier heights which 
turns out to be 0.04 ev. 

The small size of the barrier obtained above raises 
the question why the struck atom, which retains 
energies of a few electron volts after leaving its equi- 
librium position, remains in this shallow potential 
minimum. This difficulty does not arise in actual fact, 
however, since the displacement process takes place in 
an undistorted lattice as indicated above. The relaxation 
of the lattice into the configuration which gives rise to 
the barrier and shallow minimum takes place after the 
struck atom has lost its kinetic energy in collisions with 
its neighboring atoms. 

This model is in accord with a number of other 
observations. For example, the defect production rate 
at 0.7 Mev is much smaller than the displacement 
probability computed from a threshold energy of 13 
ev.’ In terms of the present model, this means that 
many of the defects produced annihilate. Secondly, the 
observation of a number of distinct energy levels in 
electron-bombarded silicon'* follows from the pro- 
duction of a number of distinct damage configurations 
by the processes described above. Finally, the de- 
pendence on bombarding energy observed by Brown‘ 
agrees with this model, since low-energy collisions 
preferentially populate the near (111) sites. 


7 J. J. Loferski and P. Rappaport, Phys. Rev. 111, 432 (1958). 
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A beam of atoms is assumed to be incident on a crystal, and a certain aspect of the energy exchange is 
investigated insofar as is possible without elaborate experiments or calculations. The interaction potential 
is assumed to be that for helium and lithium fluoride and is known from other sources. By taking account 
of thermal motion of the crystal atoms tangentially to the surface of the crystal, it is deduced that the 
probability that the beam will give up energy to the surface becomes relatively large when the de Broglie 
wavelength of the tangential component of beam moment is decreased to the same order of magnitude as 


the spacing of atoms in the crystal. 





INTRODUCTION 


ONSIDER a beam of He atoms incident on a 

LiF crystal. The coordinates x, y, z of the beam 
particles are chosen so that z is outward from the 
crystal. The axes are lined up with the edges of the 
cubic crystal configuration. The beam is presumed to 
be such that it can be represented by a plane wave at 
Z—> @, 

Lennard-Jones' has presented the basic theory of 
the beam-crystal interaction problem and certain 
aspects of it were subsequently investigated by Strachen? 
and Devonshire.’ One of the ways in which those papers 
differed significantly was in the degree of completeness 
of the gas-surface interaction potential energy. This 
potential is essentially a Morse function in the way 
that it depends on z, with suitable Fourier developments 
for x and y. In addition, terms expressing the effect of 
vertical displacements of the surface atoms normal to 
the surface are included. These displacements result 
from the thermal motion within the crystal. The 
present paper is concerned, at least initially, with all 
the terms in the potential given by Lennard-Jones! *4 
as well as two other terms which express the thermal 
motion of the crystal atoms tangentially to the surface. 
The inclusion of these two terms is the main contribution 
of the present analysis, and a discussion of its effects is 
the subject of the present theory. 


BEAM-CRYSTAL INTERACTION POTENTIAL 
The beam-crystal potential with the three compo- 
nents of the thermal motion included is, in the notation 
of Lennard-Jones and Devonshire, 
V=VotVitAotAi, 
Vo= De-*e-) — 2De*?-»), 
V=VotVitAotAi, 
Vo= De7*@-») —_ 2De—*2-»), 
1 J. E. Lennard-Jones and C. Strachen, Proc. Roy. Soc. (London) 
A150, 442 (1935). 
2 C. Strachen, Proc. Roy. Soc. (London) A150, 456 (1935). 
8 A. F. Devonshire, Proc. Roy. Soc. (London) A156, 37 (1936). 


‘J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A158, 242 (1937). 
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Vi - 2«DZ[e-*e-) sali gw), 
Ag=2U i (z)(cosax+cosay), 
A,=2aU;,(z)(X sinax+ Y sinay), 


in which (2) and (3) are recognized as the part given 
by Lennard-Jones! and (4) is given by Devonshire.* 
The A; term (the main addition of the present paper) 
represents the X and Y thermal motion of the crystal 
atom and results from replacing x and y by x—X and 
y—Y in Ao by the same reasoning that Lennard-Jones 
used in obtaining the V, term. This is to say that X, 
Y, and Z represent the displacement of the crystal 
surface atoms by waves running through the crystal. 
These waves must be considered long with respect to 
the crystal atom spacing in order for X, Y, Z to represent 
both a displacement of a surface atom and of the 
potential. We see that V; and A; may be regarded as 
corrections to the cold Vo and Apo terms to allow for the 
thermal motion of the crystal atoms. 

In Eqs. (1)-(5), the constants D, x, 6 determine the 
shape of the Morse potential and are known from 
experiment for He on LiF. The constant a in (4) and (5) 
is the lattice constant equal to 27//, where / is the atom 
spacing. The function U;(z) is proportional to the 
first term in (2). 


WAVE EQUATION 


For the purposes of the present paper we can de- 
emphasize the role of the crystal beyond assuming that 
the waves in the crystal form practically a continuum 
capable of engaging in any energy transaction the beam 
is willing to make. We confine our attention to the 


beam and accordingly write the time-dependent 


Schrédinger equation as 


h? hoa 
[2+ (——vat+ v)+- —\=0, 
2m 1 ot 


where H is the Hamiltonian of the crystal, the term in 
parenthesis is that for the beam. 

We treat V; and A, in V as perturbations. Equation 
(6) with V; and A; out will have steady-state solutions 


(6) 
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ha 
i dt 


h? ha ' 
( —— Vege’ + VotAct— —) gne Entih=(), (8) 
2m 1 Ot 


“ 


where W,, and £,, represent energy states of crystal 
and beam. 

The solution of (8) for the beam constructed from 
the ¢n(x,y,z) is® 


= [ go'tay’ (2) go" Je iKot h+>- on Gun ( L) pmtetEmtlh 
, | A(E,) o"(E)e¥Md E, (9) 
E 


in which the superscripts refer to incident and reflected 
waves. The first term on the right is the incident beam 
¢o', independent of time, and the reflected beam ¢go" 
which changes in time through ay’ (#). The summation in 
the middle term is taken over the adsorbed states of 
¢m*. The third term is the integration over the con- 
tinuum of possible reflected beams. 

In the third term, let the integration be made in 
small steps 6E: 


f A@deWe iBURdE 
. => An(En,t)6Eg"(Enei#at/h, (10) 
Then with the understanding that (9) and (10) are 
implied, we can write ¢ as a single summation 
P= Lin An(t) one HB allA, 


An(En,t)5E=a,(t), 
the m has been changed to m, and 
ao(t) o= go'+ao (t) go". 
The series expression for y is now written 
V=D mn Omn(LWmGne OM mt Enh, 


realizing that at certain stages, not necessariily in the 
present paper, it will be necessary to consider the three 
meanings for ¢, implied by (9) and (10). The y» and 
¢n Satisfy (7) and (8). 

Equation (14) substituted in (6) gives, by the 
procedure of time-dependent perturbation theory, 


(11) 
(12) 


where 


(13) 


(14) 


hoa 
(H+HotVitAy)+- | 
4 


(15) 


& Amn(LWmone CW mt Em) th = 0, 


mn 
5 The coefficients do’, a,,, and A(£) are, strictly speaking, not 
time dependent in steady-state solutions; however, we include 
the time dependence for later use. 
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where 
Hy= aii (h?/2m)V eye+ VotAo. 


Equations (7) and (8) now reduce (15) to 


(Vi+A,) = Omn(tWmone WmtEn)tih 


(15a) 


h 
+= LX Ginn(AWmone KM mtEwih=0, (16) 


1 mn 


The coefficient d,,(t) is determined by multiplying 
(16) by the conjugate wave functions of the states r, 
s and integrating, which gives 


[vere VitAr) 2) dmn(tWmen 


mn 


h 
Ke7 i Wmt En—Wr- Ee) hd 7 +- ai,,(t) =0, 
1 


(17) 


where dr=dxdydzdXdYdZ. 

Now suppose that all @,,,(¢) are zero initially except 
for a state p for the crystal and the state zero for the 
beam, which last will consist of the incident and 
reflected wave shown in (9) or (13). We also suppose 
that a,o(4) remains at the value @yo(0). Then (17) 
becomes 


f Vr" pe*(VitA1)apo(O)Wp( go'+ go") 


h 
Xe-i(Wet Bo-Wr-Es)iRdr+—G,,(t)=0. (18) 
1 


It is now clear from (18) that we must consider the 
matrix element 


(rs| VitA,| p0) 
= [veh Vitae e+ ¢o')dr, (19) 


in determining transition probabilities for the beam. 
Finally, substituting (3) and (5) in (19), we have 


(rs| VitaAy | p0) 


os HZ)f ff Ga*[ 7242-8) — @- a(e—b) | 
X (go'+ ex")ddyds + (HX), f f J 


XU 1(z) sinax ](¢go'+ ¢o")dxdydz 


(HV f f f ¢s*(U;(s) sinay | 


XK (¢o0' + go’ )dxdydz, (20) 





572 


where (H,X),,, etc., are integrals pertaining to the 
crystal. 
STEADY-STATE SOLUTIONS 


Finding the steady-state solution for the present 
problem is a problem in itself that has fortunately 
been worked out by Strachen? and Devonshire’ by a 
time-independent perturbation which gives the primary 
waves and the first order diffracted waves. The steady- 
state solution required here, which is obtained partly 
by Strachen and partly by Devonshire, is one for which 
the V in (6) includes only Vo and Ao as in (8). 

Strachen considers Eq. (8) with Ao=0 and makes the 
substitutions 

b=u, 


2de*“=n, g=n*g(n), (21) 


and, after separating the variables in (8) he obtains 
for the equation depending on z, or 7, 


d’g 1 d 4—(ip)? 
ae med Fan, 


dy? n ” 


(22) 


where 


d=(2mD)‘/kh, w= (2mE)*/xh, (23) 


which has the solutions 
8=AW ain (n) + BW a, in (—1) ; 


see Whittaker and Watson.* However, B must be set 
equal to zero in order to make ¢ acceptable at +2— 
or at» 0 andyn—+. Then 


(24) 


e=n'Wa,in(n). (25) 
We now observe, however, that in place of Wa,iu(n) 
we could as well use the functions Ma,i,(n), which also 


satisfy (22); thus 
g=n{AMa_in(n)+BMa,in(n) J; 


see Whittaker and Watson.® This ¢ is in fact the same 
as (25) with a suitable choice of the constants A and B 
in (26). Our reason for choosing the form (26) is that 
(25) represents a standing wave at z— © which is 
unacceptable to us because we must deal with the 
incident and reflected waves individually, since our 
incident wave is stationary in time. In fact, one shows 
that (25) is a standing wave at z— © by using (26) 
and formulas given in Chap XVI of Whittaker and 
Watson.® It then appears that the first and second 
terms are incident and reflected waves respectively 
atz— @, 

So far, we only have the solution to (8) with Ag=0. 
However, Devonshire’ treats Ao as a perturbation and 
obtains the desired solution using Strachen’s solutions 
as a departure point. He also makes his theory applic- 
able to the bound states given by Lennard-Jones. 


(26) 


*E. T. Whittaker, and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press Cambridge, 1950), 
pp. 337-343. 
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Thus we have the steady-state solution to the present 
problem (the fact that this solution was obtained by a 
perturbation process appears to be an unavoidable 
weakness of the present theory),’ 4 


go'+ go" = expli(kixt key) ]f(R?,2) 
+a(ks',k3) expli(kita)x+ikey | f(k3’,z) 
+a(ks’’,k3) explikixt (Rota)y | f(k3’’,2) 
= (a)+ (b)+ (c),’ 


where, NV (ks) anomalizer and @ constant, 


f(ks,2) = N (ks) (2de-*"*)W a, i4(2de-*"), 


(27) 


(28) 


m ¢® 
a(R’ ks) =—— 3,2) U1 (2) f(Rs,2)dz ¢ 
+ (ks’ Rs) i f(a’) Ui(2) f(kes,)dz, (29) 


(30) 
(31) 


U(2) =BDe-™, 
(k3’)?=k3?— 2ak, —a’, 


with (21) and (23) still in force. 

For the present purpose we need only change (28) 
to conform with (26), instead of (25). For the zero-order 
solution we choose A and B in (26) to be equivalent to 
(25) by the formulas in Whittaker and Watson,® in 
other words, we here use Devonshire’s solution (27) 
as it stands. However, for the other free states we use 
(26) with A=0 so that we have only outgoing waves at 
z— o for the g,(n*0). 

Thus for (28) we have, replacing f by h, 


h(k3,z)= N(ks)n [A Ma in(n) +BMa,in(n) |, (32) 
and if we write 71, j2, 73 for the momentum components 
of the reflected beam after transition to state ¢, from 
go we then have for ¢,* 
¢s* =exp[—i(jivt joy) Jh*(js,2) 

+7(js',js) expl—i(jitka)a—ijoy lh*(js',2) 

+7(js"",Js) expl—ijix—i( joa) lh*(js",2) 

= (d)+ (e)+(f).” 
MATRIX ELEMENTS 


We now consider the second integral in (20) 


(33) 


@ 


fff ¢s*U,(z) sinax(go'+ ¢o’)dxdydz, (34) 


—sn 


and note from (27) and (33) that this integrand can 
be expressed as the sum of products of three functions, 
each of which depends on a single variable of integration 
x, y, or z. We are of course interested in the one involving 
x and in particular the conditions under which it 


becomes large. There will be one such condition for 
each term formed from the product of (27) by (33) 


7 This notation is added merely for later use in keeping track of 
the respective terms. 
® See reference 6, p. 346. 
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and furthermore it is only necessary to consider the 
functions of x. Therefore the conditions are given by 
simply adding the coefficients of « corresponding to 
each term in the exponential; to which must be added 
+a in respect of 


(35) 


sin ax= (e'*— e~*27) /27, 


which appears in the above integral; then the result is 
equated to zero. The conditions resulting from the 
indicated multiplications are 


ki— jita=0, 
ki— (jita)ta=0, 
ki—jita=0, 
(kyta)— jita=0, 
ky— fjrta=0. 


(a)(d) 
(a)(e) 
(a) (f) 
(b)(d) 
(c)(d) 


In obtaining (36) we have neglected products such 
as (b)(e) involving two diffracted waves. Equations 
(36) amount to 

ky—ji=+a (37) 
or 
ky— ji=+2a. (38) 

This is as far as the investigation of the matrix 
elements need be carried, for the purposes of the 
present paper. Note, however, that if the third integral 
in (20) had been considered, instead of the second, 
(37) and (38) would only be changed by the appropriate 
subscript. 

INTERPRETATION OF ENERGY 
TRANSFER CONDITIONS 

Suppose for simplicity that the beam is at grazing 
incidence and is in the xz plane. Thus we do not have to 
consider the companion equations to (37) and (38) for 
ky and jo. Also, k; and j; then represent the full momen- 
tum of the beam instead of just components. Associate 
wavelengths and energies with k; and j, as follows: 

bh Xd OC, 
ja Mm Ey, 


which means that \ and £ refer to conditions “before 
impact” and A, and £, to conditions after. 
The de Broglie relation for any \, k, and E is 


(=) mv 2r 
ene, Waeatnnaliny 9 
h? | ae" 


a= 2n/l, 


Furthermore 


(40) 


where / is the separation distance of atoms in the 
crystal. We now have for (37) and (38) 


2mE\ 3 2mE\\! 2a 2a 
( ) -( ) =+— or +— (41) 
h? h? l 1/2 


ATOM 


SPACING 





























Fic. 1. Graphical solution of Eqs. (43) and (45). 


in terms of energy, while in terms of wavelength we 


a 1 1 


-——=+- or +— 


A Ad l 1/2 


(42) 


Consider the case where £,<E so that energy is 
lost by the beam. We must evidently choose the 
positive sign on the right of (41) and (42), which gives 
for (42) 


: 
-—-—=+ +—. (43) 
A A l 


This equation indicates, for any given A, the value of 
1 which will be most excited. However, since A, A1, 
and / are all positive quantities, this equation cannot 
be true unless (1/A)>(1//) or [1/(//2)], or unless we 


have 
1/2. 
There is nothing immediately apparent to rule out 


the possibility that #,>Z£. In this case the negative 
sign must be chosen and we have 


A<l or (44) 


1 1 1 1 
-—=-- or 


A Ai l 


, (45) 
1/2 

The content of Eqs. (42) can be visualized by 
reference to Fig. 1 which represents the two equations 
by the familiar lens construction for +1// only. 
Equation (42) with the + sign is represented in Fig. 
1(a) by a converging lens with the object (A) between 
the focal point (/) and the lens, with A, always greater 
than dX. The distance \ cannot be larger than / and still 
be consistent with (43) because the image A, shifts to 
the other side of the lens and changes the sign in the 
equation. 

When Eq. (42) has the minus sign, however [see 
Fig. 1(b) ], the object \ can have all distances greater 
or less than the focal length without becoming incon- 
sistent with the equation. The image merely stays 
between the object and lens for all object distances. 
However, it is noted that for all A, we have A,</ 
as a necessary condition for a momentum increase on 
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Fic. 2. Schematic diagram of \ regions of energy loss. 


impact. This means that a finite probability exists 
for slow beams (A large) to be changed to fast beams 
(A:</) which seems implausible but cannot be im- 
mediately ruled out. 

At any rate, it seems possible to say that for the 
case where the beam loses energy on impact, the losses 
will not occur until \ for the incident beam decreases 
to the value /. For the diffraction effects, that is, with 
1/2 instead of J in (42), one places the focal point at 
1/2 in Fig. 1. 


HIGHER ORDER TERMS IN THE POTENTIAL 


Although we speak of the distance / between atoms 
in the crystal, we actually mean the length of the 
interval in which the interaction potential is periodic. 
However, this potential is a Fourier development in x 
so that we really should be concerned with a distance 
1/n, where n is an integer corresponding to the term in 
the series. Therefore, Eqs. (2)-(5) should involve a 
summation over m terms with, in particular, 

a=2nr/lI. (46) 


The result is that (41) and (42) become 


2mE\! 2mE,\ 3 2an 
)-CE)-+ 
h? h? l 


ies nN 
——=+- or 
A A l 


2rn 


and 


In place of (44) there is 
(49) 


as the condition for the beam to give up energy to the 
crystal due to the x-wise thermal motion. We conclude 
that new A regions of energy transfer are encountered, 
on decreasing , according as (49) becomes satisfied 
for n=1, 2, 3, ---, etc. 

Introducing the relation \=h/mv, (49) becomes 


nh nh 


mv>— (50) 
l 


which indicates that the regions start at constant 
intervals of momentum. It would seem from (50) that 
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a curve of (rs|Vi+<A,| po) plotted against mv should 
resemble that shown dashed in Fig. 2. It must be 
emphasized, however, that the actual shape of the 
dashed curve is not known, except that a steep rise is 
expected in the neighborhood of the momentum 
values mv=1h/l, 2h/l, 3h/l, It is not known 
whether the slopes ever become negative. 


POSSIBILITIES FOR EXPERIMENT 


It would seem that Eq. (50) could be checked 
experimentally by using atomic beams and crystals. 
The momentum of the incident beam would need to 
be varied through a range depending on the beam 
constituent and the type of crystal. By checking several 
beam constituents and types of crystal, the check could 
be made to depend on whether some definite effect were 
observed at the critical momentum values. For high- 
energy beams, it might be possible to detect changes in 
the crystal temperature in addition to reflected beam 
intensity. 

It might be expected that the specular reflection of a 
beam is dependent on the condition (49) for energy 
transfer from beam to surface. In other words, one 
might expect A>/ to be the condition for specular 
reflection. Estermann and Stern’ obtained specular 
reflection for He and He. On the other hand, Taylor’ 
could find no evidence of it for Cs. Both experiments 
employed LiF crystals. The experimental conditions 
are summarized below: 


He, H:: 
Cs A~0.07X10-° cm, 
Lif: 1=2.80K10" cm. 


A~10-* cm, 


Then, according to our condition, it is not surprising 
that Taylor observed no specular reflection for Cs. 
On the other hand, it is disappointing that He and H, 
did reflect since \ for these was not greater than /. 
However, the results indicate that within an order of 
magnitude accuracy, the condition \=/ was significant 
for specular reflection and, furthermore, the beam 
which was not reflected had an order of magnitude 
shorter wavelength than the reflected beams. It should 
be noted in interpreting these results that the beams 
used were not monochromatic, that is, the beams 
actually contained a spectrum of wavelengths and a 
representative length had to be estimated on the basis 
of a Maxwell distribution. 
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Application of the Diffusion-Modified Bloch Equation to Electron Spin 
Resonance in Ordinary and Ferromagnetic Metals 


JEROME I. KAPLAN 
United States Naval Research Laboratory, Washington, D. C. 
(Received March 12, 1959) 


A new solution to the electron spin resonance absorption in metals is given by using Bloch’s equation 
modified to include diffusion. It is shown that the coefficient for a similar diffusion term added to the 
Landau-Lifshitz equation for ferromagnetic resonance must be of order 10° times smaller than that for 
nonmagnetic metals. A restricted formula for saturation in nonmagnetic metals is given. 


I. INTRODUCTION 


ECENTLY a modification of the Bloch equations 
has been proposed which includes the effects of 
the diffusion of carriers.’ It occurred to the author that 
the modified Bloch equations with Maxwell’s equations 
should describe electron spin resonance of the conduc- 
tion electrons in metals. This problem has already been 
solved by a different approach.’ The first-order time- 
dependent solution of a spin } in a static field Ho and 
an rf field H, was averaged over both a spin-lattice 
relaxation probability and a diffusion probability. This 
integral representation of the magnetization was then 
combined with Maxwell’s equations to effect a solution. 
Dyson’s method of solution is so different from the 
main stream of resonance calculations that a further 
important application of diffusion was overlooked, i.e., 
what effect does diffusion have on ferromagnetic 
resonance in metals? If the magnetic electrons in 
ferromagnetic metals are free to move around, they 
will contribute to line shape distortions. Recently a 
theory has been given to account for the observed line 
shapes of ferromagnetic resonance in metals with a 
skin depth smaller than the sample size.’ This theory, 
without allowing for any diffusion effects, appears to 
account for the experiments. From this result we 
conclude that the diffusion constant for the magnetic 
electrons must be of order 10~* times less than that in 
nonferromagnetic metals. This point will be discussed 
later in the paper. 
A crude calculation of the initial effects of saturation 
will also be given. 


II. CALCULATION OF ELECTRON SPIN 
RESONANCE IN METALS 


The equations we need are the Bloch equations for 
the transverse components of magnetization modified 
to include diffusion! : 


dM/dt=y(MXH)—M/7\4+-DV°M, (1) 


and Maxwell’s equations, neglecting the displacement 


1H. C. Torrey, Phys. Rev. 104, 563 (1956). 
? Freeman J. Dyson, Phys. Rev. 98, 349 (1955). 
3W.S. Ament and G. T. Rado, Phys. Rev. 97, 1558 (1955). 


current: 


Vv X E= — (1/c)(@H/dt+421dM/21t), 
(2) 
VX H= (490/c)E. 


In terms of the velocity v and relaxation time r, 


D=?7/3. 
Assume the metal occupies the positive half of z space. 
The magnetic field is taken along the z axis and the rf 
field is assumed circularly polarized. The x and y 
components of M, H, and E will vary as e‘**-". Sub- 
stituting in Eqs. (1) and (2), we obtain the equations 
for the case of no saturation 
iwM ,=y[M,Ho— MoH, |—M/T:+DM.,, 
twM y= 7LM.H.— MH |—M,/T:+DM,, 
[1+476%* ]H.+42M,=0, 
[1+375%? ]H,+4rM,=0, 
where 
P= ¢?/41row. 
Defining N=M,—iM,, K=H,—iH,, K?=Ke6/2, 
€=2DT 1/8, a=Ti(w—wo), and B=XwoT i, Eqs. (3) can 
be simplified to 
[a—i(1— K*) }N+pH=0, 
[4ré }m+[e+iK? jc=0. 


For a solution we must have 


(4) 


[i= | ta 


~ig 
| ~—t4re K°—ée'} 
or K*—c,K?+c.=0, where 
q=1+1(at+e), 
Co= e[ 448 +i(1+a) ]. 
Next it is noted that since the equations are all linear: 
Mn=ndCn, (6) 


where 


(7) 
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and 

= E,—-iE,=u,Kn, (8) 
where 


u,=iKcv2/4roe. 


The boundary conditions are tangential 3 continuous 
and k- yon=0, where k is a unit vector in the z direction. 
This latter condition can be derived by integrating 
Eq. (1) over a flat disk with one face just outside the 
sample and the other face just inside the sample.‘ In 
the limit as the disk volume goes to zero all terms 
except the diffusion term go to zero. The integrated 
diffusion term becomes k-Y9N, which must, therefore, 
also be zero. In component form the boundary condi- 
tions are 


KHitKH: =H 0) 
K K+ Kr 2=0, 


(9) 


where Ho is the magnetic field just outside the metal 
surface. The surface impedance, 
Z= (4n/c)[k-EXH/|H|*), (10) 
becomes in the complex notation 
Z= (4n/c) Im(&/Ky). (11) 
Define X= &/Ho, or 
HRN = (ic V2/4aed)[ K+ K 252 |. (12) 
Let X'= (4roe6/icv2)X, giving finally the result 
HoX’= K+ KH. (13) 
Equations (9) and (13) define the secular equation 
11 1 1 
X’ Ky, Ke 
0 Ky, Kore! 


=(), 


with the solution 


ice cy+2ce! }} 
ec trl 
e+iLcitce | 


The absorption rate is given as 
P= (c/4r)KP ImX. 


A comparison with the previous solution’ is made by 
noting that 6 is very small as it is proportional to the 
Pauli susceptibility. Equation (14) is expanded in 
powers of 8 and terms only up to those linear in 8 are 
kept. The result then can be shown to be identical 
with the section in the previous calculation, called 
“(c) Thick Case.’” 


‘ This method was suggested by G. T. Rado, who had used it 
for deriving the boundary condition resulting from the MX V?M 
exchange term (to be published). 
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III. EFFECT OF DIFFUSION TERM ON 
FERROMAGNETIC RESONANCE 


The Landau-Lifschitz Equation appropriate for ferro- 
magnetic resonance including exchange and diffusion is 


M 
—=yMxX(H-+ (24/M,?)V?M— (\/yM2)MxH] 
al 


+DV°M, (18) 


where A is the exchange factor, M, the saturation 
magnetization, and J is a relaxation parameter. What 
needs to be compared is the ratio 


D/((2Ay)/M,]=¢. 


For a good metal D~10*, and for some iron-nickel 
alloys A~10-* and M,~10*. Therefore, ¢ is approxi- 
mately 10.5 Ament and Rado,’ using Eq. (18) without 
the diffusion term, have been able to obtain good 
agreement with the experimental line shape. The con- 
clusion from this is that D for the magnetic electrons 
in ferromagnetic metals must be of order 10-5 times 
smaller than in good metal conductors. 


(19) 


IV. SATURATION 


Saturation can be treated by numerically integrating 
Eqs. (1) and (2) with the appropriate boundary condi- 
tions. If it is assumed that «>1, which implies the 
spin-lattice relaxation time is much greater than the 
time to cross the skin depth, the z component of 
magnetization should be relatively constant in a layer 
several skin depths thick inside the metal. Thus, a first 
order correction to saturation can be made by replacing 
My in Eq. (3) by (M.), where (M,) is obtained from the 
equation 


0M./dt=y(MXH].—LM.—Mo]/7,4+ DVM. ; 
therefore, 
(M.)~Mot+yTX\[MXH].)+D(V°-M,), 


where the averaging is to be performed at the surface. 
Assuming then that D(V?M,) can be neglected, as it has 
been assumed that (M,) is almost constant near the 
surface, we have for (M,) the expression 
(M.)=Mot+yT Ke Im, (15) 

where ¥ is defined from the determinant 
| Eo 1 
y Vv) V2 


0 Ky, Koto! 


=() 
in analogy with the calculation of X. Expanded, this 
becomes 
—i \ [co—1€*c;— €! 
v=( <A | 
4réS L oted—ie 


Replacing My by (M,) will, in effect, change 8 to 
8(M,)/Mo, and thus the previous calculation is only 


(16) 





MODIFIED BLOCH EQUATION 
altered by a multiplicative factor. To the term linear 
in B, Y is given by 

1 
You(~if}i -— ee 


<a 
(1+ia)+i4e(1+ia)—ie 


Note that the assumptions for the validity of this 
approximation correspond to Dyson’s section ‘“(¢2) 
Thick Case, Natural Line.’” 

In this calculation of electron spin resonance in 
metals it has been assumed that the electrons are 
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acted on by H and not B.* In the case of no saturation 
this is inconsequential, but the saturation expressions 
would depend on whether H or B is used. It is suggested 
that such experimentents, interpreted using the 
numerical solution of Eqs. (1) and (2), could throw 
light on this question. 
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Conversion Electron Angular Correlations: General K-Shell 
Formulation and Threshold Limit* 


RosBert C. YOuNG 
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A general treatment of polarization-angular correlations involving conversion electrons is presented. 
Formulas are given for the 6, coefficients for all types of polarization of the conversion electron, electric and 
magnetic multipoles, and arbitrary complexity ». It is shown that only three coefficients are needed to 
characterize completely correlations of conversion electrons from the K shell, for a given type of transition. 
Curves are given of the threshold values for these coefficients for L=1-5, electric and magnetic, versus 
atomic number. The relativistic Coulomb functions (point nucleus, no screening) are presented, along with a 
number of properties and expansions, in a convenient and consistent notation. Several identities and rela- 
tions involving the vector addition coefficients are included. 


INTRODUCTION AND SUMMARY 


LTHOUGH not many measurements of angular 

correlations involving internal conversion elec- 

trons have been performed,! such measurements appear 

to be potentially useful experimental tools. In particular, 

the nonconservation of parity in beta decay has given a 

new impetus to the examination of the beta conversion- 
electron correlations. 

Frauenfelder, Jackson, and Wyld? pointed out that 
the polarization of the recoil nucleus resulting from a 
beta decay (in an originally unpolarized nucleus) could 
be analyzed by angular correlations between the beta 
decay and a subsequent radiation (gamma or conversion 
electron) if the longitudinal polarization were measured. 
This analysis furnishes additional information on the 
beta interaction. 

Rose and Becker in an interesting extension® have 
noted that internal conversion electrons in coincidence 
with beta particles are partially transversely polarized 

* Supported in part by the U. S. Atomic Energy Commission, 
the Research Corporation, and by a Humble Oil Company Fel- 
lowship in Physics. 

1 See, however, S. Frankel et al., Phys. Rev. 93, 1425 (1954) ; 100, 
— 102, 1053 (1956); 105, 1293 (1957); and 106, 755 
VT ennai Jackson, and Wyld, Phys. Rev. 110, 451 (1958). 

3M. E. Rose and R. L. Becker, Phys. Rev. Letters 1, 116 (1958). 


for odd values of v. If e and k denote the directions of 
motion of the beta and conversion electrons, respec- 
tively, this polarization term is typified by o- kx (eXk). 
The longitudinal polarization terms also have odd v and 
are of the type (#-k)(e-k). In addition to these terms, 
however, there are also transverse polarization terms for 
even v, typically (o-kXe)(e-k). 

Physically, the observation of the conversion electrons 
is analogous to analyzing circularly polarized gamma 
quanta by the photoelectric effect. Since the relative 
phase of the electron transition matrix elements is im- 
portant, the use of internal gammas should enhance the 
effect because outgoing, as opposed to standing, waves 
occur in the internal conversion process. 

A general treatment of the conversion electron-x (i.e., 
gamma, beta, etc.) correlation is presented in an ex- 
tension of the method of Biedenharn and Rose.‘ The 
importance of this method is that it greatly simplifies 
the problem, by the use of a parametrization due to 
Lloyd. It is shown below that for the K shell, with given 
values of multipolarity and parity, there exist only three 
quantities to characterize completely any x-conversion 
electron correlation [see Eq. (23) ff]. 

In the limit of high energy, the conversion electron 


4L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 
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Fic. 1. by coefficients at threshold versus Z for the polarization-independent term. 


correlation asymptotically approaches that of a gamma 
quantum. This implies that the “polarization analy- 
sis” by conversion electrons is not of much additional 
help for high energy; in particular, the transverse 
polarization becomes small. Thus it is of interest to 
examine the low-energy threshold as an alternate limiting 
value of the process. The low-energy region is difficult 
to treat with the usual procedures for calculating con- 
version coefficients (because of slow convergence) and, 
in fact, has not been extensively tabulated. Threshold 
calculations are therefore also of value for interpolation 
in this low-energy region.® The threshold limit is ob- 
tained here for the general parameters for the K shell, 
and these are given as a function of Z in Figs. 1 through 


5 A case of interest is Ho! in which a AJ = 2 (yes) beta transition 
is followed by an 80-kev y ray. 


4. Because the magnetic conversion dominates for low 
energy, mixing has not been included. The computations 
assume a*point nucleus and no screening. However, the 
calculations of Sliv® (for the b2, no polarization), which 
take into account both the finite nuclear size and 
screening, indicate that the threshold limit will be quite 
insensitive to these effects. (The threshold limit was not 
obtained in these calculations.) 

The corrections of Church and Weneser’ are expected 
to be quite negligible except for unusual circumstances, 
such as partial forbiddenness of the nuclear matrix 
elements, as discussed by Nilsson and Rasmussen.*® 


®L. A. Sliv (to be published). 

7E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

8S. G. Nilsson and J. O. Rasmussen, Nuclear Phys. 5, 617 
(1958). 
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Fic, 2. Longitudinal polarization coefficient b:(L£) at threshold versus Z. 


GENERAL FORMULATION 


The general theory of angular correlation has been 
treated many times previously.‘ The correlation func- 
tion for a general case may be written in the form 


W => (—1) 4-2 h't 1’ (274+1) 
vq 


XW (jjLily'; j:)W(jjLaLa'; 42) 
(jl Lal] 1) 9] L1'|] 19] Lol fo 9] Le! || F2) 
KR,2(Ly Ly’) Ry (LeoL2’). (1) 


The R,*(LL’) are the tensor parameters of the radiation 
emitted (or absorbed) by the nucleus, and express the 
information available about the radiation from the 
physical measurements performed. 


The gamma-gamma correlation with no polarization 
measurement is taken as a standard, for which 
R,1(LL'; y)= (—1)"’**- 9 (2L+1) (2L’+1) }! 

X (LAL’—1| v0)Do"(R), (2) 
and v is even. & represents a rotation of the direction of 
motion from an arbitrary fixed direction in space. The 
correlation then becomes, for pure multipoles, 

W (0)=>_, A,P,(cos6), (3) 
where P, is the Legendre polynomial and @ is the angle 
between the observed directions of motion of the two 
radiations ; 

A,=F,(Lij1j)F(L2j2j), 
F,(Ljij)= (—1)4-1(2j+1)4(2L+1) (4) 
X (LIL—1|0)W (7jLL; vj;). 
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Fic. 3. Transverse polarization coefficient 6;(Tr O) at threshold versus Z. 


The x-gamma correlation function is 
W=) ADP), (5) 


in which » is again even, and the 8, are characteristic 
parameters of the radiation x, which may occur either 
before or after the gamma emission. 

The correlation function for measurements of the 
polarization of internal conversion electrons following 
beta decay is 


W (69x)= XL 


v—even 


xX {b,P,(cosé)+6,(Tr £) P,'(cos#) sing sinx} 
+ L A,b,(8){b,(L£)P,(cos8) cosx 


v=odd 


A,b,(8) 


+b,(Tr O)P,\(cos@) cosd sinx}. (6) 


The b,(8) are characteristic of the beta interaction, and 


have been given (for small Z) by Alder, Stech, and 
Winther. The 0,, 6,(£), 6,(TrO), b,(Tr £)—given 
below in Eqs. (19) to (22)—are the conversion electron 
parameters for the polarization-independent, longitudi- 
nal polarization, and transverse polarization terms. 
P,(cos@) is the Legendre polynomial of argument cos6, 
and P,'(cosé) = —sin@[_d/d(cosé) |[ P,(cos@) |. The direc- 
tion of motion of the conversion electron is described by 
a rotation from the direction of motion of the beta 
particle by the Euler angles (0,0,0).!° The direction of 
the polarization measurement is then given by a further 
rotation defined by the Euler angles (¢,x,0). Expres- 
sions for the angle functions in (6) as products of vectors 
are given below with the equations for the 8,. 

The tensor parameters for a nuclear transition in 


10 A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, 1957). 
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Fic. 4. Transverse polarization coefficient b2(Tr E) at threshold versus Z. 


which an internal conversion electron is emitted are 
obtained as in reference 4, sec. IIB: 


R,*(LL’e; c.e.) = 30 (—) tht 2 | xx! | AW (L775; £7’) 

X Ry%(Kw’) (|| Le|| Ks) *(x’|| L’el\x;). (7) 
Note, however, that the reduced matrix elements are 
defined here by 


(jm|AL™| jm,)=(jm:LM| jm)(g||L||7;). (8) 


The final-state electron wave function is asymptotically 
a plane wave plus ingoing spherical waves. This is 
obtained by reversing the sign of the phase shift A, in 
(A-11). Rotation operators’ are introduced to specify 
conveniently that the spin projection of the electron is 
+4, oriented along the direction @ (referred to the 
direction of motion) and that the direction of motion 
of the electron is along k (measured from an arbitrary 
fixed direction). 


Ve= LX (4r|x|)# exp(—id,)[—S(«) ]*4 


X Dimz?(k)D,44(e) | xm) 
=>) A(xm)|xm). (9) 


From the A(xm) defined here one obtains the tensor 
parameters of the electron: 


R,2(k’) => m(— 1) ™( jm j’— m’ | vg) A (nm) A *(x'm’) 
= |xx’|texp[i(Ae—A,)] © [—S(«)]* 


X[—S(x’) ]7’+3(— 1) -™( jmj’ — m' | vq) 


X Dine ( kK) Din *(K)D 33 (0)D,44(@). (10) 
A factor 4m has been dropped since it does not contribute 
to the correlation. The rotation matrices of argument k 
and the matrices of argument ¢ are combined in Clebsch- 
Gordan series, and the relevant sums performed. One 
finds that R,*% consists of three terms,!! which will be 


1 See reference 4, Eq. (59) ff. 
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considered separately. The first term is 
R, xx’) = | xx’ | # exp[i(A..—A,) }(—1) F- 4S (K)S(x’) 
x (j}j’—}|¥)Daor(k) (11) 


for vy an even integer, and is the polarization-inde- 
pendent term. 


R,*(x’ ; £)= | xx’ | 4 expli(Ax—A,x) ](—1) 4S (x) S(x’) 
X (73 7'— 4) VO) Doo! (@) Dao” (k) 


(12) 


is the longitudinal polarization term, in which v is odd. 
Finally, 
R,%(«x’; Tr) 
= | xx’|4exp[t(Aw—A,) }(—1) 4S (x) (9373 | v1) 
X 2-4{ Dio! (@) Dai’ (k) 


+ (—1)"4D_y!(@)D__1’(k)} (13) 


is the transverse polarization term, with no restriction 
on v. 
The reduced electron matrix elements for conversion 
from the K shell are given by 
(x||Le|| —1)= (—)4+*--0(«Le), 
(«|| Lm|| —1)=S(x)(—)4+*-0 (cL m). (14) 
The Q(xLe) are identical to those defined previously”; 
O(xLe) =i (49) L (Rit Ro— R34 Ry) 
— (x +1)(R3t+ Ry) (6.246), 
O(«Lm) =1(49) 3 (x—1) (Rs + Ry’) (6-246 4"). 


(15) 


The radial integrals, R, are defined in (A-13). 

By use of Eq. (11), (14), (B-4), and (7), the tensor 
parameters of the radiation are found to be, for pure 
radiation and no polarization, 


R,*(LLe; c.e.) 
= (2L+1)(LOLO| 0)D 0’ (k)(—)¢ 
X(Lw2(L L—} L L—}; 4v)|O(Le) |? 
+(L+1PW2(L L+3 LL+3;4»)|O(L+16)|? 
+2L(L+1)W2(L L—4 L L+4; 4y) 


X Rel Q*(Le)Q(L+1 ©) expi(Ar,:—Az) }}. (16) 


The convention has been adopted that ¢, when used as a 
numerical factor, is +1 for electric, —1 for magnetic 
transitions, and the magnitude of x has been introduced 
as the index for Q and A. The sign of x is then determined 
by ¢, the character of the radiation (the multipolarity is 
understood to be L). 

The 4, are defined by 


b,(LL’e)=N - R(LL'e; c.e.)/R(LL’e; vy); (17) 


the normalization is specified by requiring that bo= 1 for 


12 Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1953). 
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the polarization-independent term. For convenience, we 
define 

a=L|QO(Le)|?+(L+1)|Q(L+1 6)|*, 


and the coefficient which enters the polarization-inde- 
pendent term is thus 


(18) 


b,(LLe) 
v(v+1) cg 
2L(L+1)—v(v+1) 2L41 a 
X | LO(Leje4#4+ €(L+1)O(L+1 ee444|?, (19) 
For the longitudinal polarization coefficient one obtains 
b,(LLe; £) 
L(L+1) 


~|O(Leje84— O(L+1 eeitz+1|?, 
(2i+ 1a 


(20) 


in which » is odd. The factor Doo’(k)=cosé which ap- 
pears in (12) has been included with the angle functions 
in (6). 

Again, the angle function is removed from (13) and 
combined with D,o’*(e) from the tensor parameter for 
the beta transition, which yields cos@ sinx P,'(cos@). For 
v=1 this is equivalent to o-kX(eXk). The coefficient 
for transverse polarization, odd », is then 


bALLe: Te OC) 


¢ 2L(L+1) ! 
———{(L+1)|Q(L+1 ©)|?—L|Q(Le)|? 
v(v+1)(2L+1)a 


e ReLO*(LEQ(L+1 ©) expi(Ary:—Az) J}. (21) 


Finally, the transverse polarization coefficient for 
even values of v is 


b,(LLe; TrE) 
2L(L+1) 1 


 2E(L+1)—v(v-+1) a 


x Im[0*(LeQ(L+1 ©) expi(Aryi—Az)]. (22) 
The corresponding function of the angles is sing 
sinyP,'(cos@), which for v=2 is 3(0-kXe)(e-k). For 
higher values of v, higher order functions of (e-k) 
appear, but the factors involving the polarization direc- 
tion o remain the same in each of the above expressions. 

It may be noticed that, for a given character, (electric 
or magnetic) of the transition, each b, varies with the 
index v only algebraically. Thus, for example, 


b,(Tr 0)= 


Viv 


b:(Tr 0), (23) 
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and b,(£)=6,(L) is independent of v. In addition, the 
identity 
L(L+1)—3 


b,(£) = 1-—————_[b.—-1] (24) 


may be readily obtained from (19) and (20). Conse- 
quently, only three coefficients need be tabulated for 
each type (multipolarity, electric or magnetic) of transi- 
tion. This simplicity is due to conversion of K-shell 
electrons, and more complicated expressions occur in 
general." 


THRESHOLD CALCULATION 


The coefficients be, b:(L£), b:(TrO), and 62(Tr £) 
which characterize the polarization-angular correlation, 
have been calculated in the limit of zero electron mo- 
mentum, and are plotted in Figs. 1-4 vs atomic number. 
For convenient reference, 6,;(£) has been included 
although it is not independent of b.. The computations 
assume a point nucleus and no screening. These 
limitations are not expected to be serious for threshold 
as discussed earlier. The formulas used in the calcula- 
tions are given in Appendix C. 

The computation was performed on an IBM 650 
machine. The results were checked by a desk machine 
calculation of a few points, and by observing that the 
expected behavior for low Z is obtained. The polariza- 
tion-independent terms agree with reasonable extrapola- 
tions of the curves of reference 12. 
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APPENDIX A 


Relativistic Coulomb functions are presented here, 
along with a number of properties and expansions in a 
convenient and consistent notation. These solutions are, 
of course, hardly new,” but the various and often 
conflicting normalization, sign, and notational con- 
ventions used in the literature make the present sum- 
mary of value. 

The Dirac equation is taken in the form 


[a- p+ 8me+ (E—V)/cW=0. (A-1) 


13R,. C. Young, Ph.D. thesis, The Rice Institute, 1959 (un- 


published). 
144M. E. Rose, Phys. Rev. 51, 484 (1937). This reference is a 
summary of the earlier work on continuum wave functions. 
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Henceforth, the usual convention 4=c=mo=1 is 
adopted, and V= —Zée/r=—aZ/r is the Coulomb po- 
tential. In the absence of fields, the plane wave solution 
may be written, for motion along the z axis, 
vr=e'"D,, (A-2) 
(—[(E—1)/2E}} 


Dy= 


0 
[(E+1)/2E}' |? 
0 


[ 0 
[(E—-1)/2E}! 
0 


([(E+1)/2E}! 


The D, are Dirac spinors for states with spin projection 
r along the z axis. They obey the normalization condi- 
tion D1D=1. 

Angular momentum eigenfunctions of (A-1) are 


uy ( £o- 
| ku) = oe ). 
F, and G, are the “small” and “large’’ relativistic 
functions, respectively. In Pauli’s notation, the large 
function appears in the upper position; this corresponds 
to a transformation with S=p». In the absence of fields 
these functions are 


F.=[(E-1)/2E} juno (pr), 


The index x determines both the orbital angular mo- 
mentum / and the total angular momentum j by the 
relations 


D4= 





(A-3) 


(A-4) 


j= ||, 
l(x)= Ik] +3[S(x)—1], 
for j=l—3, 
j=i+}. 


k=l 


—I—1 


‘= for 


The angle functions ¢,“, which are two-component 
spinors, are defined by 
b= Lie(lu—z dr ju)i'Vi xy’. (A-6) 
They satisfy the relations 
Poem jit Mbe=(C-Doe, (A-Ta) 
J bt=uo.", 


Lg #=1(1+1)b “= x(k +1)o.", 


(A-7b) 
(A-7c) 
(A-7d) 
(A-7e) 
(A-7f) 


= (og: L+ 1)o,4= Kp x", 
to M=1(o-4/r)pH=S(k)o_«", 
Koe=(-1Hp 
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In the last equation, K=io,Ko is the time-reversal 
operator, and Ko indicates complex conjugation. 

When the Coulomb field is included, the radial func- 
tions, for positive-energy states, become 


E-1}3 
F.= -sto| C(y,n) (pr) Im(a), (A-8a) 


’ 


(A-8b) 


E+1}} 
c-[——] C(y,n) (pr)? Re(a), 
2E 


A= (y+in)ee-P 
XK 1F 1 (y+1+7, 2y+1; 2ipr), 
y¥=[k*— (aZ)?}}, 


(A-8c) 
(A-8d) 


n=aZE/p is positive for electrons, (A-8e) 


Kk—taZ/p 
e*'¥=e “(= - ), 7 
y+in 


r(2y+1). 


eS, (A-8f) 


C(y,n) =2%e""?|P'(y+in) (A-8g) 
For large values of pr, one obtains the asymptotic limits 
FY.~[(E-1)/2E)}}jux_« (pr+n In2pr+A,), 


G.~[(E+1 )/2E} jun (pr+n In2pr+A,), 


(A-9a) 
(A-9b) 
in which 


A.= ¢+$3a[14-l(x)—y]—Argl!(y+in)] (A-10) 
is the (relativistic) Coulomb phase shift. 

The analog of a plane wave, incident along the z axis 
in the presence of a charge Z at the origin, is given by 


¥=L «(4e|x])4L—S(x) ]+4 exp(iA,)| x7), (A-11) 
with the radial functions taken from (A-8). The 
normalization corresponds to a plane wave; that is, 
Ycour~D, expli(pr+n In2pr)] plus outgoing scattered 
waves, for large values of pr. In the absence of fields, 
A,=0, and (A-11) also gives the angular momentum 
expansion of (A-2), if (A-4) is employed for the radial 
functions. 

The normalization given here differs from that in 
reference 14. In terms of the f, g of this reference, one 
finds, 


F .=S(x)[4/2pE }*/,, 

G.=[9/2pE }}g,. 
The functions of reference 12, Eq. (16), differ by an 
additional S(—x), in spite of their statement of agree- 


ment with the earlier formulas. 
The radial integrals defined earlier'® are, in terms of 


(A-12) 


16 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 
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the present notation (V=[2pE/z }}), 


Ri=—S(«)N f PF Arfadr, (A-13a) 


Ro=N f PGhug-sdr, (A-13b) 


3= SUN f Pag. idr, (A-13c) 


Ry= =N f PG uia-sf-sdr (A-13d) 


Ri'=S(N f PP dig-adr, (A-13e) 


R’=-N f Gh f_sdr. (A-13f) 


Here hy; is the spherical Hankel function of the first 
kind, and f_1, g-: are the K-shell radial functions 


1 1 0 I (2 0 = 
x2 (aZr) Y € Z 


yo=[1—(aZ*) }. 


APPENDIX B 


(A-14) 


with 


A number of useful identities may be derived in the 
following manner. We note that 


(21+1)4(1037| jr) = | «| L—S(x)] +4, 


and use the relation involving the 9— 7 coefficient 


(B-1) 


(jrj’r’|vr+r7’)(l03z| jr) (U’04r'| 7’7’) 
=> (2j7+1)(27’+1)(2A+1) (2A+1) J! 
Ad 


x (10I'0|X0) (4737’| A r+7’)(AOA r+7'| v 7+7’) 
+e & 
X43 3 Ab, (B-2) 


jj 


in which /=1(x)= |x| +3[S(x)—1] and j= |x| —}. S(x) 
means the sign of x, and x takes on the values +1, 
+2---. Then 


(jrj’r' |v r+7’) 
=[—S(x)] HL —S(«) "+! 
XE (241) (2U+1)(2A+1) (2d+1) } 
(1020 0) (4737"|A r+7')(AOA 7+7'|v r+7’) 
ce 
x44 4 Ab. (B-3) 


=f 


J V 
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Now, the left side of this equation is independent of the 
signs of x and x’; hence they may be chosen to give the 
simplest formulas. Thus /+/’+-» is taken to be even, and 
the following identities are obtained (j and 7’ take the 
values L+4): 
I. v even: 
(737’ —3|¥0)= (2L+1)(LOLO| 0)W (LLjj’; v3), (B-4) 
(jb7"s | 91) = (—) #9 (2L-+1)[6 (2741) ) 
‘a om, 
xX (LOLO|W0)4 4 4 17, 
i s. 
j=J' (B-5) 


L+1 
1) =———__(L010| #0). 
2CL(L+1)}! 


II. vodd:/+’ is odd and /(1’) is j43(7’+3). 


—}|v0)=[(2/+1) (2/’+1) ]} 
 (101'0| v0) W (il’ jj’; v3), (B-6) 


)#'[6(21-+1)(20'+1) (2v-+1)} 


(id 
, (B-7) 


~*~ (201'0| v0) . 1 
(B-7a) 


ji 
—44\v1)=(LO L—10{0), 
, Te ft 
4v(v+1)L(L+1) 
x (L0 L+1 0| v0). 


Also, from the identity 


(B-5a) 


(7$7'$|v1)=(- 





(B-7b) 


(101m |l'm) (l'mL —m| v0) 
=P (21’+1)(2A+1) ]!(Lm1 —m| 0) (J0X0| v0) 
XW(lvL; l/r) (B-8) 
can be obtained 


v(v-+1)—2L( L+1) 
(L1L —1|v0)=— ——(LOLO| v0), 


2L(L+1) 
veven (B-9) 
[o(v+1)( (2L+1—v)(2L+2+¥) } 
a a 
x (L+1 0L0| 20), 


(LIL —1|W0)=— 


(B-10) 


v odd 
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(L+1 020|x0)=—| 


(2L+1+y)(2L—y) ] 
(2L+2+)(2L+1—v) 
x (LO L—10| 0), (B-11) 


v odd. 


Formulas for the Racah coefficients W (abcd; ef) have 
been given by Biedenharn, Blatt, and Rose.'® 


APPENDIX C 


The formulas used in calculating the internal con- 
version correlation parameters are given below. They 
are adopted from the threshold calculations of internal 
conversion by Spinrad.!7 However, a phase must be 
reinserted in the matrix elements which was dropped 
from that calculation (because not needed). 


x=—1—yo-iaZ, J=|x|—}, 
F5,0=1F i(y+70; 2v+1; »), 
Gy,o= 2yiF i(y+70; 27; x), 
and ;/; is the confluent hypergeometric function. 
aZ+i(1+~70) 
2aZv(y-+¥0—v)(y¥—Y0+9) 
XLGy,1-— (y+r0— +4) Fy, 1], 
aZ+i(1+y¥o) 


deeletorng v) 


Fd t (I[+yv)\/Fy,, 
(22) 2802) 
G4 »=0 (I—v)!NG,, 


—S(x)T AR be 


(C-1) 
(C-2) 
(C-3) 


Fy,= — 





(C-4) 


[Gy,1—-*F y,»-1], (C-5) 


Gy,,= 


D(x) =—— Pecinte 
A(aZ)0(2y+1)L 2aP (2yo+1) 


9= (y+70) tan LaZ/(1+~0) ], 
Q(|x|e)=D(x){Ll—y—yon) FY I+ LG" 
+[iaZ/(1+-v0) }(L(i+yvo)(L+«+1) 
+ (ytx)(L=«-1) JP 
+(x+1-—L)G*")}, 
Q(|x|m)= D(x)[aZ(1—x)/(1+70) ] 
XL(l+y0o-y—«) FY 4+G"7], (C-10) 
exp(iA,) = —S(x)e~'*”, (C-11) 
16 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 


(1952). 
17 B. I. Spinrad, Phys. Rev. 98, 1302 (1955). 


| i-“e®, (C-7) 


(C-8) 


(C-9) 
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He’- and He‘-Induced Coulomb Excitation 
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In order to examine the characteristics of the He’-induced 
Coulomb excitation process and the validity of the cross-section 
ratio technique for the identification of both £1 and £2 transitions, 
thick-target radiation yield ratios have been measured for He?- 
and Het-induced Coulomb excitation of each of the 110- and 197- 
kev levels of F, the 446-kev level of Na®*, the 160-kev level of 
Ti’, and the 126-kev level of Mn*® at corresponding (equal £) 
energies. For the £2 transitions a mean ratio of the He’- to Het- 
induced yields of 0.63+-0.02 was found, independent of incident 
energy in the range 1.0 to 2.5 Mev, in agreement with the calcu 


INTRODUCTION 


INCE 1953 a very extensive body of information on 

the properties of low-lying nuclear levels has been 
obtained by using the Coulomb excitation process and 
detection of either the inelastically scattered charged 
particles or, more usually, the de-excitation gamma 
radiation from the states populated by Coulomb ex- 
citation. A complete treatment of the classical and 
quantum mechanical theory of this process together 
with a compilation of the available data and experi- 
mental techniques has been given in the excellent 
survey paper of Alder et al.! In almost every instance 
the measured quantities have been the excitation energy 
of the state in question and the reduced width for the 
transition; current collective models?* have enjoyed 
remarkable success in correlating these data in terms of 
nuclear distortions and consequent enhanced intrinsic 
nuclear quadrupole moments. Of the several hundred 
states studied to date via Coulomb excitation, almost 
all have been shown to be populated via £2 transitions; 
in the de-excitation, in cases where M1 admixture is 
allowed by angular momentum considerations, the M1 
component usually dominates the transition as in 
normal de-excitation studies. M1 Coulomb excitation 
is depressed in intensity by the usual (v/c)? factor, 
where » is the velocity of the incident particles, and is 
almost always completely negligible. Although the 
intrinsic £1 transition probability might be expected 
to be several orders of magnitude greater than the 
corresponding E2 value, the only case of an F1 tran- 
sition amenable to study in light nuclei, as will be 
discussed later in detail, is that to the first excited state 
of F'’, The two reasons for this are the paucity of low- 
lying nuclear levels with parity opposite to that of the 
ground state at excitations <500 kev (and thus ac- 
cessible with the available incident energies) and the 


! Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

2 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 

3S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


lated value of 0.64 for F* and Na® and of 0.63 for Tit’? and Mn*5. 
In the single £1 transition (110 kev in F"’) studied, the experi- 
mental ratios range from 0.76+0.07 at Eue*=1.00 Mev to 
0.59+0.11 at Ege*= 1.75 Mev. While in accord with the theoretical 
prediction of 0.76 at the lower energies, the indicated energy 
dependence of the ratio is suggestive of contributions due to 
nuclear inelastic scattering of alpha particles. It has been demon- 
strated that the ratio technique, using He* and Het‘ ions, provides 
an unambiguous multipolarity determination provided that 
inelastic-scattering contributions can be excluded. 


very low E1 matrix elements connecting these states. 
In general the £1 transition widths are 10° to 10’ 
smaller than the single-particle estimates: from the 
shell model viewpoint in light nuclei this reflects the 
fact that essentially all these transitions involve at 
least one state of relatively complex character.‘ Since 
the £1 transition probability depends on a separation 
of the centroids of charge and mass, and since the effect 
of the electric field of the incident particle which induces 
this polarization is weak compared to the nuclear forces 
which favor a uniform charge distribution, it is intui- 
tively reasonable that the observed transition proba- 
bilities are very much smaller than single-particle 
estimates. It is clear that the limitation on the number 
of £1 transitions studied reflects in part the limitations 
which have until recently restricted the bombarding 
particles to those of very low atomic number; this has 
effectively limited the nuclear excitations amenable to 
study to below several hundred kev. With the recent 
availability of heavy-ion beams in many laboratories® 
this effective limit has been moved up to ~2.5 Mev® 
making practicable the study of the 1~ states at ex- 
citations ~1 Mev in heavy even-even nuclei corre- 
responding to the pear-shaped oscillations of the 
nuclear core.” 

Particularly in the case of weak, low-energy tran- 
sitions, correction for absorption of the emergent 
gamma radiation in the experimental equipment and 
in the target itself poses a difficult problem. In order to 
obtain cross sections, and thus the reduced transition 
widths, it is also necessary of course to measure the 

4M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI(II); S. G. Nilsson and 
J. O. Rasmussen, Nuclear Phys. 5, 617 (1958). 

5 See Proceedings of the Conference on Reactions between 
Complex Nuclei, Gatlinburg, Tennessee, May 5-7, 1958, edited 
by Zucker, Livingston and Howard [Oak Ridge National Labo- 
ratory Report ORNL-2606, September, 1958 (unpublished) ]. 

6 J. O. Newton, in Proceedings of the Conference on Reactions 
between Complex Nuclei, Gatlinburg, Tennessee, May 5-7, 1958, 
edited by Zucker, Livingston, and Howard [Oak Ridge National 
Laboratory Report ORNL-2606 (unpublished) 7], Paper 25; and 


private communication. 
7 Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955). 
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effective target thickness, the incident flux, and the 
detector efficiencies. Bohr and Mottelson® suggested a 
method of determining the multipolarity of the tran- 
sitions studied which is based only on the general 
features of the process and obviates the need for the 
aforementioned measurements. The method is based 
on the assumption that the contribution to the total 
transition width from the magnetic multipoles is 
negligible, as will be assumed throughout the discussion 
in this paper, and involves the determination of the 
ratio of the cross sections for Coulomb excitation of a 
particular nuclear level using two different bombarding 
particles at appropriately selected energies.® 

For electric multipoles (EA) the Coulomb excitation 
cross section may be written! 


Zre\? (ZZ e2\ +? 
on=(—) ( ) B(EN)fanl®, (1) 


ho; M004 


where Z; and Z2 are the atomic numbers of the incident 
and target nuclei, m is the reduced mass of the incident 
ion, 2; and vy the relative velocities before and after 
collision, respectively, and \ the multipole order of the 
transition. B(EA) is the familiar reduced width and 
fe (&) is a relatively complex function of the radial 
matrix elements involved. The dimensionless argument 
£ of this function is defined by 


£=ns— Ni, (2) 
where 


ni,s=Z1Z2€7/hy, 7 


is the Sommerfeld number before and after collision, 
respectively. Thus 


ZZ 2e" m } VE:—-VE; 
(gy ee 
h 2) (EE) 


“< 


(3) 


where £; and Ey are the projectile energies before and 
after collision, and for E;— E; (i.e., the excitation 
energy AE of the state involved negligible with respect 
to E;) this reduces to the zero-energy approximation 
used in early studies in the field,!° 


t= (Z,Z.e?/hv) (AE/2E). (4) 


It follows from Eq. (1) that if, in the method noted 
above, the two projectile energies are selected so that 
the two & parameters are equal, then the ratio of the 
Coulomb excitation cross sections is independent of 
both the B(EX) and fxz,(é) factors as well as being 
independent of the experimental parameters listed 
previously. 

This technique was first applied by Bjerregaard and 
Huus® for £2 excitations by protons, deuterons, and 
alpha particles on wolfram and by Temmer and 

8 A. Bohr and B. R. Mottelson, as quoted by J. H. Bjerregaard 
and T. Huus, Phys. Rev. 94, 204 (1954). 


9 J. H. Bjerregaard and T. Huus, reference 8. 
10 C, Zupan¢éi¢é and T. Huus, Phys. Rev. 94, 205 (1954). 
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Heydenburg" for E2 excitations by protons and alpha 
particles on F¥®, Mn**, and Na*. In the case of alpha 
and proton bombardment, the computed ratio is 


~ 6.4 for £1 transitions 
ocx(a)/oce(P) _ 10.1 for E2 transitions, 


and the measurements for all states were in reasonable 
agreement with the value of 10 expected for £2 tran- 
sitions.” It should be noted that in principle the 
multipolarity of a transition may be obtained from the 
shape of the excitation curve alone; in general, however, 
this technique is not capable of making unambiguous 
assignments. In the case of the 110-kev state in F'°, for 
example, it was not possible to distinguish unambigu- 
ously between A=1 and A=2 using the excitation 
function data obtained by the above authors although 
the results of Sherr, Li, and Christy" do appear to 
decide unambiguously between these possibilities. Other 
data on the lifetime, angular distribution,!® and K-shell 
internal conversion coefficient'® of the radiation do 
establish this as an £1 transition. The ratio technique 
was not applied because of difficulties experienced in 
resolving the 110-kev transition in bombardments with 
other than alpha particles. 

Several difficulties are encountered in using protons 
and alpha particles as the two projectiles in this tech- 
nique. The dipole bremsstrahlung cross section may be 
written! as 

Z\ Z2 2 A 1 dE, 
da =1.225%10-%23122(———) — f ri(&) ’ 


A, Axl E E, 


(5) 


where the notation is as above and £, is the energy of 
the bremsstrahlung quantum. Because of the factor 
(Z,/A,—Z2/A2)? related to the separation of the charge 
and mass centroids in the collisions, protons are pre- 
dicted theoretically, and found experimentally, to give 
an E1 bremsstrahlung yield a factor of from 10? to 104 
greater than alpha particles on the same target nucleus. 
Thus in proton bombardment low-energy Coulomb 
excitation lines are frequently masked by the brems- 
strahlung yield. 

Only dipole bremsstrahlung has been considered here 
since the relative intensity of consecutive multipole 
orders is ~ {(v/c)}*; magnetic multipoles are similarly 
reduced in intensity relative to the corresponding 
electric ones by a factor {v/c}*. It should be noted 
however that since the dipole bremsstrahlung vanishes 
for alpha-particle bombardment of a self-conjugate 
target and is small for all light targets where A ~2Z, 


1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 
(1954). 

2N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, 
p. 77; Phys. Rev. 100, 150 (1955). 

18 Sherr, Li, and Christy, Phys. Rev. 96, 1258 (1954), and Phys. 
Rev. 94, 1076 (1954). 

4 Thirion, Barnes, and Lauritsen, Phys. Rev. 94, 1076 (1954). 

16 R. F. Christy, Phys. Rev. 94, 1077 (1954). 

16 Mills, Hilton, and Barnes (to be published). 
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the residual bremsstrahlung yield has in general electric 
quadrupole and magnetic dipole components.! 

Furthermore, because of the lower Coulomb barrier, 
inelastic scattering processes compete with Coulomb 
excitation at much lower incident energies for protons 
than for alpha particles and make interpretation of the 
ratio data uncertain to the extent that these competing 
processes cannot be excluded. Finally, at energies 
corresponding to equal £ values, i.e... Ea~2.5E,, the 
particle ranges are significantly different and a cor- 
rection must be applied for this if targets of appreciable 
thickness are to be employed. For these reasons the 
ratio technique has not been applied previously to a 
dipole transition. Since the range-energy relationship 
for alpha particles and the relationship between proton 
and alpha-particle ranges used in the above experiments 
are not at all well known for low energies, ratio measure- 
ments have been restricted to thin targets. 

It is clear from the foregoing that He* and Het ions 
have considerable advantages as the two projectiles in 
ratio measurements. Bremsstrahlung yield from He’ 
bombardments, while greater by ~50 than from Het 
bombardment, is less than in the corresponding proton 
case by a factor ~10—100. The Coulomb barriers are 
roughly equal for He® and Het; because of the high He’ 
mass excess, the number of open channels in He’- 
induced reactions usually far exceeds that in Het- 
induced ones!” and as a consequence, inelastic scattering 
contributions should be less pronounced in He’ than in 
He‘ reactions. Finally the He® and He‘ ranges are 


— 
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Fic. 1. Parameters relating to Coulomb excitation studies on 
F® as defined by Eqs. (8), (11), and (12) in the text for incident 
He’ and Het ions. 


17D, A. Bromley and A. R. Rutledge, Chalk River Report 
CRP-789, September, 1958 (unpublished). 
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directly related,'* i.e., 
Ru.'(E)=aRy.*(E/a), where a=My.?/Mnet, (6) 


and the range corrections are simply computed for 
thick target bombardment in all materials. The major 
difference, as compared to proton-alpha measurements, 
is that because of the smaller difference between the 
masses and the equal charges of the incident particles, 
the predicted ratio is much closer to unity. The quantity 
of interest in a determination of the transition multi- 
polarity is not the absolute value of the ratio but rather 
the difference in the ratio values for different multipoles. 
As an example, in the case of the 197-kev transition in 
F®, the calculated cross-section ratio for an E2 tran- 
sition is 1.7 times that for an E1 for p and a excitation 
whereas for He* and Het excitation the calculated F1 
ratio is 1.2 times the corresponding £2 ratio. 

The measurements to be reported herein using He’ 
and He‘ ions as incident particles were carried out to 
verify the validity of the ratio technique for 2 tran- 
sitions ; to examine its applicability to a dipole transition 
using these two projectiles; and to examine the char- 
acteristics of He®-induced Coulomb excitation which 
have not been reported previously in the literature. 
Transitions of known multipolarity were selected in 
convenient target nuclides; for E2 transitions these 
included F!® (197 kev), Na* (446 kev), Ti*” (160 kev), 
and Mn** (126 kev), and for £1 transitions the single 
example is that of 110 kev in F'’. 


SELECTION OF CORRESPONDING ENERGIES 


Defining AE, mr, m;, E; as the excitation of the 
nuclear state in question, the target nuclear mass, the 
projectile mass, and the projectile incident energy, 
respectively, where j represents He* or He’ ions, the 
quantities of interest are’ 


AE,’ = (1+m,;/mr)AE, 
{;=AE;'/E;, 


mM; , 
(n);= ZL | | ’ 
10.084E; 


(ng)s= (ns) i/(1—$)4, 


E;=(ny);—(ni)3, 


m; , 
ae 
10.084, 


mM; AET} 
{[1- (14) ] =i. (12) 
mr E; 


Having selected convenient incident energies for the 


18H. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley & Sons, Inc., New York, 1953), 
Vol. 1. 
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He’ ions, the corresponding (i.e., equal-¢) values of 
alpha energies were obtained by solving Eq. (12) 
numerically. In some cases the measurements were 
initially carried out at corresponding energies given by 
the zero-energy approximation of Eq. (4); the final 
data are corrected however to correspond to Eq. (12). 
Table I lists the energies used for F!® (197-kev state) 
and illustrates the error involved in using the zero- 
energy approximation. Figure 1 shows the relevant 
parameters for F!® as functions of the incident He® 
energy. Table II lists the energies used with the Na”, 
Ti*’, and Mn*® targets. 


EQUIPMENT 


In these ratio measurements a 40/60 mixture of He’ 
and He‘ gas was supplied to the ion source of the Chalk 
River 3-Mev accelerator in order to facilitate the 
transfer between the two ion beams without changes in 
the system other than in the magnetic field of the 90° 
analyzer magnet. Following the 90° analyzer a single 
magnetic quadrupole lens unit was used to correct the 
astigmatic focus of the analyzer and give a sharply 
defined target spot. A simple Lucite adaptor was pro- 
vided for the standard target assemblies in use!® which 
permitted the installation of extensive shielding around 
the target and detector volume and interposed only 
ze in. Lucite between the target and detector. Figure 2 
is a schematic drawing of this assembly as used in some 
of the early measurements. In a later version, the beam 
path between the aperture block and the target was 
extended to allow for the construction of a 2-in. thick 
lead enclosure with at least 7 in. separation between its 
inner surface and the target and detector system. 
Gamma radiation was detected at 90° to the incident 
beam in either a 1}-in.X1-in. or 14-in.X2-in. NaI(TI) 
crystal optically coupled to an RCA 6655 photomulti- 
plier. The angular acceptance was ~100°. Output 
pulses were delay-line shaped, amplified, and displayed 
on a 100-channel Goulding transistorized pulse-height 
analyzer.”° 


TABLE I. Corresponding He* and Het energies for equal & values 
for Coulomb excitation of the 197-kev state in F, Eye‘ is the 
exact classical result [Eq. (12) ] whereas Ex-** is the zero-energy 
approximation [Eq. (4) ]. 





EHe! EHe* 


gE , Mev 


F'9 (197-kev state) 


0.681 1.120 
0.500 1.347 
0.387 1.574 
0.269 1.970 
0.225 


1.132 
1.358 
1.585 
1.981 





1” Bromley, Gove, Kuehner, Litherland, and Almqvist, Phys. 
Rev. 114, 758 (1959). 

” F. H. Goulding, Natl. Acad. Sci.—Natl. Research Council, 
Publ. No. 467, 86 (1956). 
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TABLE II. Corresponding He’ and Het energies for equal é. 
See caption of Table I. 








EHet 
& Mev 





Na*™ (446-kev state) 
0.653 2.229 


Ti’ (160-kev state) 


0.681 1.550 
0.477 1.940 
0.387 2.218 


Mn (126-kev state) 


0.591 1.550 
1.416 1.938 
0.338 2.216 


2.253 


1.558 
1.948 
2.226 


1.555 
1.944 
2.222 











Thick targets of NbF; were prepared by evaporating 
concentrated hydrofluoric acid on niobium blanks. The 
fluoride layer thus prepared was quite stable under 
lengthy bombardment with ion beams of several micro- 
amperes in the 1- to 3-Mev range. Niobium was used 
as a target backing because it has no Coulomb-excita- 
tion gamma radiation or characteristic x-radiation in 
the energy range of interest (40 to 300 kev) and has a 
sufficiently high Coulomb barrier to inhibit effectively 
competition from other nuclear reactions at the He ion 
energies in use. Thick targets of fused sodium chloride 
on tantalum backings and of metallic titanium and 
manganese were also used. The chlorine isotopes present 
in the NaCl target contribute no background inter- 
ference at the bombarding energies used. The first 
excited states in Cl®* and Cl*’ are at 1.220 and 1.72 





Fic. 2. Schematic representation of the experimental equip- 
ment. The incident ion beam / after traversing the 90° analyzer 
and quadrupole focusing magnets passed through a standard 
block B containing a liquid nitrogen trap C and a retractable 
quartz viewer and aperture block A. The Lucite assembly D 
carried a standard oil-cooled 45° target mount 7; 14-in.X2-in. 
or 1}-in.X1-in. NaI(Tl) crystals X optically coupled to an RCA 
6655 2-in. photomultiplier @ were completely shielded from the 
laboratory and beam plumbing by lead and heavy concrete brick 
walls. As noted in the text, in the F!® measurements the shield 
walls were moved away from the target and detector to minimize 
the back-scatter contribution. 
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Mev, respectively,” precluding their excitation by the 
Coulomb process at the incident energies used; the 
higher Coulomb barrier prevents appreciable yield of 
He-induced nuclear reaction contaminants from the 
chlorine isotopes. 

In heavy-element bombardment it was found con- 
venient to surround the target chamber with a 0.015-in. 
cadmium absorber to preferentially remove the low- 
energy bremsstrahlung and x-radiation; the K-absorp- 
tion edge for cadmium is at 26.71 kev. 

Calibration sources of Am*! (60 kev), Lu'” (115 and 
208 kev), Ce (142 kev), Hg?® (279 kev), Cr® (322 
kev), Au!’ (412 kev), and Na* (511 kev) were used to 
establish the detector energy calibration and the 
standard spectral shapes in the detector and shielding 
geometry in use. 

In order to examine the gamma-radiation yields in 
the energy range ~50—500 kev it was found necessary 
to install as complete shielding as possible about the 
detector. This was particularly the case during these 
measurements because of the copious yield of gamma 
radiation from He*® bombardment of the surface con- 
taminants such as carbon in the system. Even with the 
He‘ beam analyzed and on target, the He* component 
which was intercepted by the magnet vacuum system 
produced a high background in the experimental area. 
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Fic. 3. Gamma radiation spectra from a Ce! source mounted 
in the target geometry. Curve A was obtained in the large shield 
enclosure; curve B was measured with all shielding material 
removed, while curves C and D were obtained in the enclosure 
with lead and iron scatterers mounted on the opposite side of the 
source to the detector. The 1-uC Ce'! source was deposited on a 
0.010-in. niobium blank. 


21 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
( 1957). 
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The energy scale of the analyzer magnet was cali- 
brated by examining the B!(a,py)C* reaction in the 
region of the 1.518-Mev resonance using the target and 
detector system described above. 


RESULTS 
Spectral Shapes 


In order to obtain standard spectral shapes for use 
in the analysis of the Coulomb excitation spectra, a 
series of measurements was carried out using the sources 
listed in the previous section. These measurements were 
particularly important for the F'® studies since the 
energy of the back-scattered Compton quanta associ- 
ated with the 197-kev transition is 110 kev. Because 
the dipole transition in F’® is of precisely this energy it 
was necessary to make an experimental determination 
of the contribution to the apparent yield of 110-kev 
radiation resulting from this back-scattering from the 
target backing and environment. 

Figure 3 illustrates the results of a series of measure- 
ments carried out with a 1-uC source of Ce’ deposited 
on an 0.010-in. Nb backing identical to that used for 
the NbF; targets. All runs were of equal duration thus 
automatically normalizing the 142-kev peak and that 
at 36 kev corresponding to the K x-ray of the Pr 
daughter populated in the Ce™ decay. 

Curve C was obtained with the source in the target 
geometry but with Pb shielding ~} in. away from it 
and shows the characteristic Pb K x-ray of 72 kev.” 
The yield of back-scattered Compton quanta which 
have a lower energy limit of 91 kev for this source is 
not significantly higher than that shown in curves A 
or B which correspond, respectively, to measurements 
carried out with the Pb shielding removed to 27 in. 
from the source and detector and with the shielding 
completely removed from the source vicinity. Time- 
dependent backgrounds obtained from identical no- 
source runs have been subtracted from the data 
presented. The absence of back-scattered quanta from 
Pb at this energy (91 kev)™ is not unexpected since the 
critical K x-ray absorption edge is at 87.95 kev.” 
Curve A, measured in the expanded shielding geometry, 
shows clearly the residual yield of Pb x-radiation. 
Curve D was obtained by placing a }-in. Fe plate 
~4 in. from the source opposite to the detector and 
shows the characteristic back-scattered radiation. This 
enhancement of the back-scatter from iron as opposed 
to lead results from the fact that the ratio of scattering 
to absorption cross sections for iron is 48 and 35 times 
that for lead at 200 and 100 kev, respectively.** The 


2 J. M. Cork, in Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, Ohio, 1956-57), thirty- 
eighth edition, p. 2437. 

23 Anne T. Nelms, National Bureau of Standards, Circular No. 
542, August, 1953 (U. S. Government Printing Office, Wash- 
ington, D. C., 1953). 

“Storm, Gilbert, and Israel, Atomic Energy Commission 
Report TID-4500, 1958 (unpublished), thirteenth edition revised. 
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escape of the iodine K x-ray of 28.2 kev from the crystal 
results in the low-energy shoulder on the total absorp- 
tion peak. 

From the difference between curves A and B and the 
shape of the back-scatter yield as obtained from the 
difference between curves D and A, the back-scatter 
yield from the large Pb shield enclosure was found to 
be 0.340.3% of the total absorption peak at 142 kev. 

Since the ratio of scattering to absorption cross 
sections for Nb are ~ 10 and 7.5 times those for Pb at 
200 and 100 kev, the 0.010-in. target and source 
backings were expected to produce appreciable back- 
scattering. In order to obtain the magnitude of this 
effect the measurements shown in Figs. 4 and 5 were 


15 000 , 
142 kev 
10 000 }- - 


r 
| 
| 
} 


PER CHANNEL 


Ww 
be 

= 
= 
.e) 
oO 


30 40 50 60 
CHANNEL NUMBER 
Fic. 4. Gamma radiation from a Ce! source deposited on 
0.0005-in. Mylar. The closed circles represent data obtained with 
an 0.010-in. niobium blank immediately behind the source in the 


large shield enclosure; the open circles represent data obtained 
with both shielding and the niobium blank removed. 


carried out with 1-uC sources of Ce! and Cr®! deposited 
on 0,0005-in. Mylar film. These sources were selected 
since they bracket the 197-kev energy from F"* and 
give isolated gamma-radiation lines amenable to 
detailed spectral analysis. In these figures the closed 
circles represent data obtained with the sources in the 
target geometry, with the large shield enclosure and 
with a 0.010-in. Nb blank against the Mylar source 
backing immediately opposite the detector. The open 
circles represent data obtained with identical source 
and detector geometry but with all shielding and the 
Nb blank removed. Background corrections have been 
included wherever significant. From the differences 
between the two curves back-scatter contributions of 
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Fic. 5. Gamma radiation from a Cr® source deposited on 
0.0005-in. Mylar. See caption to Fig. 4. 


(2.6+0.3) and (5.0+0.5) percent of the total absorption 
peaks were measured for the 142- and 322-kev lines, 
respectively. These figures include the effects of both 
the 0.010-in. Nb backings and of the shield enclosure 
The residual yields of 72-kev Pb x-rays are shown in 
both figures; the Compton edges are at 50 and 181 kev. 
respectively.” 

From these back-scattering data, that for the 197-kev 
radiation from F'® is obtained by linear interpolation 
as 3.3% and a standard deviation of 0.6% has been 
assigned to include uncertainty regarding the validity 
of this interpolation. 

All data presented in Figs. 3, 4, and 5 were obtained 
using a 1}-in.X1-in. Nal(TI) crystal. The back-scatter 
contribution of 3.3% obtained here is significantly lower 
than the value ~9% obtained by Lindqvist and Wu® 
in this energy region; this higher value was measured, 
however, under appreciably different geometric con- 
ditions. 


F’® Results 


Figures 6 and 7 show typical spectra obtained by 
bombarding NbF; targets with both He* and Het ion 
beams. The inset level diagram in Fig. 6 shows the 
transitions involved in F!*. These spectra correspond to 
equal charge delivered to the target. The indicated 
energies of 169 and 82 kev correspond to the expected 
positions of the iodine x-ray escape peaks; 72 and 17 
kev are the energies of the K x-rays from the lead 
shielding and the niobium target backings, respectively. 
For an incident He’ energy of 1.00 Mev there is essen- 
tially no yield of higher gamma radiation from the 
NDF; target; at 1.75 Mev, as shown in Fig. 7, there is 
an appreciable background resulting from the tails of 


*5 T. Lindqvist and C. S. Wu, Phys. Rev. 100, 145 (1955). 
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Fic. 6. Gamma radiation spectra from Coulomb excitation of 
F, The inset level diagram indicates the transitions observed. 
The backing spectra from niobium were measured with the same 
total beam charge on target as on the NbF; targets. 


higher-energy reaction gamma radiation. Measurements 
with a Nb target demonstrate that there is no reaction 
or Coulomb-excitation gamma radiation from the Nb 
component of the NbF; targets; there is however an 
intense 17-kev K x-ray and, particularly in the case of 
incident He’ ions, appreciable bremsstrahlung radiation. 

As illustrated in Fig. 7, experimental difficulties 
peculiar to F'® made it unfeasible to extend the ratio 
measurements to He* energies higher than 1.75 Mev. 
Because of the much more rapid increase in the £2 
Coulomb excitation cross section populating the 197-kev 
state than in the £1 cross section to the 110-kev state, 
with increasing incident energy and the increasing 
reaction background, the accuracy with which the 110- 
kev radiation yield from the corresponding state can 
be separated from the larger back-scatter contributions 
at this energy from the 197-kev radiation and from the 
reaction and bremsstrahlung background decreases 
rapidly. This is reflected directly as a larger uncertainty 
in the observed He’ to He‘ yield ratio. Spectra obtained 
at higher energies did not permit extraction of the yield 
ratio with sufficient accuracy to allow significant com- 
parison with theoretical predictions. 

Ratio measurements similar to those shown in Figs. 
6 and 7 have been carried out at He® energies of 1.20 
and 1.40 Mev and at the corresponding He‘ energies as 
listed in Table I. 

Comparison of Fig. 6 showing the spectrum measured 
with alpha-particle bombardment of F® with that of 
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Fig. 1 of Jones and Wilkinson” taken at lower resolution 
confirms these authors’ supposition that the step 
observed on the lower edge of their 110-kev peak was 
due to x-radiation from the shielding. There is no 
evidence for any M2 cascade radiation of 87 kev from 
the 197-kev level via that at 110 kev. An experimental 
upper limit of 1% of the direct 197-kev transition 
follows from the measurements reported herein. The 
extreme Weisskopf” single-particle model would predict 
a branching ratio of 0.3 10~ in accord with this limit. 

The level assignments in these and subsequent figures 
are taken from the appropriate nuclear data com- 
pilations,?! 25.29 

Na®* Results 

Figure 8 shows the results of similar measurements 
carried out on a target prepared by fusing a thick layer 
of NaCl on a tantalum backing. This figure illustrates 
clearly the major difficulty experienced in studying 
He’-induced Coulomb excitation in this region of 
excitation. Because of its high charge-to-mass ratio 
and high mass excess (15.814 Mev), He*-induced 
reactions leading to positron emitters occur with high 
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Fic. 7. Gamma radiation spectra from Coulomb excitation of 
F'’, See caption to Fig. 4. 

26 G. A. Jones and D. A. Wilkinson, Phil. Mag. 45, 230 (1954). 

27D. H. Wilkinson, Atomic Energy Research Establishment 
Report AERE T/R 2492, Harwell, 1958 (unpublished). 

#8 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

* Nuclear Data Sheets, edited by C. L. McGinnis et al. (National 
Research Council, Washington, D. C.). 
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probability!’ *° and the resulting 0.511-Mev annihilation 
quanta obscure this energy range in the gamma-ray 
spectra. In bombardment of Na”, for example, the 
positron emitters formed are Al?*{Na*(He’,n)Al*], 
Na”[Na™(He’,a)Na”] as well as O"[C(He',n)O"] 
from the usual carbon contaminant layer on the target. 
These activities have half-lives of 7.62+0.13 sec, 
2.58+0.03 years,?! and 72.1+0.4 sec,”* respectively. 
The individual He* bombardments were limited to 
~1-min duration followed by a waiting period to 
allow the decay of the activity produced; this was 
found to give minimal background effects. Although 
this technique reduced the yield of 0.511-Mev radiation, 
as shown in the figure it was not possible to obtain as 
accurate intensity measurements on the Coulomb 
excitation gamma radiation as in the case of other 
targets with gamma energies further removed from the 
0.511-Mev region. 

At He’ energies above 2.0 Mev the yield of 0.511- 
Mev radiation rose rapidly with incident energy and 
precluded the possibility of further ratio measurements. 


Ti’? Results 


Figure 9 presents typical spectra measured using a 
metallic foil of titanium 0.002 in. thick as target. In 
normal titanium the isotopes of mass 46, 47, 48, 49, 
and 50 have percentage abundances of 7.95, 7.75, 73.45, 
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Fic. 8. Gamma radiation spectra from Coulomb excitation of 
Na. The inset level diagram indicates the transition observed. 
The second peak in the lower figure corresponds to the ubiquitous 
0.511-Mev annihilation radiation from He?-induced reactions. 








%D. A. Bromley and E. Almqvist, Reports on Progress in 
Physics (to be published). 
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Fic. 9,.Gamma radiation spectra from Coulomb excitation of 

Ti*’. The inset level diagram shows the transition observed. This 

figure clearly illustrates the higher bremsstrahlung production in 
He’ as compared to He* bombardments. 


5.51, and 5.34, respectively.*' The lowest excited states 
in these nuclides are at 0.885, 0.160, 0.986, 1.38, and 
1.595 Mev, respectively,’ and as a result, at the energies 
used in these measurements only the 160-kev level in 
Ti” is appreciably excited obviating the need for 
separated isotopic targets. In Het bombardments the 
background yield under the 160-kev peak was quite 
negligible; in He* bombardments the dv/y tail of the 
bremsstrahlung spectrum extends up to and beyond 
this region with appreciable yield. This figure provides 
an excellent illustration of the relative bremsstrahlung 
yield resulting from He* and He‘ incident ions; this 
yield completely masks the lead x-ray in the former 
case but not in the latter as shown in the upper spectrum 
in the figure. Ratio measurements have been made at 
He’ energies of 1.40 and 2.00 Mev. 


Mn*® Results 


Figure 10 shows the result of similar measurements 
on a 0,010-in. manganese metallic foil. Since magnanese 
is monoisotopic this transition is uniquely assigned to 
Mn® as studied previously by many investigators 
using Het and protons. Ratio measurements have been 
made at He’ energies of 1.40 and 2.0 Mev. In obtaining 
the spectra shown in this figure a thin cadmium ab- 
sorber was interposed between the target and detector 


to reduce the bremsstrahlung intensity at the detector. 


41 Sharp, Kennedy, Sears, and Hoyle, Chalk River Report 
CRT-556, 1954 (unpublished). 
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Fic. 10. Gamma radiation spectra from Coulomb excitation of 
Mn*, The inset level diagram shows the observed transition. A 


cadmium absorber has been used to reduce the yield of low-energy 
bremsstrahlung radiation. 


The measurements reported on Tit’, Mn**, and Na®¥ 
were carried out using a 13-in.X2-in. NaI(T1) detector 
in the smaller shielding enclosure described previously. 
This system gave somewhat higher efficiency and better 
shielding albeit with increased back-scatter. Relative 
measurements on these targets are not affected by this 
back-scatter in contrast to those on F"®. 

Figures 6-10 show the results of single runs taken at 
the indicated energies and using the indicated targets. 
Both in order to obtain better statistical accuracy and 
to check on the target conditions, repeated He‘ and He® 
measurements were alternated with waiting periods 
following the He* measurements to allow the positron 
activities produced to decay. With the targets used, 
the spectra were accurately reproduced in repeated 
measurements demonstrating the target stability. 


Extraction of Radiation Yields 


Extraction of the radiation yields from spectra such 
as those illustrated in the above figures presented no 
difficulties in the cases of the Ti‘? and Mn®° targets 
where only isolated peaks were involved as in the case 
of the 197-kev transition in F'*. In each of these cases 
the contribution from time-dependent and reaction 
backgrounds was subtracted directly. For He‘ bom- 
bardments this background contribution was quite 
negligible; the higher reaction yield corresponding to 
He® bombardment and the higher He* bremsstrahlung 
yield result in an uncertainty in this subtraction which 
is reflected by the quoted standard deviations in Tables 


ITI and IV. 
In the case of the Na™ target the 0.511-Mev con- 
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tribution in the region of the 439-kev peak was deter- 
mined by fitting a standard 0.511-Mev spectral shape 
as obtained with a Na” source to the experimental 
spectra. The additional uncertainty associated with 
this fitting is reflected in the larger standard deviation 
quoted in Table IV. 

As noted previously, the problems of background 
subtraction were particularly marked in the case of 
the 110-kev transition in F!® induced by He* bombard- 
ment. This background included contributions from the 
normal tail of the 197-kev spectrum, from the Compton 
back-scatter of this radiation, from the (dv/v) brems- 
strahlung spectrum, from the higher-energy reaction 
gamma radiation, as well as from the very small 
environmental background. 

In extracting the 110-kev radiation yield from the 
He* measurements, the 110-kev peak shape as observed 
in the He‘ data was used as a standard. By subtracting 
this fitted shape from the He’ data, previously corrected 
for higher-energy reaction radiation and environmental 
background, the shape of the composite bremsstrahlung 
spectrum from both Nb and F!* was obtained. This 
shape was smoothed and in turn subtracted from the 
original spectrum, less background as noted, to give a 
110-kev yield. This yield, and that obtained directly 
from the Het data, were then corrected for the 
(3.34+0.6)% back-scatter contribution from the 197- 
kev radiation. In all instances, the purely statistical 
errors in the yields were less than 1%. The major 
uncertainty as reflected by the quoted standard 
deviations in Table III is that in the shape of the 
extracted bremsstrahlung and background spectra in 
the region of 110 kev. 

A cursory inspection of Eq. (5) for the £1 brems- 
strahlung cross section suggests that the relative 
bremsstrahlung yields from Nb and F should be roughly 
in the ratio of (41/9)?~21. Detailed evaluation of this 
expression shows however that for thin targets and 
1.00-Mev incident He® ions for example, the relative 
cross sections for the production of 110-kev brems- 
strahlung radiation are in the ratio of ~0.4. In this 
example the fz:(£) are in the ratio of ~7.5X10- and 
dominate the expression, reflecting the fact that the 


TABLE III. Results of Coulomb excitation cross-section ratio 
measurements for He*® and He‘ ions on F"’. E, is the transition 
energy, (Jz);,- the angular momentum assignments for initial and 
excited states, Eye* ze‘ is the bombarding energy, the Coulomb 
excitation parameter, and Rg the cross-section ratio. 


Exet 


1.127 
1.352 

1.578 

1.975 

3+ 1.120 
1.347 

1.574 

1.970 


E, 
kev (Jx)i (Ix)e 


110 4+ - 


Rey 


0.76+0.07 
0.71+0.04 
0.72+0.13 
0.59+0.11 
0.62+0.03 
0.61+0.02 
0.63+0.02 
0.61+0.02 





0.269 
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TABLE IV, Results of Coulomb excitation cross-section ratio 
measurements for Na*, Ti’, and Mn** targets and He® and Het 
incident ions. EZ, is the transition energy, (Jz);,, the angular 
momentum assignments for initial and excited states, Exe3 He! is 
the bombarding energy, § the Coulomb excitation parameter, and 
Rep the cross-section ratio. 








Ene 


2.229 
1.550 
2.00 2.218 
1.40 1.549 
2.00 2.216 


Rey 


0.55+0.10 
0.65+0.03 
0.630.03 
0.63+0.03 
0.62+0.03 


Ey 
kev (Jx)i (Jule Enc® 
439 q+ s+ 2.00 
1600 $+ «f+ «1.40 


Target 


Na 
Ti*’ 


Mn®5 








He’ ions approach closer to the F!* nucleus and produce 
a greater overlap of radial wave functions. The experi- 
mental observations confirm this calculation quali- 
tatively in that the apparent thick-target brems- 
strahlung yield from F at 110 kev is several times that 
from Nb. 

DISCUSSION 


Excitation Functions 


The large body of experimental data on Coulomb 
excitation measurements with thin targets! has estab- 
lished, to rather high precision, the validity of the 
semiclassical predictions of excitation functions. The 
corrections which must be applied in the case of thick 
targets are in a somewhat less satisfactory condition. 

Since absolute cross sections have not been measured 
in these experiments, in comparing the excitation 
functions obtained with the theoretical predictions it 
has been necessary to normalize the two; this normali- 
zation has been carried out at the lowest energies 
measured where competing contributions would be 
expected to be minimal. From Eq. (7) it follows that for 
F1 transitions 


o(E)=0(£o) (Eo/E)( fas (n,€) Jel fei(n,€) Jeo", (13) 
and for £2 transitions 


o(E)=0(Eo)[(E—AE’)/(Eo— AE’) I fe(n,£) Je 
x Cfee(n,é) Jeo, 


where Ep is the energy at which the curves are nor- 
malized, AE’ is defined in Eq. (7), and the fr, are 
tabulated by Alder et al.! 

Since gamma radiation was detected only in the 
crystal angular acceptance cone centered on an axis 
perpendicular to the incident beam, it was necessary 
to make corrections for the angular distributions to be 
expected for the de-excitation radiations involved. As 
noted by Alder ef al.,! these angular distributions are 
given by 


(14) 


Xr 
Wr= 1+ z. Q2,™A on*P2n(COs0,), (15) 


n=l 


where the A2,” are the coefficients in a hypothetical 
double gamma correlation with the excited state as 


COULOMB EXCITATION 595 
intermediate and the a2,” are functions of the Coulomb 
excitation matrix elements and are tabulated by Alder 
et al.’ Reference to standard tables of Z; coefficients*®! 
shows that for the 4+ #3 $+_*3 4+ pure quadrupole 
transition in F!¥, A2=0.286 and A,=0.381; for the 
pure dipole transition A,=0 and 
the gamma angular distribution is isotropic. Since, as 
noted, the experimental and theoretical cross sections 
have been normalized, the constant solid-angle factor 
drops out of the dipole cross section comparisons. In 
the case of the quadrupole transition the experimentally 
determined yields have been multiplied by the ratio 
of the integral of the calculated distribution W £2(6,) 
over the sphere to that obtained by numerical inte- 
gration over the effective counter aperture; this cor- 
rection varies by only 3% for incident He* energies 
from 1.0 to 2.0 Mev. 

Curves B and D of Figs. 11 and 12 show these pre- 
dicted thin-target excitation functions for He*® and Het 
incident ions. In the case of He* bombardments of F'* 
in Fig. 12, the experimental thin-target data of Temmer 
and Heydenburg" have been replotted for comparison. 
It is clear that there are appreciable discrepancies 
between the predictions and experiment although 
qualitative agreement is obtained. Sherr, Li, and 
Christy, on the other hand, find good agreement 
between the thin-target predictions and measurements 
made using a target thickness of ~ 100 kev of CaF, on 
Al. These discrepancies suggest that multipolarity 
determination based on excitation curve shapes alone 
should be treated with some caution. 

In order to modify the thin-target curves for com- 
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Fic. 11. Comparison of observed and predicted excitation 
curves for He*-induced Coulomb excitation of F'%, The closed 
circles are the experimental points for the 197-kev E2 transition 
in F%; the open circles are those for the 110-kev £1 transition. 
Curves B and D are the thin-target and A and C the thick-target 
predictions, respectively. 
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Fig. 12. Comparison of observed and predicted excitation 
curves for He‘-induced Coulomb excitation of F. The closed 
circles are the experimental points for the 197-kev E2 transition 
in F®; the open circles are those for the 110-kev £1 transition. 
Curves B and D are the thin-target and A and C the thick-target 
predictions, respectively. The closed and open triangles are the 
thin-target results of reference 11. 


parison with the thick-target measurements, use was 
made of the relation given by Alder et al.,} 


E\N 6E, 


meanest ire, (16) 
(dE/ds)x; E; 


Y =o(E,) 


Here Y is the fraction of the incident particles which 
produce the Coulomb excitation, N is the density of 
target atoms, (dE/ds)z, is the target stopping power at 
the incident energy, and 6£,/E; (the ratio of the 
observed yield to that which would result if o and 
dE/ds were independent of energy and equal to their 
values at E;) has been tabulated by Alder et a/.! on the 
assumption that dE/ds~E~°- as proposed by Lind- 
hard and Scharff.” Again on this assumption, 


Y(E) of E)sE\!® sbAE,y sbAEa\ 
R(E)=— ---—(—) (=) ) , (17) 

Y(£o) a(Eo) Eo E Eo 
and this correction factor R(£) has been used to obtain 
the thick-target predictions given by curves A and C 
of Figs. 11 and 12. In these figures curves A and B 
refer to the 197-kev E2 transition and C and D to the 
110-kev £1 transition. The agreement between experi- 
ment and the thick-target predictions is quite satis- 
factory in the energy range studied; this agreement 
supports the validity of the dE/ds~ E~°-® relationship 
used in obtaining these predictions. 


82 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
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Cross-Section Ratios 


From Eg. (1), for electric dipole transitions the 
predicted cross section ratio, ignoring range correction, 


is 
ori (He*) Mare? { Ene*\~ - Ene 
Bil thnmmnmenet ( ) =0.7535——. (18) 


oni(He*) = muet \ Ene! THe? 


From Fig. 1 it follows that Exe‘/Ex.' is almost exactly 
constant at 1.127 over the range of energies studied, 
whence the predicted value for Rr’ is 0.849. It should 
be noted that Rg,’ is independent both of the target 
mass and atomic number and of the energy of the 
transition involved. 

Similarly, from Eq. (1), for electric quadrupole 
transitions in F!® 


,_7#2(He?) 

~ ops(He') 

Myo? ( Mp+ mye! |? ( Enet?—AEne” 
{ | — 


E2 





}, a) 


Myet| Mpe+mue! 


where AE’ is defined by Eq. (7). Inserting mass values 
and energies involved gives Rz2’=0.72 in the energy 
range of interest. In contrast to Rm’, this ratio is a 
function both of the target mass and of the energy of 
the transition involved. 

These calculated thin-target ratios must be corrected 
however for the fact that at He*® and Het incident 
energies such that the & values are equal, the ranges 
in the thick targets used are not equal with the Het 
ions having the slightly greater range. Because of this 
greater range the incident He‘ ions effectively see a 
greater number of target nuclei and give an apparent 
yield increase. From the data tabulated by Whaling,® 
and Eq. (6), this correction is constant, within the 
accuracy of the data, over the range of He*® and He‘ 
energies involved, giving a He’ range equal to 0.895 
of that of the corresponding He‘ ions. Applying this 
correction to the calculated ratios on the assumption 
of uniform target density gives Rri=0.895 Rey’=0.76 
and similarly Re2=0.64. 


Fluorine-19 


Figure 13 shows the ratio data for F'* from Table III 
compared with the ratio calculations as functions of the 
incident He® and corresponding He‘ energies (see Table 
I). As shown, the electric quadrupole results are in good 
agreement with the calculations and are independent 
of the incident energy in the range considered here. The 
fact that all experimental points lie on the average 
~2% below the predictions suggests that the range 
correction may be in error by this amount. 

The electric dipole results are also in good accord 


33°W. Whaling, Encyclopaedia of Physics, edited by S. Fltigge 
(Springer-Verlag, Berlin, 1958), Vol. 34. 
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Fic. 13. Coulomb ex- 
citation cross-section 
ratio measurements and 
calculations for F” as 
functions of the incident 
He® and corresponding 
(see Table I) He? ener- 
gies. The inset level dia- 
gram shows the transi- 
tions studied ; the lighter 
horizontal lines are the 
theoretical ratio predic- 
tions for these transi- 
tions. 


‘DIPOLE 
y, : 





/ QUADRUPOLE 





== 


Sgt ee 0197 


CROSS SECTION RATIO R,, 


100. 120 140 1.60 180 
He’ ENERGY IN Mev 


with theoretical predictions at the lower energies con- 
sidered. The large errors result from the difficulties 
involved in extracting the yield of 110-kev radiation as 
discussed in the previous section. Because of these large 
errors it is not possible to conclude with certainty that 
these results represent a significant departure from the 
theoretical predictions. The results suggest a decrease 
in the value of Rg with increasing incident energy; 
such a decrease, if real, might be interpreted as owing 
to the onset of inelastic excitation of the 0.110-Mev 
level via nuclear scattering of the alpha particles. Since 
the number of open channels for the decay of the com- 
pound nucleus, once formed, is very much less for alpha 
than for He* bombardments,!”*° it would be anticipated 
that the single inelastic scattering channel would 
become important at lower corresponding He‘ energies 
with a resultant increase in the 110-kev radiation yield 
in Het bombardments relative to that in He* bombard- 
ments and an apparent decrease in the Coulomb ex- 
citation yield ratio. For either He*® or Het bombard- 
ments considered separately, because of the lower 
excitation energy and angular momentum change 
involved, an inelastic scattering contribution would be 
expected to become appreciable for the 110-kev tran- 
sition at a lower incident ion energy than for the 197-kev 
transition. It is of interest to note here that Sherr, Li, 
and Christy’ as well as Temmer and Heydenburg" 
found no deviation from the Coulomb excitation pre- 
dictions for the 110-kev excitation function at incident 
energies below 2.1 Mev although the 1.28-Mev gamma 
ray from F'*(a,py)Ne” showed appreciable yield and 
resonance structure at alpha energies above 1.3 Mev, 
indicating compound nucleus formation. 

In considering Coulomb excitation induced by He’ 
and He‘ ions the possibility exists of an augmented 
cross section for incident He*® ions because of their 
greater expected polarizability; this would result from 
the interaction of the induced dipole moment of the 
incident particle with the target nucleus. In the case 
of an F1 transition this effectively corresponds to the 
addition of an £4 excitation. It was found that in the 
incident He® energy range from 1.0 to 2.0 Mev the 
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contribution to the total cross section from the E4 
term varies between ~10~a to 3X10-a times the 
normal £1 cross section, where a is the He® polarizability 
in units of (rae*)*.™ Since it would be expected that 
a<1 in these units, it follows that this effect is of no 
consequence in normal Coulomb excitation measure- 
ments. 

From the spectra of Figs. 6 and 7 it is also possible 
to deduce an experimental value for the ratios of the 
110-kev £1 and 197-kev E2 excitation cross sections 
for a given incident particle. These data have been 
examined in terms of the Nilsson collective model.’ 
Simple applications of this model to predict the equi- 
librium deformations of states in the mass-29 and mass- 
25 systems have previously been reported.**** When 
it is similarly applied to F¥, the 4~ state at 110 kev is 
predicted to have an appreciably larger prolate dis- 
tortion than the $+ ground state or the $+ at 197 kev. 

Although the eigenfunction normalization used by 
Nilsson® does not permit the calculation of. transition 
widths between states of differing distortion, it was 
considered of interest to calculate the relative Coulomb 
excitation cross sections as predicted by the Nilsson 
model for the £2 and £1 transitions involving the $+ 
and }~ states at 197 and 110 kev on the assumption of 
a common distortion. From the work of Paul,” a 
prolate distortion 3< <6 is indicated, at least for the 
3+ and §+ states, depending upon the strength of the 
spin-orbit term in the potential. 

The $* state is found to have ~19% K=}# and 81% 
K=}4 configurations,’ whereas the ground state is of 
necessity a pure K=} state. The 110-kev state is also 
a pure K=} negative-parity state. For values of 7 in 
this range and including both single-particle and 
collective terms in the £2 transition,*” a value of 
B(E2)=0.0025 is obtained in units of e? 10~** cm‘ to 
be compared to the quoted value of 0.003 as derived 
from experiment.? 

Experimentally the ratio of E1 to £2 cross sections 
varies from 0.52 to 0.10 for incident He’ energies 
between 1.0 and 2.0 Mev; the model predictions for 
this ratio lie in this range of values for 3<<3.5 and 
4.5<n<5. The Nilsson model is thus in accord with 
the relative observed #1 and £2 widths although this 
agreement is perhaps fortuitous since the calculations, 
of necessity, ignore the probable difference in nuclear 
shape for the ground and 110-kev states. Clearly it 
would be desirable to examine other examples of £1 
excitations to obtain a more stringent test for the ratio 
technique than is possible in the case of F'’. 

From the available beta-decay evidence*® there is 
the suggestion that the states in Eu’ and Gd!®® at 
97.3 and ~100 kev, respectively, have opposite parity 


4H. McManus (private communication, 1958). 
35 Bromley, Gove, and Litherland, Can. J. Phys. 35, 1057 (1957). 
36 Litherland, McManus, Paul, Bromley, and Gove, Can. J. 
Phys. 36, 378 (1958). 
37 E. B. Paul, Phil. Mag. 15, 311 (1957). 
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to that of the ground states and that these should be 
accessible to E1 Coulomb excitation. When they used 
6-Mev alpha particles, Heydenburg and Temmer* 
found no evidence for Coulomb excitation of states at 
these excitations. As noted previously, no others are 
available in convenient target nuclides. With heavy 
ions incident, as demonstrated by Newton and 
Stephens,* it should be possible to excite states at 
excitations up to ~2.5 Mev. A number of possible E1 
transitions are then amenable to study which are other- 
wise excluded because their excitation energies are too 
high to give a measurable excitation cross section. In 
particular it would be of considerable interest to 
examine in detail the Coulomb excitation of as many as 
possible of the odd-parity states in heavy even-even 
nuclides corresponding to pear-shaped deformations of 
the nuclear core and octopole nuclear excitations.**:** 


Sodium-23, Titanium-47, M anganese-55 


Table IV lists the ratio measurement results for 
Na™, Ti’, and Mn*® electric quadrupole excitations. 
The larger error associated with the Rg: measurement 
for Na* reflects the presence of the 0.511-Mev annihi- 
lation radiation and the consequent uncertainties in the 
extraction of the yield of 446-kev radiation from the 
experimental spectra. The internal consistency in the 
values obtained for Ree for the £2 transitions with this 
exception is quite good; the average result obtained for 
the Tit? and Mn* results is 0.63+0.02, in excellent 
agreement with the calculated value of 0.63 obtained 
from Eq. (19). The Na® result of 0.55+0.10 agrees 
within the quoted error with the predicted 0.64. 


Parity Mixing 

At present there is insufficient information available 
regarding angular momentum and parity assignments 
to the low states particularly in heavy nuclides to 
permit selection of situations where the Coulomb 
excitation process might provide a probe for deter- 
mining limits on the intensity of opposite-parity com- 
ponents in the wave functions of the states involved. 
Transitions of the type 0+ to 2- or O to 2+ would 
provide the most sensitive test since the cross sections 
for magnetic excitations coupling the dominant wave 
function components are in general reduced by at least 
the factor (v/c)* over those for the electric excitations 
coupling to the opposite-parity components. This factor 
is not in itself sufficient to provide a significant limit 
compared to those which have been obtained in ex- 
periments involving violation of selection rules where 
limits on the intensity of the opposite-parity com- 
ponents of 10-*-10-* have previously been estab- 
lished!*#° since for 2-Mev He‘ ions for example 
(v/cP?~10-. 

38 A. Bohr and B. R. Mottelson, Nuclear Phys. 4, 529 (1957), 
and Nuclear Phys. (to be published). 


* V. Strutinski, J. Nuclear Energy 4, 523 (1957) 
“N. Tanner, Phys. Rev. 107, 1203 (1958). 
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From the detailed formalism of Eq, (1), however, 


B(M2) fae 
EM E—AB)O —_ (20) 


B(E2) frs(é)’ 


o(M2) 2x10? 
o(E2) Ay 





4 


and for A,;=1 for example Alder e al. (Fig. II.1a)! 
obtain ¢(M2)/o(E2)~10- in the range 1< E<3 Mev. 
It may thus be possible to utilize the Coulomb excitation 
technique in heavy nuclides where the selection rule 
methods are more difficult to apply. Heavy ions provide 
an additional advantage in these measurements because 
of the A," factor appearing in the ratio. 


CONCLUSIONS 


Coulomb excitation cross-section ratio measurements 
on a number of £2 transitions have given results which 
are in quite good agreement with the predictions of the 
semiclassical theory as corrected for range effects in 
thick targets. No evidence has been found for nuclear 
inelastic scattering contributions in the range of 
bombarding energies considered except in the case of 
the 110-kev E1 transition in F'* where this possibility 
exists. Cross-section ratio measurements on this £1 
transition are in accord with the theoretical predictions 
within the accuracy obtainable. 

Provided that nuclear inelastic scattering contri- 
butions can be excluded it has been demonstrated that 
the ratio technique provides a method for unambiguous 
multipolarity determinations. 

As expected, the major disadvantages inherent in the 
use of He’ ions in Coulomb excitation studies, as com- 
pared to He‘ ions, are the higher bremsstahlung cross 
sections, the intense 0.511-Mev radiation associated 
with the decay of He®-induced positron emitters, and 
the relatively large number of open channels charac- 
teristic of He*-induced reactions, resulting in a high 
background from high-energy reaction gamma radi- 
ation. 

Clearly there is considerable interest in the appli- 
cation of the ratio technique to additional dipole 
transitions; with the energies currently available from 
heavy-ion accelerators it should be possible to carry 
out such measurements on transitions to a number of 
1- low-lying states in heavy even-even nuclides.’ 
Similarly Coulomb excitation measurements on low- 
lying 3- states in these nuclei will provide crucial 
information on octopole nuclear distortions®® and the 
validity of the semiclassical Coulomb excitation for- 
malism for octopole transitions. 
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Measurements have been made of the polarization and differential cross section in elastic p-a scattering 
at 147 and 66 Mev, in the laboratory angular ranges of 2°-165° and 10°-45°, respectively. These have been 
compared with recent calculations which relate the scattering amplitudes to nucleon-nucleon results. 
Because these calculations take into account the angular variation of the nucleon-nucleon amplitudes, 
better agreement is obtained than heretofore. A comparison of the polarization with that observed in 
inelastic scattering from several levels of a variety of spin-zero nuclei indicates a strong similarity between 
the elastic and inelastic data, which can be explained theoretically. 


I. INTRODUCTION 


HE perennial study of the elastic scattering of 

protons by nuclei has been stimulated in the last 
few years by the introduction of polarization measure- 
ments, which provide additional information about 
scattering processes. Further stimuli have been pro- 
vided by attempts’ to relate the scattering and 
polarization from complex nuclei to the rapidly accumu- 
lating information about polarization in nucleon- 
nucleon scattering. In these studies, light nuclei play 
an important role because of the relative unimportance 
of the form-factor and multiple scattering, which are 
dominant in heavy nuclei. Of the light nuclei, those 
with zero spin are the simplest to analyze, and, there- 
fore, helium is worthy of particularly close study. 
Helium is also important from a purely experimental 
point of view. The experimental study of polarization 
phenomena requires good analyzers, and helium, 
because of the high polarizations produced at certain 
angles, is useful in this capacity, despite the awkward- 
ness of handling it in the liquid form. 

High-energy experiments have been done on the 
scattering of protons by helium,*® but, with the 
exception of reference 6, these either cover a rather 
small angular range or else lack any information about 
polarization. In addition, no data are available near 
150 Mev, the energy of the Harvard synchrocyclotron. 
It therefore seemed desirable to use the apparatus, 
which had been made in this laboratory for the study 
of proton-proton scattering, to measure the scattering 
from helium. The target could be used equally well 
for liquid hydrogen or liquid helium. The counter 
telescopes had sufficient energy resolution to separate 

*On leave from the University of Cape Town, South Africa. 
Now at Tufts University, Medford, Massachusetts. 

1H. A. Bethe, Ann. Phys. 3, 190 (1958). 

2H. McManus and R. M. Thaler, Phys. Rev. 110, 590 (1958). 

3 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956). 

4M. K. Brussel and J. H. Williams, Phys. Rev. 106, 286 (1957). 

5 Kruse, Selove, and Teem (private communication); see 
W. Selove and J. M. Teem, Phys. Rev. 112, 1658 (1958). 

6K. Gotow (private communication). Note added in proof. 
These results are now compiled in a report (NYO-2532) of the 


Department of Physics and Astronomy of the University of 
Rochester (unpublished). 


protons scattered elastically from helium from those 
scattered inelastically, over a wide range of angles. 
Since this apparatus has been described in detail 
elsewhere (by Palmieri ef al.,’ hereafter referred to as I), 
only a brief description of it will be given here. 
Measurements have been made of the differential 
cross section and polarization from 2° to 165° lab at 
the full energy of the cyclotron. In addition, some 
measurements were made at 66 Mev. Because of the 
finite size of the target and consequent large energy 
loss of low-energy particles in traversing it, these only 
covered the limited angular range of 10° to 45° lab. 


II. EXPERIMENTAL METHOD 


Measurements were made by scattering the polarized 
proton beam off a liquid helium target, which was 
situated outside the shielding of the cyclotron, and by 
detecting the scattered protons with a counter tele- 
scope. Data were accumulated in six different runs, 
details of which are given in Table I. At various times 
two telescopes and four experimental arrangements 
were used, the latter being shown schematically in 
Fig. 1. 


The Polarized Proton Beam 


The polarized proton beam is obtained by scattering 
the internal beam of the cyclotron off carbon at about 


TABLE I. Pertinent information on the accumulation and 
treatment of the data in the various runs. I.C. and F.C. refer to 
the ionization chamber and Faraday cup, respectively. See Fig. 1 
for diagrams of the “experimental arrangements.” 


Experimental East Laboratory 
Run arrangement probe angular range 


la A In 6° ~ £75" 
lb A Out 15° and 20° Carbon 
2a A Out 15° -— 90° Carbon 
2b D 90° - 120° 90°, Runs 1 and 2a 
3 90° — 165° 90°, Runs 1 and 2a 
4a i 15° and 20° Carbon 

10° - 45° Carbon 

3° - 10° Run 1 

y rn i Run 1 


Normalization Monitor 


Carbon 


—ianeoheot_ ihn) 
QAR RRR RRA 


* Run 4b was the only run made at 66 Mev. 


7 Palmieri, Cormack, Ramsey, and Wilson, Ann. Phys. 5, 299 
(1958). 


599 





CORMACK, PALMIERI, 
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10 FEET 


Fic. 1. Schematic diagrams of the experimental arrangements 
used in the various runs. See Table I for details. I.C.-ionization 
chamber; F.C.-faraday cup; T-target ; S-additional shielding. 


17°. The nature of the beam may be varied by changing 
the position of a brass block which may intercept the 
internal beam. This is known as the “east probe.” A 
full description of the method of extraction of the beam 
and of the effect of the east probe (on the beam) has 
been given by Calame et al.§ Regenerated orbits of 
low-energy components of the internal beam fall 
outside the orbits of higher-energy protons. If the 
east probe is out, both the high- and low-energy 
components of the beam emerge from the tank, but if 
the probe is moved in, the low-energy components are 
stopped by the probe, and the result is an external 
beam of lower intensity but smaller energy spread than 
if the probe were out. In these experiments two positions 
of the east probe were used, and these will be designated 
by “east probe in” and “east probe out.” With the 
east probe in, the beam had an intensity of 310° 
protons per second through a #-in.X1}-in. slit, its 
energy was 147 Mev with a full width of 2 Mev, and 
the polarization was 724.2%. With the east probe out, 
the beam had an intensity of 10’ protons per second 
through a j-in.X1}-in. slit, its energy was 145 Mev 
with a full width of nearly 4 Mev, and the polarization 
was 62+2%. The higher-intensity beam was normally 
used for the larger angles where the cross sections are 
smaller, and the lower-intensity beam was used for the 
smaller angles. For runs 4b, 5, and 6, the defining slit 
was reduced in size to } in.X 1 in. and the flux through it 
was 510° protons per second. In order to obtain 
results at 66 Mev, it was necessary to reduce the energy 
of the beam. This was done by placing absorbers in 
the beam. Liquid hydrogen was used to reduce the 
energy to 72 Mev, and the remainder of the slowing 
down was done with polyethylene. The figures given 


®Calame, Cooper, Engelsberg, Gerstein, Koehler, Kuckes, 
Meadows, Strauch, and Wilson, Nuclear Instr. 1, 169 (1957). 
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above for the energies of the beam are the energies at 
the center of the full target. 

Since the angle of scattering off the carbon in the 
cyclotron tank was not known accurately, the beam 
polarizations were determined by scattering externally 
off carbon at 15° and measuring the asymmetries in the 
manner described below for the measurement of the 
helium asymmetries. The asymmetries thus found 
were then compared in the Born approximation with 
the Harwell 135-Mev® and Uppsala 155-Mev" results 
for carbon, and the beam polarizations were inferred. 


The Target 


A complete description of the target is given in I. 
The essential part was a cylinder of two-mil Mylar, 
two inches in diameter and three inches high, which 
contained the liquid helium used as the target material. 
The Mylar was silvered to prevent loss of helium by 
radiation, and this silvering possibly also reduced loss 
of helium by diffusion through the Mylar into the 
surrounding vacuum. The Mylar target was surrounded 
by a heat shield which introduced 3} mil of aluminum 
foil into the beam; the vacuum was contained in a 
system which introduced two Mylar windows into the 
direct beam. These were made of three-mil Mylar, 
but the only one which could be seen by the counter 
telescope was wrinkled rather irregularly so that its 
effective thickness was possibly 50% higher. The 
Mylar target was attached to a two-liter reservoir 
which, when filled, kept the target full for six to eight 
hours. 


The Counter Telescopes 


Two of these were used, and they are fully described 
in I. The small-angle telescope consisted of four plastic 
scintillation counters in coincidence, the defining 
counter being ten feet from the target, 1j in. wide, 
and 43 in. high, giving an angular resoltuion of 1° lab. 
This was only used in the angular range of 2° to 10° lab. 
and is shown schematically in Fig. 1 as arrangement C. 
The large-angle telescope consisted of three of the 
above-mentioned plastic scintillation counters in co- 
incidence, with the same defining counter. In runs 1, 2, 
and 4, the defining counter was four feet from the 
target, giving an angular resolution of 2}° lab. In run 3 
the defining counter was two feet from the target, and 
the angular resolution was 5°. The angular resolutions 
given above are full widths at half height and include 
the effects of the angular divergence of the beam and 
the finite size of the target. 

Helium has no excited states, but protons may be 
inelastically scattered with an energy less than the 
energy of elastically scattered protons by 20 Mev 
or more in the center-of-mass system; these must be 
excluded by the counter telescope. This exclusion was 


° A. E. Taylor (private communication). 
1 Alphonse, Johansson, and Tibell, Nuclear Phys. 4, 672 (1957). 
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accomplished by inserting absorber between the last 
two counters of the telescope so that elastically scattered 
protons could reach the last counter, but inelastically 
scattered protons could not. The absorbers used were 
copper in runs 5 and 6, and otherwise polyethylene. 
This technique easily separated the inelastics from the 
elastics at small angles where only the 2-Mev spread in 
beam energy smeared the difference in energy between 
the two groups, but the separation became progressively 
more difficult with increasing angle. At scattering 
angles near 165°, the beam energy had a spread of 4 
Mev, and, in addition, some elastically scattered 
protons traversed the target twice, losing energy in the 
process, while some inelastically scattered protons 
entered the target and were immediately scattered so 
that they lost no energy in the target. Taking these 
factors into account, calculations showed that at 165° 
the minimum energy of elastically scattered protons 
leaving the target was 41.6 Mev, while the maximum 
energy of the inelastically scattered protons was 39.1 
Mev. The maximum energy of elastically scattered 
protons leaving the target was 52.7 Mev, and the 
energy required to reach the last counter without 
penetrating it was 42.0 Mev. Thus a few elastically 
scattered protons were not counted. This loss was 
estimated to be at most 5%, and the cross section at 
165° may be low by this amount. The asymmetry could 
be affected by this loss of low-energy particles in two 
ways. First, there would be an obvious effect if the 
lost protons had a polarization substantially different 
from those counted, and second, even if they had 
the same polarization, there is a slight energy spread 
across the beam which might make the loss asymmetric 
between right and left. The effect of these is the same 
for the two cases, namely an asymmetry in the loss of 
protons. Since the measured polarization at 165° is 
zero, the greatest error that such an asymmetry 
could produce is of the order of the percentage of 
protons lost. Since this is at most 5% and since the 
quoted error in the polarization at 165° is 0.15, these 
considerations do not affect the quoted result materially. 

For run 4b (66 Mev) the factor which limited the 
angular range to 10°-45° was not the separation of 
elastics from inelastics, but the energy loss in the target 
and counters. This was such that at angles greater 
than 45° the energy of some of the scattered particles 
was not sufficient for them to be able to traverse the 
target and reach the last counter. At the 45° angle, 
the maximum-energy inelastics and the minimum- 
energy elastics were separated by 8 Mev, so that the 
inelastics were easily excluded. 


Monitoring 


An argon-filled ionization chamber was used to 
measure the beam after the defining slit in all runs; in 
addition, in runs 2a and 4, a Faraday cup was used to 
collect the beam. While the Faraday cup and the 
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ionization chamber agreed well within each run, their 
ratio was different for the two runs. The Faraday cup 
was used (but not in an abolute sense) as a monitor in 


runs 2a and 4, and the ionization chamber in the rest. 


Alignment 


Great care was taken to determine the zero from 
which the scattering angles were measured. The 
counters were aligned optically, with respect to each 
other, on the arm which supported them, and the pivot 
of this arm was located under the target. After the 
zero angle had been found roughly by photographic 
methods, the telescope was swept through the beam in 
small steps. At each step the integrated anode current 
of the phototube attached to the defining crystal was 
measured. From the symmetrical curve so obtained, it 
was possible to determine the zero-angle position to 
with 0.02° for runs 1 to 4, and within 0.005° for runs 
5 and 6. 


Backgrounds 


At angles of 15° to 100° the backgrounds were of the 
order of 5% to 10% of the counting rate from helium 
alone. They increased in the forward direction, be- 
coming 35% at 2°. To ensure that background particles 
entered the last crystal of the counter telescope with 
the same energy when they were measured as when 
the data on helium were being taken, extra absorber 
was placed in the counter telescope in the measurement 
of some of the small-angle backgrounds. This absorber 
was chosen to compensate for the thickness of helium. 
The presence of this absorber produced no change of a 
magnitude to affect the results. At small angles a 
helium-filled bag was placed in the direct beam, 
immediately after the target. This produced a back- 
ground lower than that due to the air which would 
have occupied the same volume. 

At angles greater than 100°, the backgrounds became 
progressively more serious until at 160° they equalled 
the rate from helium itself; at 165° they exceeded it by 
a factor of 23. At the large angles the backgrounds 
were measured in two ways: one with the normal 
amount of absorber in the telescope, the other with 
additional absorber which had the same effect on the 
energy of the scattered protons as traversing the 
helium target twice. This was done because a sub- 
stantial part of the background was due to scattering 
from the Mylar walls of the helium target and from 
the window of the vacuum chamber. About one 
quarter of this part of the background came from the 
wall away from the counter telescope, and so was 
affected by the presence of helium. To take this into 
account, the background was calculated by averaging 
the measured values with and without the extra 
absorber in the telescope in the ratio 1:3. The un- 
certainty in the cross section arising from this procedure 
is estimated as 15% to 165° and 8% at 160°. 
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Another source of the backgrounds at 160° and 165° 
was neutrons from the cyclotron itself. These produced 
proton recoils in or near the last counter, and the 
protons traversed the counter telescope backwards. 
This effect was reduced by lead and steel shielding 
several feet thick as shown in Fig. 1B. 


Measurement of Polarization and Cross Section 


If an unpolarized beam strikes a target and is 
scattered at an angle 6,, the scattered beam will have a 
polarization P,(6,), where P; is characteristic of the 
target and is the expectation value of the spin in a 
direction normal to the plane of scattering. If this 
scattered beam strikes a second target, the amounts of 
scattering to the left and right at an angle 62 will not 
in general be the same. If or and oz are the differential 
cross sections for scattering to the left and right, 
respectively, then the asymmetry e(62) is defined as 


»=(gr—aoz)/(ort+orz). 


Wolfenstein" shows that e= P,(6;)P2(@2), where P2(62) 
is the polarization which would be produced if an 
unpolarized beam were scattered by the second target 
at the angle 62. Also, if o is the cross section of the 
second target for an unpolarized beam, then" 


or=a(1+P;P2), 
op=a(1—P;P.2). 


Thus measurements of the scattering to left and right 
at a given angle suffice for the determination of both 
the polarization and the unpolarized differential cross 
section. 

In a typical run the order in which measurements 
were taken was as follows. The scattering from carbon 
at 15° was measured, if possible. Backgrounds for 
helium were taken. The helium asymmetries were 
measured, the measurements at each angle being made 
at least twice. The backgrounds were repeated, and 
the scattering from carbon was measured again. The 
two sets of backgrounds were reproducible within 
statistics, so no additional measurements were made 
during the run to check that they were constant. In 
runs where it was possible to take them, the carbon 
measurements served two purposes. First, they gave a 
measurement of the polarization of the proton beam, 
as described above, and, second, they provided data 
for the normalization of the relative cross sections, as 
described below. 


Corrections 


Corrections were made for the following effects: 
dead times of scalers, double scattering in the target, 
scattering and absorption in the counter telescope, the 
finite height of the counters which affected the polariza- 
tion at small angles, and the dependence of the back- 


1 L. Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 
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grounds on the beam energy. The last correction must 
be made because about three quarters of the back- 
grounds at small angles came from material in the 
direct beam after the target. Protons which were 
scattered from this material thus had a lower energy 
when the target was full than they had when the 
backgrounds were measured. All these corrections are 
discussed in detail in I and were applied in the same 
way as in I, with obvious modifications for the differ- 
ences in targets and scattering kinematics. 


Normalization of Cross Sections 


In runs 1, 2a, and 4, measurements were made of 
the scattering from carbon at 15°, in order to determine 
the polarization of the beam, and the helium data of 
these runs were normalized (relatively) to the carbon 
results. No significant differences were found between 
the data taken with the east probe out and with it in, 
so they were averaged to give relative cross sections in 
the range 6° to 90° lab. With experimental arrange- 
ments B, C, and D (see Fig. 1), it was not possible to 
measure the scattering from carbon. The large-angle 
data of run 3 were normalized to the above data at 90°. 
The small-angle data of runs 5 and 6 were also normal- 
ized to the cross sections of runs 1, 2a, and 4a, the 
normalization factor being the mean ratio of the 
relative cross sections at angles common to the runs. , 
In the regions 6° to 8° and around 90°, the departure 
of the cross sections from a linear variation with angle 
within the angular range subtended by the counters 
was so small that no correction was made for the fact 
that the angular resolution was not the same in all runs. 





Fic. 2. Angular distribution of the p-a laboratory differential 
cross sections at 66 and 147 Mev. Because of the logarithmic 
scale, the errors would not be apparent except at the largest 
angles and have therefore been omitted. 
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TABLE IT. Final cross sections and polarizations averaged over all the runs. Cross sections are in mb/sterad. 








da/dQ 
9o.m. lab 


Oiab 


do/dQ 
c.m. 





147 Mev 


2.46 
3.75 
5.07 
6.28 
7.54 
8.79 
10.05 
11.30 
12.56 
18.81 
21.92 
25.03 
31.21 
37.34 
43.43 
49.43 
55.37 
61.28 
66.99 
72.66 
78.23 
83.70 
89.08 
94.30 
99.45 
104.48 
114.20 
123.48 
132.38 
140.09 
149.12 
157.02 
164.83 
168.65 


2125+41 
240.6 +3.9 
66.0 +1.3 
34.1 +1.1 
59.2 +0.6 
64.7 +0.6 
67.6 +08 
66.4 +0.6 
65.3 +0.8 
46.2 +0.38 
31.8 +0.58 
23.6 +0.30 
10.5  +0.095 
5.71 +0.076 
3.36 +0.048 
2.17 +0.038 
1.54 +0.029 
0.951 +0.015 
0.532 +0.012 
0.337 +0.006 
0.183 +0.0038 
0.118 +0.0029 
0.068 +0.0019 
0.052 +0.0010 
0.040 +0.0009 
0.039 +0.0010 
0.026 +0.0014 
0.014 +0.0009 
0.0051=+-0.0004 
0.0049 +0.0003 
0.0045 0.0003 
0.0067 +0.0003 
0.0082 +0.0008 
0.0069+-0.0014 


1345+26 
152.4 +2.5 
41.8 +0.8 
34.3 +0.7 
37.6 +0.4 
41.1 +04 
43.0 +0.5 
423 +04 
41.6 +0.5 
29.7 +0.24 
20.6 +0.37 
15.4 +0.19 

6.95 +0.063 
3.85 +0.051 
2.32 +0.033 
1.54 +0.027 
1.12 +0.021 
0.720 +0.011 
0.414 +0.009 
0.272 +0.005 
0.153 +0.0032 
0.103 +0.0025 
0.062 +0.0017 
0.049 +0.0009 
0.040 +0.0009 
0.039 +0.0010 
0.030 +0.0016 
0.017 +0.0011 
0.0069+0.0005 
0.0071-+0.00043 
0.0069+-0.00044 
0.0110+0.00054 
0.0139+0.0014 
0.0119+0.0024 


—0,073+0.020 
0.019+0.019 
0.244+0.019 
0.437+0.019 
0.406+0.009 
0.415+0.009 
0.404+0.012 
0.416+0.009 
0.488+0.012 
0.642+0.009 
0.802+0.022 
0.844+0.010 
0.985+0.011 
0.748+0.015 
0.323+0.015 
0.1230.023 
-0.415+0.023 
~0.684-0.020 
—0.725+0.033 
-0.856+0.025 
—0.988+0.033 
—0.869+0.025 
-0,589+0.049 
~0.500-+0.030 
-0,241+0.045 
0.206+0.028 
0.219+0.075 
0.107+0.108 
-0.07 +0.15 
—0.34 +0.09 
~0.35 +0.09 
—0.09 +0.06 
-0.07 +0.07 
0.00 +0.15 


66 Mev 


12,52 
18.76 
24.97 
31.14 
37.26 
43.33 
49.34 
55.27 


159.4+1.7 
154.6+1.1 
119.0+0.8 
79.0+0.5 
48.1+0.34 
27.8+0.28 
15.20.26 
7.9+0.19 


In order to establish the absolute scale for the cross 
sections, the results of I were used. In I the scattering 
from carbon was measured under circumstances 
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Fic. 3. Angular distribution of the polarization in the laboratory 
system in p-a scattering at 66 and 147 Mev. 


0.112+0.007 
0.117+0.006 
0.111+0.006 
0.142+0.008 
0.129+-0.008 
0.100+-0.013 
10.8+0.18 0.083+0.023 

5.8+0.14 —0.014+0.035 


102.2+1.1 

100.0+0.7 
77.9+0.5 
§2.5+0.4 
32.6+0.23 
19.2+0.19 


identical to those of the present work, so it could be 
related directly to the absolute scale established for 
the proton-proton scattering. The error in the absolute 
cross section is 5%, as in I. 


Ill. RESULTS 


The results are listed in Table II, where the errors 
given do not include the error in the absolute scale. 
Data are plotted in Figs. 2 and 3, which show the 
laboratory cross section and polarization as functions 
of laboratory angle. The angular resolution in the 
laboratory system is 1°, 2.5°, and 5° in the ranges 
2°<< 10°, 15°<@< 120°, and @>120°, respectively. 

Comparison with the work of other laboratories is 
made in Figs. 4 and 5. In these, the laboratory cross 
sections and polarizations have been plotted against 
the momentum transfer g=2k sin(@/2), in order to 
take energy differences into account. It must be 
pointed out that the 93-Mev results of Kruse, Selove, 





CORMACK, PALMIERI, 





206 MEV (6) 


93 MEV (5) 
> — 312 MEV (3) 











q (fermi) 


Fic. 4. p-a laboratory differential cross section at several 
energies. The energy differences are accounted for by plotting 
the cross section against g= 2k sin(6/2). Smooth curves have been 
drawn through the experimental points. Numbers in parentheses 
are the references to the experimental data. The 93- and 206-Mev 
results are not corrected for absorption losses in the counter 
telescopes. 


and Teem,® and the 93-Mev and 206-Mev results of 
Gotow® are not their final results, and absorber cor- 
rections have still to be applied, which might be about 
15% at small angles and which will drop to zero at 
large angles. The cross sections will thus be increased 
when this correction is made, but presumably Gotow’s 
polarization measurements should not be appreciably 
changed. & is the laboratory momentum. 

The principal features of the cross-section variations 
are as follows. (a) From 40 Mev to 147 Mev, the 
Coulomb interference dip has about the same size, 
while at 206 Mev it seems to have almost disappeared. 
Unfortunately the range of g for the 312-Mev data 
does not extend to small enough values to give informa- 
tion on this point; the disappearance of the Coulomb 
interference dip is to be expected, however, from data 
on carbon and shows a vanishing of the real part of 
the scattering amplitude. (b) For g=0.5, that is, just 
outside the Coulomb interference region, the cross 
section varies quite accurately as (1/E) for E from 40 
Mev to 147 Mev, provided the 93-Mev results are 
increased by the absorber correction of about 15%. 
For this range of energies the variation of cross section 
may be represented by a simple power law even for q¢ 
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as large as 1.25, where it is (1/£)*-*. The 206-Mev 
and 312-Mev cross sections do not conform to a simple 
power law, consistent with the lower-energy results, at 
any value of g. However, the variation of cross section 
with £ for constant g is quite systematic as is shown 
in Fig. 6. Values interpolated from Fig. 4 have been 
used as the “experimental” points, and a certain 
amount of imagination has been exercised in drawing 
the curves. The principal feature of Fig. 6 is the 
occurrence of a minimum cross section, omin, at an 
energy Emin for a given g, and the shift of Emin to 
smaller energies with increasing g. It is not clear that 
these observations have any relevance. (c) For a fair 
range of q greater than 0.5, the cross sections may be 
represented by Gaussian functions of the form 
exp(—a*g?/2). For the 40-Mev to 147-Mev data, 
a~1.8 fermi [1 fermi (f)=10-" cm], while for 206 and 
312 Mev, a must be taken to be significantly less. 

The main feature of the variation of polarization 
with energy is the way in which the maximum value 
changes. As the energy drops, the first maximum 
increases from nearly 0.8 at 312 Mev to nearly 1 at 
206 Mev and apparently stays at that value down to 
147 Mev. Below this energy, it drops rapidly to about 
0.1 at 66 Mev. There are no experimental results 
between 66 Mev and 17 Mev, at which energy there is 
a measurement by Brockman.” However, Gammel and 
Thaler have calculated the polarization for energies 
up to 40 Mev by extrapolating phase shifts found 
from low-energy cross-section measurements. Their 
calculations show a continuation of the trend mentioned 
above, namely a steady drop in the value of the first 
maximum of polarization with decreasing energy. This 
leads to a reversal of sign, the first maximum and 
minimum being replaced by a large minimum and 
maximum at low energies. Brockman’s measurement 
is in agreement with these calculations at 17 Mev. 
Hence there is an energy near 40 Mev at which the 
polarization is almost zero for a large range of angles. 
For example, at 40 Mev, Gammel and Thaler find 
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Fic. 5. p-a polarization vs g at several energies. 
A few typical errors are shown. 


2K. W. Brockman, Phys. Rev. 108, 1000 (1957). 
13 J. L. Gammel and R. M. Thaler, Phys. Rev. 109, 2041 (1958). 
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Fic. 6. p-a laboratory differential cross section as a function 


of energy for fixed values of g. The 93- and 206-Mev data are not 
corrected for absorption in the counter telescopes. 


that the polarization is in the range —0.1 to 0.1 for 
0° < Bo.m.< 90°. 

In Fig. 7 are plotted smooth curves representing the 
polarizations measured at energies near 150 Mev for 
different spin-zero nuclei. Again the momentum transfer 
has been taken as the abscissa to take energy differences 
into account. The steady trend of the first maximum 
and minimum with atomic number is clear. The 
similarity between the 155-Mev results for carbon and 
the 147-Mev results for helium within the first peak 
will be commented on below. 


IV. DISCUSSION 


It has become conventional" to describe the nuclear 
scattering by complex nuclei by a central potential 
and a Thomas-type spin-orbit potential. We write 
this in the form 


1 dV,2(r) 
(1+78) Vi(r)+A2- L-S (1) 
r dr 
where A is the reduced Compton wave length of the 
proton. The optical-model potentials V; and V2 must 
be related to the nucleon-nucleon interactions in some 
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way, and some progress in this direction in a general 
way has been achieved by Tamor. The work of 
Bethe! and McManus and Thaler? has been more 
specific, and they have succeeded in relating the cross 
sections and polarizations observed in scattering from 
complex nuclei directly to the nucleon-nucleon phase 
shifts as inferred from experiment at 310 Mev. Before 
discussing their work in more detail, we make some 
observations on the relation of V; to V2 within the 
framework of the optical model. 

If V2=aV,, then in the first Born approximation the 
polarization, P, due to the potential (1) may be shown 
to bel! 
aBk? sind 


P(@) 


= —. (2) 
1+6?+4a7k! sin*é 


As has been pointed out by Malenka’ and Levintov 
et al.,!® the expression (2) for P is essentially positive, 
it has a single maximum, and it is independent of the 
shape of the potential. Comparison with the polariza- 
tion data of Figs. 5 and 7 shows that (2) is a very poor 
approximation to the measured values except perhaps 
well within the first diffraction minimum, and it does 
not reproduce any of the large variations of the polar- 
ization. For various reasons, the discrepancy cannot 
be blamed on a failure of the Born approximation. 
Levintov" and Kohler'® have shown that Eq. (2) is 
true under conditions much less stringent than the 
conditions for the validity of the Born approximation. 
They do not need to assume V; small, but only V2 
small if Vi(r) « Vo(r). 

The Kohler-Levintov theorem breaks down near the 
diffraction minima and the characteristic feature is a 
dip in the polarization curve at these points, followed 
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Fic. 7. Measured polarizations in the elastic scattering of protons 
by various spin-zero nuclei, plotted against q. 
4S, Tamor, Phys. Rev. 97, 1077 (1955). 
18 B, J. Malenka, Phys. Rev. 95, 522 (1954). 
16 Levintov, Miller, and Shamshev, Nuclear Phys. 3, 221 (1957). 
177, I. Levintov, Doklady Akad. Nauk S.S.S.R. 107, 240 (1956) 
(translation: Soviet Phys. Doklady 1, 175 (1956) }. 
18H. S. Kohler, Nuclear Phys. 1, 433 (1956). 
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by a rise to the Born approximation curve at larger 
angles. Exact numerical solutions of the Schrédinger 
equation have been calculated by Bjorklund ef ai.® 
using Riesenfeld-Watson potentials and again assuming 
V,«V». These reproduce the dips in the polarization 
for heavy nuclei only moderately, but fail completely 
for helium at angles of about 60° where the experimental 
result is close to —1 and the theory is close to +1. 
Lastly, Malenka’® has shown that substantial negative 
polarizations may be obtained even in the Born 
approximation if V; and V2 are not assumed pro- 
portional. Hence we conclude, with Levintov et ai.,'® 
that it is very unlikely that the assumption V;< V2 is 
true. 

This is supported from a different point of view by 
the aforementioned work of McManus and Thaler,? 
which extends the work of Bethe.! They describe the 
small-angle scattering from complex nuclei by a Born 
approximation scattering amplitude gz(E,g) which 
they write 


ge(E,q)=M (E,q)F(Q)N. 


(3) 


M(E,q) is the two-nucleon scattering amplitude, 
averaged over the spin directions of the target nucleons, 
and corrected for differences between two-nucleon and 
nucleon-nucleus scattering kinematics. F(g) is the 
nuclear form factor, which, since it depends only on 
the distribution of nucleons in the nucleus, ought not 
to depend on £, the energy of the incident nucleon. 
N is the number of nucleons in the target nucleus. 
For spin-zero nuclei, M may be written as the sum of 


two complex amplitudes 
M (q)=A (q)+C(q)on, (4) 


where a, is the component of the spin (of the incident 





L 


10 
i?) 0.5 





qifermi) 15 

Fic. 8 Comparison of experimental p-a differential cross sections 
(in the laboratory system) with the KMT™ calculations (solid 
curves). The theoretical curves have been normalized to the 
experimental results by multiplying the former by factors of 
0.39, 0.42, 0.42, and 0.60, respectively, as the energy increases 
from 40 to 310 Mev. F (gq) is the form factor. 

19 Bjorklund, Blandford, and Fernbach, Phys. Rev. 108, 795 
(1957). 
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proton) perpendicular to the plane of scattering. In 
their analysis, McManus and Thaler derive four 
mean-square radii (a”),, n=1, 2, 3, 4. The first two arise 
from the spin-independent amplitude and the second 
two from the spin-dependent amplitude. In their calcu- 
lations for carbon, they assumed that F(g) was derived 
from the charge distribution as determined by electron 
scattering, and they found that the averages of the two 
pairs, which give radii of V; and V2, respectively, in a 
rough way, were indeed different and varied quite con- 
siderably with energy. This adds considerable support 
to the conclusion that V, is not proportional to V». 
The work of McManus and Thaler has been extended 
by Kerman, McManus, and Thaler,” hereafter referred 
to as KMT. With the expression (4) for M, they write 


(do/dQ) y»= (2N)*L| A |?-+|C|?]F2(q), (5) 
P=2 Re(A*C)/(|A|?+/C]?), (6) 


where A and C are calculated from the two-nucleon 
phase shifts derived from the Gammel and Thaler 
potential.” 

A comparison of experimental results with the KMT 
calculations is made in Figs. 8 and 9. In the former, the 
KMT results are represented by (2N)*[|A|?+/C|?], 
normalized to experiment at g~0.5, plotted as functions 
of qg for various energies. The experimental results are 
represented by the measured cross sections divided by 
F*(q). The form factor has been found from the Stanford 
results,” which show that at both 185 Mev and 400 
Mev, electron scattering may be represented by a 
Gaussian form factor with a mean square radius of 
2.59 f?. This value for the mean square radius should 
not be used for F(qg) in Eq. (5), since it includes the 
proton charge distribution, which has a mean square 
radius of 0.64 f°. The proper value for F(g) is the mean 
square radius of the distribution of nucleon centers, 
which is found from the Stanford results by subtraction 
and is 1.95 f*. A Gaussian function with this mean 
square radius has been used for F(q) in calculating the 
experimental points of Fig. 8. This ignores the effect of 
multiple scattering. The effect of the multiple-scattering 
correction will be to increase the experimental values; 
for small angles and light elements, this increase will 
be by a constant though not very well determined 
factor. This can be seen, for example, by an explicit 
calculation on the optical model. Even a radius derived 
from an extreme case of an opaque disk is only 12% 
different from that derived from the optical model. 

If the nucleon-nucleon scattering amplitudes were 
constant with angle, the theoretical curves in Fig. 8 
would be horizontal straight lines. We have clear 
evidence of the necessity of introducing this variation 
and its qualitative change with energy. The quantita- 


2% Kerman, McManus, and Thaler (private communication). 

21 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 

*R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews Inc., Palo Alto, 1957), Vol. 7, p. 231. 
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Fic. 9. Polarizations from inelastic 
scattering from several elements,?° com- 
pared with the p-a elastic scattering at 





147 Mev in this experiment and with 
the theoretically predicted p-a polariza- 
tion at 156 Mev.” Energy differences 
are taken into account by plotting 
P vs Oiap X (E/147)4. 





CARBON 173 MEV, 4.4 MEV LEVEL 
155 MEV, 4.4 MEV LEVEL 
135 MEV, 4.4 MEV LEVEL 
173 MEV, 9.6 MEV LEVEL 
135 MEV, 9.6 MEV LEVEL 
CALCIUM 173 MEV, 3.7 MEV LEVEL 
OXYGEN 173 MEV, 6.0 MEV LEVEL 
HELIUM ELASTIC, 147 MEV 
KERMAN, McMANUS, THALER, I56 MEV (20) 
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tive agreement is bad. At 93 Mev and 147 Mev there 
is evidence of the constant ratio between the KMT 
calculations and experiment, which is to be expected 
from the multiple-scattering correction. What is most 
surprising is the disagreement at 312 Mev, since the 
experimental results figure so largely in the determina- 
tion of the constants of the Gammel and Thaler 
potential, and hence of their phase shifts. 

The agreement between experiment and the KMT 
calculations of the polarization (shown in Fig. 9) is 
encouraging. It is far better than would be obtained 
from a potential of the form (1), with V2=aV,, by a 
Born approximation or even a partial-wave calculation 
with a high-energy approximation to the phase-shifts. 
In common with other calculations, those of KMT fail 
to give a value of very nearly one for the first maximum, 
but they do not fail as conspicuously. They reproduce 
the trend towards the first minimum with considerable 
success. It should be noted [Eq. (6)] that P is in- 
dependent of the form factor; thus the agreement 
between theory and experiment is a measure of the 
accuracy of the calculation of M and its angular 
dependence from the nucleon-nucleon phase shifts. 

Calculations of a similar nature to those of KMT 
have been made by Singh and provide roughly the 
same agreement with experiment as those of KMT. 
Recent calculations by Cromer, which extend the 
work of Bethe! by using better approximations, have 
been able to reproduce the polarization of +1 measured 
in the forward direction. 

1, S. Singh (private communication). 

% A. Cromer (private communication). 
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The polarization data at 66 Mev show agreement 
with the polarization at small angles from carbon” at 
this energy, and with the KMT calculations. This 
suggests that multiple-scattering corrections still do 
not affect the polarization at 66 Mev. The high polar- 
ization in p-a scattering at a few Mev’ is a different 
phenomenon, where multiple off-energy-shell scattering 
is dominant; the transition appears to occur about 40 
Mev, and here there is no polarization at small angles. 
These general features therefore suggest that the 
search for an analyzer in the small-angle region at 
this energy is hopeless. The large-angle region is not 
very useful because of the low cross section. 

Figure 9 shows the polarizations measured in inelastic 
scattering from a number of levels in different elements, 
together with smooth curves representing our 147-Mev 
elastic p-a measurements and the theoretical p-a curve 
of KMT. The inelastic data have been taken from 
Hillman, Johansson, and Tyren.** KMT have shown 
that for inelastic scattering, where spin flip is un- 
important, the polarization should be the same as that 
for elastic scattering for angles such that the form 
factor is unimportant (i.e., unity). Maris’? had already 
shown this for the special case of collective nuclear 
excitation. 

The cross section at backward angles falls off as 
1/E’. This is known as the “pickup” region of a triton. 
The extreme dependence on energy is in accordance 
with a rapid fall in the momentum distribution of these 

*6 J. Dickson (private communication). 

26 Hillman, Johansson, and Tyren, Nuclear Phys. 4, 648 (1957). 

27 Th. A. J. Maris, Nuclear Phys. 3, 213 (1957). 
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tritons. The polarization of the pickup alpha is positive 
(opposite to that of the proton), and the curve convex 
to the angle axis. This same behavior is noticed in the 
study of pickup deuterons from carbon** and in the 
study of neutron production from complex nuclei by 
protons.” 

A more exact analysis will be made at a later date, 
by which time we hope to have completed some 
triple-scattering measurements, which will determine 
the relative phases of the spin-dependent and spin- 
independent scattering amplitudes. 

28 P. F. Cooper, thesis, Harvard University, 1958 (unpublished). 

*%S. G. Carpenter and R. Wilson, Phys. Rev. 113, 650 (1959). 
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Angular Correlation Measurements in O}*+ 
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An accurate measurement of the energy of a gamma transition from the 7.56-Mev level in O' discloses 
that the transition takes place to the 5.19-Mev level in O"' rather than to the 5.25-Mev level. Another transi- 
tion takes place through the 6.15-Mev level. The third known transition occurs through the 6.79-Mev level 
rather than through the 6.86-Mev level. The angular correlations of cascades from the 7.56-Mev level 
through the levels at 6.79 Mev, 6.15 Mev, and 5.19 Mev are measured. These results, combined with previ 
ous results on these levels, are consistent only with J7=3+ and }-, respectively, for the 6.79-Mev and 
6.15-Mev levels. For the 5.19-Mev level, the present results indicate J=}, but are consistent also with 
J =}j, if a suitable mixing ratio of £2 to M1 radiation is chosen. The preferred assignments are all consistent 
with the shell-model predictions and with comparisons with the N™ level scheme. It is noted that the doub- 


lets near 5.2 Mev in O" and N"® are reversed in order. 


INTRODUCTION 


HE recent discovery of the 5.19-Mev and 5.25- 
Mev states in O', by means of the O!*(He*,a)O 
reaction,’* has opened the question of whether the 
observed y transitions from higher levels in O" occur 
to one or both of these states. The 7.56-Mev level is 
known to emit gamma rays‘ of energy 2.4+0.1 Mev 
as well as gamma rays of energies 1.39 and 0.77 Mev, 
with relative intensities in the ratio 2:8:3. This level 
occurs as a resonance in the reaction N“(p,y) at 277 
kev.! The expected energies of the transitions to the 
5.2-Mev doublet are 2.31 and 2.37 Mev. Because of this 
appreciable difference in gamma energies, an experi- 
ment was planned to measure accurately the transition 
energy. The 7.56-Mev level is known to be }* from 
t Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
*On leave from The “J. Stefan” Institute, 
Yugoslavia. 
1 F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. (to be 
published). 
2 Allen, Middleton, and Hinds (private communication). 
3B. Povh, Phys. Rev. 114, 1114 (1959). 
4R. E. Pixley, Ph.D. thesis, California Institute of Technology, 


1957 (unpublished). 
5 Johnson, Robinson, and Moak, Phys. Rev. 85, 931 (1952). 
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proton elastic scattering measurements,!* and the 
known isotropic gamma-ray distributions.*:* The doub- 
let, on shell-model considerations,’ is expected to be 3+ 
and $+. These spin assignments would favor the }+ — 3+ 
transition, rather than the } — $+ transition, leading 
to the hope that only one member of the 5.2-Mev 
doublet would be involved in the cascade. 

Information on the spin of the intermediate state can 
be obtained by angular correlation measurements. 
Measurements have already been made by Gorodetzky 
ef al.§ on transitions from the 8.28-Mev 3* level to the 
5.2-Mev doublet. Unfortunately, no distinction could 
be made between the members of the doublet, both of 
which should act as intermediate states. The measured 


6 The angular distributions of the three low-energy gamma rays 
have been recently remeasured at the Kellogg Radiation Labora- 
tory, and are found to be isotropic within 2%. The high-energy 
gamma-ray distributions are also consistent with isotropy. S. 
Bashkin (private communication) reports that his latest results 
are also in agreement with isotropy, superseding the earlier report 
of oo [Bashkin, Carlson, and Nelson, Phys. Rev. 99, 107 
(1955) ]. 

7E, Halbert and J. B. French, Phys. Rev. 105, 1563 (1957). 

8 Gorodetzky, Gallmann, Croissiaux, and Armbruster, Nuclear 
Phys. 6, 517 (1958). 
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average angular correlation was found to be consistent 
with $ or $, assuming that only one level contributed. 

The choice of the 7.56-Mev level as the initial level 
has the advantage that the angular correlations with 
5* as the initial state are stronger than they would be 
with $* as the initial state. On the other hand, the yield 
of radiation from the 7.56-Mev level is low. In spite of 
the latter disadvantage, it was decided to measure 
the anisotropy of the known cascades from the 7.56-Mev 
level. 

In addition to the cascade through the 5.2-Mev 
doublet, there is a cascade through a state at 6.15 Mev, 
thought to have negative parity and with a spin® <3. 
There is also a third cascade through one or both of the 
levels at 6.79 and 6.86 Mev. These are known, from 
N"(d,n)*" to be of positive parity with spin } or 3. 
The experiment has been planned to investigate all 
these cascades simultaneously. Estimates of the lifetime 
of the intermediate states show that they should be 
<10~ sec, and this is sufficiently short that no weaken- 
ing of the expected angular correlations can be expected 
from this source. 


METHOD 


The target used was thick tantalum nitride, formed 
by heating 0.005-inch tantalum sheet to a bright red 
heat in an atmosphere of commercial ammonia. The 
target has been stable under bombardment with a pro- 
ton beam sufficient to make it red hot, and a decrease 
of only 20% in the yield of gamma rays has been 
found after a total bombardment of 2.5 coulomb. The 
rate of contamination of the target by decomposed oil 
vapor is decreased by keeping the target red hot. The 
gamma spectra at the beginning and the end of the 
experiment were identical, and inspection of the target 
surface disclosed no visible contamination. Beam cur- 
rents during the experiment were between 20 and 35 
microampere of protons at an energy of 287 kev, just 
above the resonance energy. The proton beam was 
supplied by the 600-kv electrostatic accelerator in the 
Kellogg Radiation Laboratory, and was stabilized with 
electrostatic and magnetic analysis. 

The initial aim of measuring accurately the energy of 
the 2.4-Mev transition was accomplished by a coinci- 
dence experiment. This was necessary because the 2.4- 
Mev radiation is weak, and does not stand out clearly 
from the background of 5.2-, 6.2-, and 6.8-Mev radia- 
tion. A 4X4-inch Nal crystal mounted on a Dumont 
6364 photomultiplier was used, and a single-channel 
analyzer selected pulses corresponding to loss in the 
crystal of energies between 3.5 and 8 Mev. A 1.5X1.5- 
inch Nal crystal, mounted on a Dumont 6292 photo- 
multiplier, detected lower energy gamma rays from the 
target. A 100-channel analyzer was used to display the 


® Evans, Green, and Middleton, Proc. Phys. Soc. (London) 
A66, 108 (1953). 
10 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 
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Fic. 1. The target and counter geometry with the two alterna- 
tive positions of the 1.5X1.5-inch Nal crystal used in the angular 
correlation experiment. 


spectrum of pulses in coincidence with those from the 
4-inch crystal that were counted in the single-channel 
analyzer. This 1.5-inch crystal was chosen for good 
energy resolution. Because of the low counting rate in 
both crystals, the nominal 2-usec resolving time of the 
100-channel analyzer was adequate. For maximum 
counting rates, both crystals were mounted with their 
front surfaces less than 1 inch from the target spot. 
Approximately 8 hours of bombardment was needed 
to accumulate good statistics in the total absorption 
peak of the 2.4-Mev gamma ray, but this was broken 
up into half-hour runs, with an energy calibration 
before and after each run. This energy calibration used 
a ThC” source at a low count rate, so that the gain of 
the photomultiplier would not be disturbed. None of 
the runs showed a change of gain greater than 0.5%. 
Other calibration points used in the final energy meas- 
urement were the Co® radiation and the annihilation 
radiation observed in the coincidence spectrum. 

For the angular correlation measurement, it was 
necessary to improve the angular resolution of the 
counters. This was done at a sacrifice in counting rate 
by moving the crystals so that their front surfaces were 
each 2 inches distant from the target. Figure 1 shows 
the target-counter geometry. Since the initial 7.56-Mev 
state in O'8 has J™=}+, the magnetic substates are 
uniformly populated, and the correlation function is 
independent of the direction in space of the plane con- 
taining the target and the two counters. The correlation 
is also independent of the direction of the counter de- 
tecting the first radiation. For convenience, a horizontal 
plane containing the beam was chosen, and the counter 
detecting the high-energy radiation was at a fixed angle 
of 45° to the beam. 

The coincidence counting rate was such that a bom- 
bardment of 18 hours was needed at each angle meas- 
ured. For this reason, only two angles were measured, 
with the two counters 180° or 90° apart. Runs, each of 
approximately one-hour duration, were made alter- 
nately at the two angles. Each run lasted until 105 
counts had accumulated in the single-channel analyzer 
measuring the high-energy radiation. This method of 
monitoring the reaction is preferable to integrating the 
beam current because it is unaffected by loss of nitro- 
gen. The beam current was sufficiently steady that the 
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Fic. 2. A spectrum of low-energy radiation from N'*(p,7). The 
detector was a 1.5X1.5-inch Nal crystal 2 inches from the target 
and at 135° to the beam. The total charge on the target was of the 
order of 40 000 sxicrocoulombs. 


time-dependent background in the single-channel anal- 
yzer [about 1% of the count due to N'(p,y) ] did not 
change appreciably from run to run. 

The target spot was limited to an area 4 mm wide by 
8 mm high. The vertical axis of this rectangle coincides 
within 0.2 mm with the axis about which the 1.5-inch 
crystal rotated. A shift of the beam spot laterally by 
0.3 mm would be expected to change the ratio of counts 
in the monitor to counts in the movable counter by 1%. 
Before starting the coincidence measurements, a check 
was made to ensure that the count rate in the movable 
counter was the same at the two positions where it was 
intended to count coincidences. The target was normal 
to the beam. The target absorption correction for radia- 
tion to the counter when it was at 45° to the beam was 
only 1%. By integrating the beam current and alter- 
nating angles every 9000 microcoulomb up to a total of 
36000 microcoulomb at each angle it was found that 
the singles spectra recorded at the two angles were 
indistinguishable to better than 1%. At the same time, 
the single-channel analyzer recorded about 54000 
counts for each of the two runs. These also agreed to 
better than 1%, showing that the single-channel anal- 
yzer was a Satisfactory yield monitor, and was not 
affected appreciably by differing amounts of radiation 
scattered from the movable counter at its two positions. 
By limiting the current to 20 microampere, loss of 
nitrogen was prevented during this run. 

At the end of the experiment, singles spectra were 
again recorded with the 1.5-inch crystal at angles of 
135° and 45° to the beam. The spectra were of the same 
shape as the initial spectra, and the yields at 135° and 
45° were still identical. Figure 2 shows a singles spec- 
trum with the 1.5-inch crystal at an angle of 135° to the 
beam. This figure also illustrates the difficulty of precise 
energy measurement of the 2.4-Mev gamma ray in the 
presence of the higher energy radiation. 

During the experiment, the beam alignment on the 
target, the gain of the monitor counter, and the gain of 
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the movable counter were all checked periodically and 
found to be satisfactory. In addition, a 60-cycle pulser 
was used to insert pulses into the preamplifier for the 
movable counter. Thus, a continuous record of the am- 
plifier gain for the movable counter was obtained, as 
there were approximately 30 accidental coincidences 
per hour due to the pulser, and these formed a peak in 
an unused portion of the spectrum. 

In order to compare the measured angular correla- 
tions with the theoretical ones, the latter must be modi- 
fied to take into account the finite solid angles subtended 
at the target. The method used was that described by 
Rose," and the coefficients obtained are shown in 
Table I, using Rose’s notation. These coefficients are 
almost independent of the assumed absorption coeffi- 
cient, so that only an average value is presented. 


RESULTS 


Figure 3 shows the coincidence spectra obtained. The 
observed gamma-ray energies were 0.76+0.02 Mev, 
1.38+0.02 Mev, and 2.38+0.02 Mev. For the 0.76-Mev 
gamma ray, the result clearly favors the transition 
from the level at 7.56+0.005 Mev to the level at 
6.79+0.01 Mev rather than to the level at 6.86+0.01 
Mev. An upper limit to the intensity of the transition 
to the 6.86-Mev level is 25% of the intensity of the 
0.76-Mev gamma ray. Any larger percentage would 
have shifted the peak energy and noticeably distorted 
the total absorption peak in the coincidence spectrum. 
The 1.38-Mev gamma ray is associated with the transi- 
tion to the level at 6.15+0.03 Mev, and the spectrum 
indicates that only a single gamma ray is involved. 

The 2.38-Mev gamma ray corresponds to the transi- 
tion to the level at 5.19+0.01 Mev. To confirm the 
energy calibration and check the expected spectrum 
shape, a spectrum of C”(p,7y) was taken at a proton 
energy of 450 kev, using a semithin carbon target. This 
spectrum is also shown on Fig. 3(a). Most of the radia- 
tion from this target is expected to have an energy of 
2.35 Mev.! The total absorption peak of this radiation 
was located one channel (0.03 Mev) below the peak in 
the coincidence spectrum from N'*(p,7), and the width 
at half height was 3.5 channels. This result confirms the 
energy calibration of the coincidence spectrum and 
shows that the coincidence spectrum is mainly due to 
one gamma ray. The transition to the 5.25-Mev level 


TABLE I. Resolution correction factors." 


Js/Jo 


0.797 
0.312 





J2/Jo 


0.935 
0.732 


Crystal 


1.5-inch 
4-inch 








« The expected experimental angular correlations are obtained from the 
theoretical ones by multiplying the coefficient of P2(cos@) in the theoretical 
correlation by the products of J2/Jo for each crystal, and similarly for the 
coefficient of P4(cos#), using J4/Jo. 


1M. E. Rose, Phys. Rev. 91, 610 (1952). 





ANGULAR CORRELATION MEASUREMENTS 


must have a strength less than 25% of the strength of 
the 2.38-Mev transition. 

In Figs. 3(a) and (b), the spectrum shape from 
channel 73 down to channel 43 is consistent with that 
expected from a single gamma ray. Above channel 73, 
a uniform background averaging 6 counts per channel 
was observed. Accidental coincidences and cosmic rays 
account for only 30% of this background. The remain- 
der is thought to be due to true coincidences in which 
high-energy electrons from 6-Mev gamma rays lose just 
enough energy in the 4-inch crystal to open the coinci- 
dence gate. They then escape from the 4-inch crystal 
and enter the 1.5-inch crystal, losing 2 to 3 Mev in the 
latter. Another possibility is that one member of a pair, 
produced in either crystal or in the lead shielding, 
enters each crystal. An approximate calculation of the 
probability of a single electron activating both counters 
gave a result of the correct order of magnitude. The 
background, measured over the spectrum from channel 
74 to channel 93, appeared to be the same for the two 
positions of the movable counter. This background is 
assumed to be constant in magnitude over the whole 
spectrum used. 

The anisotropy A is defined as J(180°)/J(90°)—1. 
To calculate the anisotropy observed for the 2.38-Mev 
gamma ray, the number of coincidence pulses between 
channels 45 and 75 was determined at each angle. From 
this total, an equal amount of background at each angle 
was subtracted. This background, accurate to 10%, 
amounted to less than 20% of the total count. The 
anisotropy had the value A(2.38)=+0.01+0.03. The 
error given is the probable error due to the counting 
statistics, and includes the background subtraction. 

The anisotropy of the 1.38-Mev gamma ray was 
calculated in two ways. In the first calculation only the 
pulses in the total absorption peak were counted (be- 
tween channels 35 and 43). From this was subtracted 
an equal number of pulses at each angle, corresponding 
to the background and the pulses due to the 2.38-Mev 
gamma ray. In the second calculation, pulses in the 
Compton peak (channels 26 to 35) were also included. 
As before, an equal number of pulses was subtracted at 
each angle. In both calculations, the number of pulses 
subtracted was about 10% of the total number. An 
anisotropy of 0.18+0.03 was obtained for the first 
calculation and the second calculation gave 0.15+0.02, 
so that an average value of +0.165+0.03 was taken for 
A (1.38). 

For the 0.76-Mev gamma ray, the number of pulses 
to be subtracted is substantial and less certain. An ini- 
tial calculation was made of the number of pulses be- 
tween channels 17 and 23. From these were subtracted 
(1) an equal contribution at each angle (about 5% 
of the total) due to the 2.38-Mev gamma ray and the 
background, and (2) a number of pulses (about 35% 
of the total) due to the 1.38-Mev gamma ray. The ratio 
of the number of pulses, due to this gamma ray, sub- 
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Fic. 3. (a) The coincidence spectrum with the two counters 
180° apart. Also shown is the spectrum of 2.35-Mev radiation 
from C!*(p,y). (b) The coincidence spectrum with the two counters 
90° apart. For (a) and (b), the monitor counter registered 1.65 
X 108 counts. The peak at channel 96 is due to accidental coinci- 
dences between a 60-cycle pulser and the coincidence gate opened 
at an average rate of 30 times per second. 


tracted at each angle, was determined from the mean 
experimental value of the anisotropy of the 1.38-Mev 
gamma ray. The actual number of pulses subtracted 
was determined by a knowledge of the shape of the 
1.38-Mev and 0.76-Mev gamma spectra. The anisotropy 
with no subtraction due to the 1.38-Mev gamma ray 
was 0.19+0.02, and the anisotropy with an excessive 
subtraction was 0.21+0.03. An intermediate value of 
+0.20+0.03 was taken for A (0.76). 

The theoretical anisotropies were calculated for in- 
termediate state assignments of 3+ and $+. For 3+, the 
angular correlation must be isotropic. The initial state 
was known to be $+ and the final state assumed to be 
}-. The latter assignment is supported by a comparison 
with the N¥ ground state. It was assumed that M2 trans- 
itions would not compete with F1 in the 3+ — 3+— }- 
cascade. A mixing ratio 6 was allowed for the amplitudes 
E2/M1. Similarly, it was assumed in the 3+ — }# — }- 
cascade that M3 transitions would not compete with 
£2, but a mixing ratio 6 was allowed for E3/M2. 

Figures 4 and 5 present the theoretical anisotropies 
corrected for the geometry of the experiment by means 
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Fic. 4. The expected anisotropy for the transition } — } — }, 
modified by the experimental geometry. The anisotropy is plotted 
as a function of the mixing ratio 6= (amplitude of £2 radiation) / 
(amplitude of M1 radiation). The function 1/4 is used when |6| 
exceeds unity. The experimental results are included. 


of the factors in Table I. The anisotropy is plotted for 
each assignment of the spin of the intermediate level 
as a function of the mixing ratio 6 or 1/6. Included in 
Figs. 4 and 5 are the experimental results just described. 


DISCUSSION 


1. 6.79-Mev level.—The spin assignment of this level 
is already known, from N‘(d,n) stripping? measure- 
ments, to be $+ or $+. The 6.79-Mev and 6.86-Mev 
levels are not resolved in the stripping measurements, 
but both should be present. At the neutron threshold, 
the 6.79-Mev level is populated more strongly,! show- 
ing that it has a relatively large proton reduced width. 

The observed anisotropy of +0.20+0.03 is definitely 
inconsistent with spin $+ for the 6.79-Mev level. In 
addition, the minimum anisotropy expected for a 3+ 
assignment is +0.27, which is outside the probable 
error. The experimental evidence is consistent only with 
a spin assignment of $ and with a mixing ratio 6 
=0,08+0,03 or —2.1+0.2. The most likely mixing is 
an intensity (6*) of 0.6% of E2 compared with M1, 
occurring in the 0.76-Mev transition since the 6.79-Mev 
level has positive parity. 

2. 6.15-Mev level—The previous experimental evi- 
dence on this level is less satisfactory. A stripping 
pattern has been observed’ at high deuteron energies, 
and the theoretical fit to the experimental distribution, 
assuming /,=1, is satisfactory for angles greater than 
15°. Below this angle, the theoretical curve shows a 
slight rise, while the experimental curve drops. How- 
ever, /,=1 gives the best fit, and this indicates that the 
level is <$~. A comparison with the N* level scheme, 
and shell-model considerations, would give this level 
an assignment $~. The anisotropy observed in this 
experiment is inconsistent with both 3 and $ spin as- 
signments. The probability of the anisotropy measured 
as +0.165+0.03 actually being as large as 0.27 (the 
minimum value expected for }) is less than 0.5%. 


F. HEBBARD 


Therefore, a firm spin assignment of $ can be made for 
this level, agreeing with N'® and the shell model. The 
possible mixing ratios are 6=0.12+0.03 or —2.3+0.2. 
The most probable mixing is an intensity (6°) of 1.4% 
of £2, occurring in the 6.15-Mev transition (assuming 
negative parity of the 6.15-Mev level). 

3. 5.19-Mev level.—There is no previous experimental 
information on the spin and parity assignment of the 
5.19-Mev level. The shell model’ predicts that the first 
two levels above the ground state should be positive 
parity with spins of } and 3. The two levels in O' at 
5.19 and 5.25 Mev should correspond to the pair of 
levels in N’® at 5.28 and 5.31 Mev. Some of the experi- 
mental information on these levels in N'® comes from 
N*(d,p) stripping distributions” which show that the 
5.28-Mev level has /, e: » that the spin and parity of 
the 5.28-Mev level is < $+. It may be argued that the 
5.28-Mev level is not $+ or $+ because it could then 
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Fic. 5. The expected anisotropy for the transition 3 — 3 — 3, 
modified by the experimental geometry. The anisotropy is plotted 
as a function of the mixing ratio 6= (amplitude of E3 radiation) / 
(amplitude of M2 radiation). The function 1/6 is used when [4{ 
exceeds unity. The experimental results are included. 


show an /,=0 contribution through impurities in the 
wave functions. These /,=0 contributions are not in- 
hibited by the centrifugal barrier, and are visible in 
most cases where both /,=0 and 2 are allowed by the 
angular momentum coupling, but not allowed by the 
shell model. No /,=0 contribution is visible in the case 
of the 5.28-Mev level, so it is presumably not allowed 
by the angular momentum selection rules. 

The 8 decay of C'® has been studied by Alburger 
et al., who find that 68% of the 8 decays are allowed 
transitions from the $+ ground state of C to the 5.31- 
Mev level of N'*. The ground state of C!® is now known 
to be $+ from the C'(d,p) reaction," so that the 5.31- 


2R. D. Sharp and A. Sperduto, Massachusetts Institute of 
Technology Annual Progress Report No. 125, 1955 (unpublished). 

18 Alburger, Wilkinson, and Gallmann, Bull. Am. Phys. Soc. 
Ser. II, 4, 56 (1959). 

14 W. E. Moore and J. N. McGruer, Bull. Am. Phys. Soc. Ser. IT, 
4, 17 (1959). 
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Mev level of N! is restricted to $+ or $+. The 5.31-Mev 
gamma ray to the ground state of N' has an internal 
conversion coefficient which agrees best with an E1 
transition,” confirming the spin assignment 3+ or 3+ for 
the 5.31-Mev level. No 6 decays were observed to the 
5.28-Mev level of N'®, and this implies that this level 
has a spin 23, agreeing with the argument in the pre- 
ceding paragraph. 

If these spin assignments in N! are transferred back 
to the O}8 doublet, we have that one of the levels in 
O} is expected to have spin $+ or $+, while the other is 
expected to have spin 3* or 3+. 

The experimental anisotropy of 0.01+0.03 is defi- 
nitely inconsistent with a } spin assignment for the 
5.19-Mev level in O. It is consistent with J=3, but is 
also consistent with J = 3 if a mixing ratio 6=0.27 +0.03 
or —3.7+0.3 is chosen. [These correspond to an in- 
tensity (6°) of 7% of £2 radiation mixed with M1 
radiation or vice-versa.] This means that the level 
order in this doublet is opposite to that found in N®. 
Such a reversal is possible due to the Thomas shift.!® 

If it is assumed that the 5.19-Mev level has spin 3 
and the 5.25-Mev level has spin 3, then the measured 
anisotropy places close limits on the contribution of the 
3 level to the cascade. A contribution of strength equal 
to 10% of the contribution through the 3 level would 
change the isotropy measurably, even if the contribu- 
tion of the $ state possesses its minimum anisotropy. 
This is a closer limit than can be obtained by inspection 
of the gamma spectrum. 


CONCLUSION 


Figure 6 is an energy level diagram of O!, showing 
the present state of our knowledge. All the information 


15 A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958). 
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0° 


Fic. 6. Energy level diagram of O''. The gamma transitions 
observed experimentally are shown. 


derived from this experiment is consistent with the 
shell-model predictions. One of the outstanding gaps in 
our knowledge of O' is the absence of a level, appar- 
ently a partner for the 7.16-Mev or 7.58-Mev level in 
N!, This would be expected near 7 Mev in O!, and 
would have been difficult to detect in the present ex- 
periment. In fact, no evidence was observed for any 
transitions other than those between known levels in 
Oo}, 
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Nuclear Spins of Silver-104 and Silver-106* 
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The nuclear spins of four neutron-deficient isotopes of silver have been measured by atomic-beam methods. 
The results are: for 27-min Ag™, J =2; for 1.2-hr Ag, J=5; for 24-min Ag™®, 7=1; and for 8.3-day Ag’, 
J=6. Of these, the result for 1.2-hr Ag! has not been reported previously. 


INTRODUCTION 


HE use of an auxiliary evaporator has made 

possible the unambiguous determination of the 
nuclear spins of several neutron-deficient silver iso- 
topes.' The spin measurements were made with an 
atomic beam magnetic resonance apparatus,” operating 
on the flop-in resonance principle.’ The beam was 
detected by its radioactivity, and the decay curve of 
each sample was analyzed to determine its composition. 
While the evaporator method outlined below could be 
used for measurements‘ on 40-day Ag! and 8.3-day 
Ag?® this has not been done. Rather, the shorter-lived 
(T;<1 hr) isotopes have been investigated, and the 
longer activities have been treated as a background of 
comparatively long half-life. This work roughly parallels 
that recently performed at Princeton® except with 
respect to the method of isotope production. 


ISOTOPE PRODUCTION 


Neutron-deficient isotopes are produced in the 
Crocker 60-in. cyclotron on the Berkeley campus of 
the University of California. This cyclotron delivers 
alpha particles, deuterons, or protons with an energy 
of nearly 12 Mev/nucleon in an external beam. Using 
a Pd target, the proton or deuteron beam is of sufficient 
energy to produce those silver isotopes having A > 104 
(the restriction is due to the low abundance of Pd!), 
The Pd(p,m)Ag reaction has been used* successfully to 
produce the isotopes with long half-lives and also the 
24- and 27-minute pair. These two, however, present a 
problem in identification. The half-lives are too nearly 
alike to get a definite isotope assignment from the 
decay of a given spin sample. To obviate this difficulty, 
the (a,kv) reaction on rhodium was used to make 
positive spin assignments. By suitably degrading the 

* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

t Professor of Physics in the Miller Institute for Basic Research 
in Science. 

t Present address: University of Washington, Seattle 5, Wash- 
ington. 
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Phys. Soc. Ser. II, 3, 370 (1958). 

? Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys. 
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* Ewbank, Nierenberg, Shugart, and Silsbee, Phys. Rev. 110, 
595 (1958). 


5 Reynolds, Christensen, Hamilton, Hooke, and Stroke, Phys. 
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energy of the alpha beam, any reaction for which k< 4 
can be made the dominant one. This means that any 
one of the isotopes or isomeric pairs for which 103< A 
< 106 can be produced preferentially. To determine the 
degradation of the beam that is necessary to produce 
isotopes of each value of A, a “‘stacked-foil” experiment 
was performed on rhodium. In this experiment, 12 
1-mil Rh foils were marked for identification and 
stacked in a target holder such that the alpha beam 
could not enter a given foil until it had penetrated all 
the preceding foils. After a cyclotron exposure to an 
integrated beam of about 10-15 wa-sec, the target was 
quickly broken open and the foils separated. Each foil 
was mounted for ease of handling on a standard beam- 
collecting “button.” The buttons were then rotated 
through four crystal counters and two continuous-flow 
gas B counters. Two of the crystal counters were set 
to count the silver x-rays, while the other two were set 
to count higher energy radiation 2100 kev. (The 
crystals are too thin to provide appreciable resolution 
for y rays in this energy range, but they do function 
with poor resolution and reduced efficiency.) The time 
required for a complete cycle, with 1-min counts in 
each counter, was ~20 min. This cycle time was sufh- 
ciently short that quite reliable decay curves were 
obtained, even for the half-hour activities. After the 
first cycle, it was clear that 10 mils of rhodium had 
stopped almost all the alpha beam. Therefore the decay 
of only the first ten foil samples was studied. The decay 
curve for each of these samples was then analyzed into 
two components: T7)~1 hr (Ag!,Ag™) and Ty~3 hr 
(Ag!,Ag®), The results of this analysis for the data 
taken in the crystal counters set to count high-energy 
radiation are shown in Fig. 1. The peaks of each curve 
are readily explained from known isotope data®* and 
are noted in the figure. This experiment gives enough 
information that it is possible to produce a silver isotope 
of given A with a minimum of contamination from 
adjacent isotopes. Proper degradation of the alpha beam 
thus provides a sharp separation of the two isotopes 
(104, 106) having approximately 30-min_ half-lives. 
Either of the isomeric pairs at these values of A can 
be produced as desired. The same should be true for 

6 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 

7J. D. Kraus and J. M. Cork, Phys. Rev. 52, 763 (1937). 


8M. L. Pool, Phys. Rev. 53, 116 (1938). 
9T. Enns, Phys. Rev. 56, 872 (1939). 
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Fic. 1. Stacked-foil 
experiment, showing 
the relative amounts 
of ~30-min and 
~ 60-min activity 
found on each of the 
ten 1-mil rhodium 
foils. Only nuclear 
gamma transitions of 
energy 2100 kev 
were counted. The 
upper scale gives the 
approximate energy 
of the alpha beam as 
it entered each foil. 
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A= 105, although no attempt was made here because a 
short-lived isomer has not been observed, while the 
40-day Ag’ is more conveniently produced from Pd. 
The available alpha energy is too low to give a com- 
plete separation of Ag! from the Ag™ pair, but the 
lighter isotope can be produced. Its nonintegral spin 
prevents any confusion with the 104-isotope of similar 
half-life. 
ISOTOPE SEPARATION 


Although some satisfactory results have been ob- 
tained by boiling the active silver directly out of the 
target palladium or rhodium,*® it is usually more 
desirable to have the silver separated from the target 
material before a run is made. The principal advantage 
is the increased control over and stability of the beam 
(Fig. 2). A secondary consideration is the lower tem- 
perature that can be used with the pure silver and the 
consequent decrease in problems of heat dissipation. 

The chemical separation of silver from palladium is 
straightforward.‘ This chemistry has been performed in 
a time short enough that a resonance of 24-min Ag! 
could be obtained. For the rhodium targets, a different 
procedure had to be employed, since rhodium is almost 
insoluble in the standard reagents. A method that 
couples speed with convenience has been used. 

In this method, the irradiated rhodium foil is placed 
in a tantalum “pot” which has a collimating snout in 
the lid. This pot is placed on pins in a vacuum and 
heated by electron bombardment until the rhodium 
melts. At the pressures used, the boiling temperature 
of silver is lower than the melting temperature of 
rhodium. Therefore, when the rhodium melts, the 
radioactive silver is released and escapes through the 
collimating snout. The snout is directed into a standard 
atomic beam oven, which is cooled by contact with 
water-cooled copper surfaces. After this evaporation 
process the oven is capped, and the experiment is 
performed in the usual way. A controlled amount of 
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Fic. 2. Comparison of beam stability (a) when the silver is 
diffusing directly out of the rhodium target, and (b) when the 
silver has previously been physically separated from the rhodium. 
All points have been corrected for the radioactive decay of 
the beam. 


stable silver is evaporated previously to act as a carrier 
for the radioactive beam. The minimum time required 
for this physical separation is about one hour. Since 
the half-lives of the shortest activities that are of 
interest here are about 3 hr, a high level of activity is 
necessary. A typical oven load may read 50 r/hr at 
8 in. before being capped. Most of the radiation is easily 
absorbed, however, and closing the oven lowers the 
level considerably. The most satisfactory runs were 
made with a monitored radioactive beam of 3000-4000 
counts/minute per minute of exposure. If the separation 
has been satisfactory, this level holds almost steady for 
about 3 hr, then falls suddenly as the oven is emptied. 
(Figure 2.) 
EXPERIMENT 

The standard atomic-beam spin determination experi- 
ment consists of a low-field measurement of the splitting 
of the upper angular momentum state (F=/+-J). In 
the Zeeman (low-field) region, where nuclear (J) and 
electronic (J) angular momenta are not decoupled, this 
splitting is proportional to the magnetic field, the 
electronic g factor, and the quantity 1/2F (for J=}; 
F=I]-++}). If the electronic g factor is known approxi- 
mately, then a knowledge of the transition field strength 
makes the splitting of the energy levels a function only 
of nuclear spin. In particular, corresponding to the 
discrete values of nuclear spin that are possible, there 
is a set of discrete energy differences, AW (J). If these 
energy differences are supplied successively by an rf 
oscillator, the probability of transitions among the 
energy levels is a maximum when the oscillator fre- 
quency satisfies the condition 


y= AW (1)/h. 
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Therefore the nuclear spin can be determined by a 
(usually) small number of tests for the occurrence of 
transitions among the levels as split by the small 
applied magnetic field. The atomic-beam apparatus 
makes possible the performance of these tests on a beam 
of/neutral atoms. In the flop-in apparatus, a transition 
in the uniform field region between two Stern-Gerlach 
deflecting fields is necessary in order to satisfy the 
focussing conditions of the apparatus. Thus, the occur- 
rence of such transitions is detected by an increase in 
the number of atoms that pass through the apparatus 
and reach the detector. If the atoms are radioactive, 
they may be collected on some surface, where they can 
then be counted. For the silver atoms, a satisfactory 
collecting surface is fused sulfur. The sulfur is mounted 
in a brass “‘button” for ease of handling. The buttons 
are designed to place the sulfur surface in a precisely 
reproducible position, (a) with respect to the beam in 
the apparatus, and (b) with respect to the sodium- 
iodide crystal or counting chamber in the counters. 

At the oven temperatures necessary to maintain a 
beam of silver atoms, a substantial fraction of the 
atoms have velocities so large that they can pass 
through the magnetic region of the apparatus without 
suffering a deflection large enough to cause them to 
miss the detector. In practice, this fraction may 
approach 50% of the radioactive beam. The fact that a 
fraction of the active beam can be detected in spite of 
the magnetic fields makes it possible to monitor the 
beam without disturbing the apparatus by turning off 
the deflecting fields. During exposures at possible reso- 
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Fic. 3. Spin search for 24-min Ag" at 5.7 gauss. 
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Fic. 4. Spin search for short-lived silver isotopes produced by 
the reaction Pd(p,n)Ag. The exposures for high spins were made 
at a higher field to prevent overlap of resonances. 


nance frequencies, where a very low signal must be 
identified, the fast fraction is cut out by a “stop wire” 
placed on the axis of the apparatus. This serves to stop 
all atoms that do not receive at least a certain minimum 
deflection, i.e., those atoms for most of which it is not 
possible to detect the desired rf transition. 

After the collector buttons have been exposed at the 
frequencies corresponding to the possible spin reso- 
nances, they are cycled through the counters as many 
times as are warranted by the counting rates. The 
resulting decay curves are analyzed by an IBM 650 
computer, which fits by least squares as many as five 
components of known half-lives and unknown ampli- 
tudes. Because of the low counting rates and the 
necessarily short counting periods, it is not normally 
possible to obtain a clear separation of two isotopes 
whose half-lives are nearly the same. In the described 
experiments, a maximum amount of information was 
usually obtained by analyzing the decay curves as being 
made up of two components, having half-lives of one 
hour and one-half hour. Separation of the shorter-lived 
isotopes is made absolutely by a knowledge of the 
dominant cyclotron reaction. The 1.2-hr Ag™ can be 
made the dominant reaction by slightly degrading the 
alpha beam. Furthermore, the 59-min Ag™ cannot have 
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Fic. 5. Spin search for ~1-hr silver activities. The exposure 
on [=} shows the separation of the two resonances, for Ag!® 
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an integral spin. There is thus almost no possibility for 
confusion in spin assignments. 

Since the atomic beam in the apparatus is not exactly 
steady during the experiment, it is necessary to apply 
some kind of normalization to the counting rates as 
they emerge from the counters. This is provided by 
periodic sampling of the fast fraction of the radioactive 
beam. The counting rates of these so-called ‘“‘half- 
beam” samples are plotted as a function of time. 
Usually, these points can be averaged by a smooth 
curve, from which a number proportional to the beam 
intensity can be obtained for any time at which a spin 
sample was exposed. After this normalization, an exami- 
nation of the results will show which spin sample 
contains an enrichment of each isotope. 


RESULTS 


The experimental results leading to the assignment of 
I=6 to 8.3-day Ag'® have been described previously.’ 
At that time the signal corresponding to 7=6 had been 
observed at several frequencies from 2.4 Mc/sec to 
15.7 Mc/sec. No further attempt has been made to 
identify the isotope more positively. 

The short-lived Ag'® isomer has been made from 
rhodium by degrading the alpha beam to ~23 Mev. 
This has been accomplished by placing a 21-mil thick- 
ness of aluminum on top of 1- or 2-mil rhodium foil. 
The decay of a sample of silver extracted from such a 
rhodium target shows almost pure 24-min Ag™®, With 
essentially only one isotope present, the spin identifica- 
tion must be by a comparison of normalized counting 


Ag!®4 AND Ag?!°6 617 
rates of samples exposed at frequencies corresponding 
to various integral spins. Such a comparison is made 
graphically in Fig. 3. The two exposures corresponding 
to [=1 were made before and after the rest of the spin 
search. Both show a higher normalized counting rate 
than the other possible spin values, thus verifying 
I=1 for 24-min Ag™, A signal with ~}-hr half-life has 
also been observed, using the (p,m) reaction on palladium 
(Fig. 4). The low abundance of Pd'™ would suggest 
that this signal was produced by Ag"®, but the rhodium 
bombardment provides conclusive evidence. 

The 1.2-hr isomer of Ag! is produced in abundance 
by the (a,3m) reaction on rhodium. A cover foil of 
5- to 7-mil aluminum on the 3- or 4-mil rhodium foil 
degrades the alpha beam sufficiently to peak the (a,3) 
reaction in the foil (Fig. 1). The ~1-hr signal obtained 
for a high spin was at first confused with the =} of 
Ag’, but more precise measurements at a higher field 
clearly separated the two resonances. A complete spin 
search at 5.7 gauss is shown in Fig. 5. A sample was 
also exposed for J=4 to illustrate the separation. The 
availability of comparatively large quantities of 1.2-hr 
Ag'™ isotope (even after allowing the 27-min isomer to 
decay) makes it one of the easiest short-lived silvers 
with which to work. The reduced size of the J=4 
signal is presumed to be due to the difficulty of causing 
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Fic. 6. Spin search for 27-min Ag! at 6.8 gauss. The strong 
signal on J=5 is due to ~1-hr Ag!, The exposure for J=1 
appears higher than it should be (see Table I). 
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TABLE I. Analysis of spin exposures confirming the resonance 
of 27-min Ag™ on spin 2. 


1.2-hr Agi 
(counts/min) 


33 (2) 
35 (2) 
34 (2) 
1113 (9) 


27-min Ag'™ 


Exposure (counts/min) 


1 0 (3) 
2 30 (4) 
3 6 (3) 
207 (17) 





“Half-beam”’ 


the (a,4m) reaction with the available energy of ~45 
Mev (the aluminum cover foil for the illustrated experi- 
ment was only one mil thick). The 7=5 resonance for 
1.2-hr Ag’ has been observed several times at fre- 
quencies from 1.4 Mc/sec to 20 Mc/sec. 

The detection and identification of the spin resonance 
of 27-min Ag™ is made difficult by the unavoidable 
presence of the 1.2-hr isomer. Furthermore, the counting 
efficiency of the crystal x-ray counters is sharply reduced 
for the predominantly 6* decay” of the shorter isomer 
(see Fig. 1). As a consequence, the spin search shown 
in Fig. 6 is not so definitive for the 27-min isomer as 
might be desired, although the spin 5 for 1.2-hr Ag™ is 
quite strong. A check of the decay curves for the 
possible spin resonance on spin 1 or 2 showed that the 
decay of the spin 2 sample was more rapid than either 
the spin 1 sample or a half-beam exposure taken at 
about the same time. To check this, exposures were 
made for J/=1, 2, 3 and counted in continuous-flow gas 
8 counters. An analysis of these three samples gave the 
results listed in Table I. For the sake of comparison, 
the beam composition is shown by an analysis of a 
half-beam exposure. Even using 8 counters, the back- 
ground of 1.2-hr activity is seen to be very large. How- 
ever, the resonance on spin 2 of 27-min Ag™ is evident. 
This spin 2 resonance has been observed at six fre- 
quencies between 3.8 Mc/sec and 6.6 Mc/sec. 

The ~1-hr activity reported by Reynolds et al.* as 
having spin 2 has not been observed. If the activity 
were to have a mass number 2103, it should have 
appeared in at least one of the above spin searches. 


DISCUSSION 


The high-spin-low-spin isomerism observed for these 
isotopes is not unusual in this region of the periodic 
table. The principle reason is the competition between 
9/2 and ~; proton levels from Z=38 to Z=50,"! For 
the isotopes reported here, both NV and Z are near the 
magic number 50, so that the spherical shell model is 
expected to provide a good approximation to the 
nuclear states. Using the group approach suggested by 
Way et al.,!? the possible neutron and proton levels can 

10 F, A. Johnson, Can. J. Phys. 33, 841 (1955). 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955), p. 77. 

1! Way, Kundu, McGinnis, and van Lieshout, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), p. 133. 
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TABLE IT. Possible spin assignments for the 
odd-odd isotopes of silver. 








\Proton 
Neutron, 


5 
5 
7 


g 


be combined by Nordheim’s rules® in a limited number 
of ways. These are summarized in Table II. An itali- 
cized number indicates that the spin is predicted by an 
application of the strong rule, while the absence of 
italics indicates a possible spin predicted by the weak 
rule. Solely on the basis of atomic-beam measurements 
(reference 5 and this paper), the configurations of the 
isomers of silver-104 and silver-106 are uniquely deter- 
mined by the assumption of group validity of Nord- 
heim’s rules,!” 

The results for Ag'® have been anticipated by Bendel 
et al.‘ who, from decay-scheme systematics, assigned a 
state of 1+ to the 24-min isomer and a spin 24 for the 
8.3-day isomer. The present value of 6 for the spin of 
the long-lived isomer leads to the assignment of even 
parity to the nuclear state, on the basis of the simple 
shell model. 

In the case of Ag™, the spin of the short-lived isomer 
was assigned by Johnson.” However, the parity of the 
state has been predicted by him to be even, which is in 
conflict with the shell-model picture presented in 
Table IT. 

The 1.2-hr Ag™ has not been previously observed in 
detail. Several authors,’:”:*~!¢ report the presence of an 
~1-hr silver activity in various experiments, but mass 
assignments have been uncertain. Haldar and Wiig" 
definitely assigned a 1.1-hr half-life to Ag on the 
basis of a decay to 17-day Pd!®. The 59-min half-life 
which Johnson” assigns to Ag’ may be expected to be 
partly due to Cd and Cd, as he suggests. 

It is apparent, in view of the present experiments, 
that there are in fact at least two silver isotopes with 
half-lives of ~1 hr. One of these must be Ag! with 
I=; another must be Ag™ with J=5. 
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The angular distribution of the gamma rays emitted by a bare nucleus with a fixed orientation in space 
may be modified if the nucleus is surrounded by electrons, because of the elastic scattering of the gamma 
rays by the electrons. A general expression is given for the angular distribution of the radiation from 
arbitrary electric and magnetic multipoles scattered by arbitrary electron distributions on the basis of a 
classical model, and an “‘internal scattering coefficient” is given explicitly for spherically symmetrical 
electron distributions. Although the radiation scattered from spherically symmetrical charge distributions 
is indistinguishable from the unscattered radiation, the internal scattering coefficient has been calculated 
for these on the basis of a Thomas-Fermi atom so that an indication may be obtained of the smallness 
of the scattering from asymmetries in atomic electron distributions due to molecular or crystal binding 


effects. 


I. INTRODUCTION 


[’ has been pointed out! that the gamma rays 
emitted by a bare nucleus will have a certain 
angular distribution relative to some axes in the 
nucleus, but that this angular distribution might be 
modified in the case of an atom because of the elastic 
scattering of the gamma rays by the electrons associated 
with the gamma-emitting nucleus. This process is the 
“internal” analog of the Rayleigh scattering of gamma 
rays” which fall on atomic electrons from the “‘outside” 
of the atom, and may thus be called internal Rayleigh 
scattering. Since internal Rayleigh scattering is a first 
order process as compared with internal conversion, 
the amount of scattering will be small, but, because of 
its importance for angular correlation experiments, it 
is of interest to establish just how small it is. In order 
to estimate the amount of scattering, calculations have 
been made on the following classical analog of the 
process. A source of arbitrary electric or magnetic 
multipoles is supposed to be surrounded by an arbitrary 
distribution of free electrons, and the radiation pattern 


of the radiation scattered by the electrons is calculated 


on the assumption that the total amount of scattering 
is small, so that the attenuation of the radiation from 
the source, due to scattering, may be neglected. The 
results have been reported briefly.’ 

At first sight, it might seem as if such a semiclassical 
calculation would yield at best an order-of-magnitude 
result. That it should be more accurate may be seen 
by considering the analogous calculation of external 
Rayleigh scattering. The simplest calculation’ of 
external Rayleigh scattering is done in a similar way 
to the present work, namely, the atomic electrons are 
approximated by a distribution of free electrons and 
the incident gamma rays are represented by a plane 
electromagnetic wave. If multiple scattering in the 
electrons is neglected, this yields the familiar result 
* Now at Tufts University, Medford, Massachusetts. 

! A. M. Cormack, Phys. Rev. 97, 986 (1955). 
2A. H. Compton and S. K. Allison, X-Rays in Theory and 


Experiment (D. Van Nostrand Company, New York, 1948), 
second edition. 


that the scattered amplitude is the Fourier transform 
of the charge density. The same result is obtained in a 
quantum-mechanical treatment of the subject using 
the first Born approximation,’ and this result is quite 
adequate for the purposes of x-ray crystallography in 
an energy region of say 10 kev to 100 kev, and it is still 
reasonably good at higher energies. 

These simple calculations of external Rayleigh 
scattering have been progressively improved. Franz 
took into account the fact that the electrons obey the 
Dirac equation and hence he was able to obtain cor- 
rections for relativistic effects, which are important 
for high-energy gamma rays and heavy atoms. These 
corrections were of the order of 10% for heavy atoms. 
Franz’s treatment, like the first Born approximation, 
uses plane-wave (free-particle) intermediate states and 
thus ignores the effect of binding on the intermediate 
states. Brown and collaborators’ have taken the effect 
of binding on intermediate states into account, but the 
resulting complexity of the equations has forced them 
to numerical solutions which have to be found in- 
dividually for atoms of different atomic number. Their 
results are in reasonable agreement with experiment,® 
but they are not very different from the Franz calcula- 
tions for gamma-ray energies as high as 600 kev. 

Clearly a proper quantum-mechanical treatment of 
internal Rayleigh scattering would also have to take 
into account relativistic effects and the effect of binding 
on the intermediate states, but the analogy of external 
Rayleigh scattering shows that these effects will not 
be very big. The considerable extra effort involved in 
the more accurate calculations is not felt to be worth 
while, for until the effect is observed the present 
calculations should be quite adequate for a first 
orientation. 


3W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, Oxford, 1954), third edition, p. 190. 

4W. Franz, Z. Physik 98, 314 (1936). 

5 Brenner, Brown, and Woodward, Proc. Roy. Soc. London 
A227, 59 (1954); G. E. Brown and D. F. Mayers, Proc. Roy. Soc. 
London A234, 387 (1955); G. E. Brown and D. F. Mayers, Proc. 
Roy. Soc. London A242, 89 (1957). 

® A. M. Bernstein and A. K. Mann, Phys. Rev. 110, 805 (1958). 
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II. EXPANSION OF THE RADIATION FIELD 


It is sufficient to consider that the radiation is 
caused by periodically varying distributions of charges 
and currents, confined to a small region around the 


origin, which give rise to an electric field of the form 


E(r,/) E(r) exp(—iwl)+c.c., (1) 


and a similar form for the magnetic field H(r,/). The 
space-dependent parts of the fields may be expanded 
in some form of multipole expansion, so that it is only 
necessary to consider a general electric or magnetic 
multipole. The multipole expansion due to Franz’ will 
be used, and, in the notation of Blatt and Weisskopf,* 
the electric and magnetic fields of an electric multipole 


of order (J,M) are 
E(r)=ag(J,M)(i/x) VXH(J,M ; 1), (2) 


ar(J,M)H(J,M .- r) 
az(J,M )ihy(xr)X7, (0,0), (3) 


H(r 


and the fields of a magnetic multipole of order (J,M/) are 


E(r)=ay(J,M)E(J,M:r 


ad u(J,M thy (xr)Xy u(9,o), (4) 
H(r) = —ay(J,M)(i/x) VXEJU,M;r), (5) 


meaning: 
depending, 


have the following 


constants 


where the symbols 
de(J,M) and ay(J,M) are 
respectively, on the electric and magnetic multipole 
moments of the radiating system and are calculable® 
from the distribution of charges and currents in the 
source. \ is the wavelength of the radiation and 
x= (2m/X). hy(x) is a spherical Hankel function of the 
first kind with the asymptotic form /,(«) = (1/x) 
x exp i{a— (J+1)2/2} ]. Xy.17(0,6) is a vector spheri- 


cal harmonic, as defined by Blatt and Weisskopf, 


X, M 


Y7 1.1" (0,0) 


Yy.7.1"" (6,0), 


+l + 
> 2 
ose — 
q lm’ 


Cis(J,M; mym')Vim(0,b)Xm’, (7) 
1 


where the C;,;(J,M;m,m’) are the Clebsch-Gordan 
coefficients, which are the same as the coefficients 
(jj’mm’' |j7'JM) of Condon and Shortley® who give a 
general formula for them. The VY; are spherical 
harmonics: V)(0,6)= (1/27)! exp(imp)O,;"(0), where 
the ©,"(6) are associated Legendre polynomials as 
defined by Condon and Shortley with the property 
that O-"(6)= (—1)™0"(0). The X are given by 


i= —(1/2)*(e,+ie,), Xo=e., X1=(1/2)'(e.—ie,), 

7W. Franz, Z. Physik 127, 363 (1950). 

SJ. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 799. 

®E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
Cambridge University Press, Cambridge, 1951), p. 75. 


where e,, e,, and e, are unit vectors in the directions of 
the x, y, and z axes. Some explicit formulas for the 
Clebsch-Gordan coefficients which prove useful are 


Cayi.(J,M; M+1, —1) 
-[(J+M+2)(J+M 41)/(2I+3)(2I+2 


11(J,M; M+1, —1) 
=[{(J-M)(J-—M—1)/2J(2J-1 


11.1(J,M;M,0) 
—[2(J+M+4+1)(J—M-+1)/(2J+2)(2J/+3 
11(J,M;M,0) 
[(J+M)(J—M)/J(2I-1 


111(J,M; M—1, 1) 
=[(J—M+2)(J—M+1)/(2J+3)(2J+2 


1i(J,M;M—1,1) 
[(J+M)(J+M—1)/2/(2J-1 


I uJ,M ; M+1, —1) 
((J+M+1)(J—M)/2)(J+1 


i(J,M;M—1,1) 
—[(J+M)(J—M+1)/2/(J+1 
Cyi(J,M ; M,0)=M/LI(J+1) }}. 
Furthermore, 


vx hy(«r)X5,11(6,0) | 
[I /(2IAL) Phaser) Vaya! 
-! (J+1 ), (2J+1) }ixhy i(k? Y, 
and the asymptotic form of Eq. (17) is 
VX xr) Xu (0,0) | 


—i(8m/3)'Lexp{i(kr— (J+1)x/2)} /r] 


+1 
X dX Cri(J,M; M—m',m’) 
m'=—1 


X Vy a—m'X1ym’ (8,0). 


III. CALCULATION OF THE SCATTERED 
RADIATION 


It will be assumed that there are p(r) free electrons 
per unit volume distributed about the radiator, and the 
total number of electrons, Z, will thus be Z= /p(r)dv. 
Under the influence of the electric field from the 
radiator, each electron will cause Thomson scattering 
of the radiation and will thus be the source of electric 
dipole radiation. The total amount of scattered radia- 
tion will be calculated by integrating over the electron 
distribution. In order that this treatment shall apply 
to the case of gamma rays emitted by a nucleus, it is 
necessary to assume that the gamma-ray energy is 
large compared to the binding energy of the atomic 
electrons. 
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Since the magnetic fields of electric multipoles in 
general, and electric dipoles in particular, are of a 
simpler analytical form than the electric fields (being 
dependent on Xy,y rather than VXX,,y), the com- 
parison of the scattered radiation with the unscattered 
radiation may best be effected by examining the 
magnetic rather than the electric fields. 

The magnetic fields of electric dipoles situated at 
the origin are given by Eq. (3) with J=1 and M=0, 
+1. The constant a¢(1,M) may be found by comparing 
Eq. (3) with the familiar expression 


H(r)=x*Lexp{i(wt—x«r)}/r? eX P, (19) 


for the magnetic field at a point r due to an oscillating 
dipole of moment P at the origin. It will be seen that if 


az2(1,M)= (8r/3)'x* Pray, (20) 


the magnetic field of a dipole of order (1,M) is the 
same as the field due to a dipole of moment Py, in the 
direction of Xr. With az(1,M) given by Eq. (20), the 
magnetic field of an electric dipole of moment P, 
situated at the origin, may thus be written 


+1 
H(r,6,.¢)=i > 
“ale 


ap(1,M)hy(xr)X, (0,0). (21) 


The electrons of the charge distribution will behave 
like electric dipoles under the influence of the electric 
field from the radiator, but they will not be at the 
origin, at which point the radiator is supposed to be 
situated. Equation (21) must therefore be modified to 
give the scattered field at (R,O,#) due to a dipole at 
(r,0,p). If R>>r, the angular dependence of the dipole 
field will be the same as in Eq. (21), and the asymptotic 
form of 4; may be used, but in order to take into 
account the phase change caused by displacing the 
dipole from the origin, the argument of 4; should be 
x(R—r cos) instead of «R, where y is the angle between 
R and r. Since R>r, the asymptotic form of 


hy(k(R—rcosy)) is (1/KR) expli(kR—3a—xr cosy) ] 


and hence the magnetic field at (R,O,®) due to a 
dipole at (7,0,¢) is 

+1 
as 


— 
M l 


H(R,O,8) = (1/«R) expli(kR—$r) ] ae(1,M) 


Xexp(—ixr cosy)X1,4(O,®), (22) 


where y is dependent on (0,6) and (0,®). 

If EZ, is the component of E in the direction Xm, then 
the charge in a volume element dv will behave like a 
dipole of moment 

Pm= — Em(1,9,6) (1/x?) (€?/me?)p(7,0,6)dv, (23) 


and hence the total scattered magnetic field at R due 
to the charge distribution is found, by Eqs. (22) and 


RAYLEIGH SCATTERING 
(23), to be 


H(R,0,®) = — (82/3)! (e?/me?)(1/R) 


+1 
Xexpli(kR—}r)] > Xi(0t) f 
M=—1 


Xexp(—ixr cosp)p(r) E,,(r,0,6)dv. (24) 
Since y is the angle between R and r, the familiar 
expansion 

Lk l 
exp(—ixr cosy)=4r © ¥ 


l=0 m=—l 


(—1)'ji(kr) 


X Vim(O,P)Vim* (8,6) (25) 
may be used to write Eq. (24) in the form 


H(R,0,®) = — 4a (82/3)! (e?/me?){expli(kR— 4a) |/R} 


D 


l 1 
XE EYE EYE (1) Xiu (0,9) V¥in(O) 
l 


0 m=—l M 1 


x f julon Vim* (0,6) p(r) Eu (1,0,6)d2, 26) 


where j;(«r) is the spherical Bessel function of order /. 

If there is an appreciable amount of scattering, the 
expression for Ey in Eq. (26) will have to take into 
account the attenuation and phase changes in the 
electric field due to its propagation in a medium con- 
taining free charges between the radiator and the point 
r. If, however, the total amount of scattering is small, 
the value of Ey may be taken directly from Eqs. (2) 
or (4), and this will be assumed in what follows. 


IV. SPHERICALLY SYMMETRICAL 
CHARGE DISTRIBUTIONS 


The expression (26) is quite complicated for arbitrary 
charge distributions and multipole orders, and in order 
to estimate the order of magnitude of the scattering 
it will be assumed that the charge distribution is 
spherically symmetrical. The case of magnetic multi- 
pole radiation will be treated first. 

From Eq. (4), the component of E in the direction 


on ° 
oem’ 1S 


Em: = tan (J,M)hy(xr)Cy1(J,M ; M—m’, m’) 

X Vow. m' (9,0). (27 
If Eq. (27) is substituted into Eq. (26), and use is 
made of Eqs. (8) to (16) and the orthogonality of the 
spherical harmonics, (26) reduces to 


H(R,©.&) = —4ri(e? mc!) [hs(or)js wrod 


Kam (J,M)VX (thy (kR)Xy, u(@,?) |, (28) 
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and hence, by virtue of Eq. (5) 


H(R,0,&) =4r(e? me’) {er jslor)o(r)rdr 


*H,(R,O,8), (29) 


where H,(R,0,®) is the magnetic field which would 
have been emitted by the radiator in the absence of 
any charges, which, in the present approximation may 
be considered to be the “unscattered”’ radiation. 

For electric multipoles the analysis is somewhat 
more complicated, since, from Eqs. (2) and (17), the 
component of E in the direction Xm is 


ag(J,M){((J+1 ) ‘'(2J+1 ) Vesa («r)¥ 7, 71,1” (0,0) 
—[I/(2T+1) gsi (er) Vy 551,1 (1,6) }m'. (30) 


Em’ 


Substitution of Eq. (30) into Eq. (26) enables one to 
write (26) in the form 


H(R,0O.&) = —4arx(e?/ mc?) f {CJ (24 +1) J} Js: (xr) 


XK hylan +L(J+1)/(2I+1) ]j silk) 


hy-i(kr)}p(r)r'drX H.(R,O,), (31) 
after some manipulation involving the orthogonality 
of the spherical harmonics, the recurrence relations for 
the jz(xr) and the hs(xr), and Eqs. (8) to (18). 

Equations (29) and (31) show that the presence of 
spherically symmetrical charge distributions gives rise 
to scattered radiation which is a constant times the 
radiation which would have been present had the charge 
distribution not been there. The constant is complex, 
which implies that there is a phase difference between 
the scattered and unscattered radiation. This would 
seem to imply that the two might interfere destructively 
so that the total energy radiated per second by the 
system consisting of radiator and charge distribution 
might be less than the energy emitted per second by 
the bare radiator. This cannot be true, since the 
scattering has been considered to be elastic, and there 
is thus no mechanism for the absorption of energy. 
The complex nature of the constants must be inter- 
preted as showing that the phase, but not the angular 
distribution, of the total radiation (the sum of what 
have been here denoted separately by “scattered” and 
“unscattered” radiation) at large distances from the 
radiator must be modified by the presence of the 
spherically symmetrical charge distributions. The 
procedure adopted here may be regarded as a first 
approximation to a complete solution of the problem 
of the diffraction of the radiation by the charge 
distribution. 

Despite the indistinguishability of the scattered and 
unscattered radiation implied by Eqs. (29) and (31), 
it is still useful to define scattering coefficients ag(J/) 
and ayw(J) for electric and magnetic multipoles of 


order J, respectively, which measure the ratio of 
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scattered energy per unit time to the unscattered energy 
emitted per unit time, the latter being in the present 
approximation the same as the energy which would 
have been emitted by the bare radiator per unit time. 
From Eqs. (29) and (31) we thus have 


ap(J) = 169'x?(e? my f {J /(2I +1) ]js4i(kr) 
i“0 


KIayr(er) +L (T+) /(2I+1) Yjr_a(arhg_a(xr)} 


9 


Xp(r)r'dr| , (32) 


9 


ay (J) =169*x*(e? me’) f hy(xr)ja(kr)p(r)r°dr| . (33) 
i“o | 


The radial integrals have been taken from zero to 
infinity. This will be satisfactory if the dimensions of 
the radiator are much smaller than the dimensions of 
the charge distribution and if p(r) behaves suitably in 
the neighborhood of the origin. 


V. APPLICATION TO NUCLEAR GAMMA RAYS 


The scattering of nuclear gamma rays by the atomic 
electrons associated with the emitting nucleus is largely 
determined by the electron charge distribution in the 
immediate neighborhood of the nucleus, since the charge 
distribution and the field strength of the unscattered 
radiation are both largest there. The electron distribu- 
tion near the nucleus is spherically symmetrical to 
quite a high degree and thus most of the scattered 
radiation will be indistinguishable from the unscattered 
radiation. Deviations from spherical symmetry of the 
charge distribution, due to binding effects in a molecule 
or a crystal lattice, will occur mainly in the outermost 
regions of an atom, and any alteration in the radiation 
pattern of a bare nucleus, caused by the asymmetry 
of the electrons, will thus be small. In order to estimate 
just how small it is, the internal scattering coefficients 
for a spherically symmetrical charge distribution will 
be calculated on the assumption that the charge distri- 
bution is given by the Thomas-Fermi model of the 
atom. The effects of internal scattering due to such a 
spherically symmetrical distribution will of course be 
unobservable, but it may be inferred that any ob- 
servable effects due to internal scattering by possible 
nonspherically symmetrical distributions of the atomic 
electrons will be smaller than the (unobservable) 
scattering from a completely spherically symmetrical 
atom. 

The charge density p(r) for the Thomas-Fermi atom 
is given by” 

p(r)=[ (2mZe*)!/3*h* I x(r)/r]}!. (34) 
If r=bx, with b=4(3m/4)!(h?/me®Z), the function x(x) 


10 See reference 9, p. 335. 
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satisfies the differential equation 
(35) 


If the value of p(r) given by (34) is inserted into (32) 
and (33), the integrals occurring may only be evaluated 
numerically, since the solution to (35) is only known 
numerically,” and in order to find analytical expressions 
for the internal scattering coefficients recourse must 
be made to approximations. 

If the energy of the gamma rays is not too large, 
the internal scattering coefficients may be evaluated 
very simply, and an approximation based on this 
assumption is informative since the low-energy limit 
gives upper bounds for the coefficients, as will be seen 
below. The usual approximations 


ji(t) =t!/ (21+-1)"!, (36) 
where (2/+1)!!=1X3X5X--+X (2/+1), are valid for 


¢ somewhat smaller than 2," thus for low-energy 
gamma rays the products of the form /,j; occurring in 
(32) and (33) may be written 


xtd?y /dx?= x}. 


nj(t) = — (21-1) 1/74, 


{?! 1 
hi(t)j() = — é (37) 
C(2d+a)y ir? (2141) 
Since most of the scattering takes place near to the 
nucleus where p(r) is largest, the first term in (37) 
may be neglected, and to this approximation (32) and 
(33) become 


9 


16n?(e?/me*)*(4°+4I +37 | % \2 
ss ale? | mepeyte | f p(r)rdr| , (38) 
(2J+1)? l472+4I—3] | Jo 


16m? (e?/mc*)*| p% . 
ay (J) =—_—_——— j p(r)rdr| . 39) 
(2J+1)? 0 | 

The criterion for the validity of (38) and (39) is that 
xr<2 for r in that region of the electron distribution 
which contributes most to the scattering. On the 
Thomas-Fermi model, this means that r& (ao/Z!), 
where dp is the radius of the first Bohr orbit in hydrogen, 
hence x (2Z%/ao). The assumption that the atomic 
electrons may be treated as free is valid if x> (2Z?A,/ao), 
where A, is the Compton wavelength of the electron. 
A useful region of gamma-ray energy less than about 
0.3 Mev, and Z less than about 50 can be found in 
which both inequalities may be satisfied so that (38) 
and (39) should be quite accurate approximations to 
(32) and (33). Even for somewhat higher Z and 
gamma-ray energies, the approximations should not 
be too bad. 

By (34), p(r)r~x'r}, and so from (35) p(r)r 
~ (d*x/dr*); hence the integrals in (38) and (39) may 
be immediately written in terms of the first derivative 
of x at the origin and at infinity. (dy/dx) vanishes at 


NL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 77. 
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infinity and its value at x=0 is —1.59,"” hence 


~ 1.59Z 1.5974,!2Z! 
f p(r)rdr= -—( -) ae 
0 4b 2x \3r/ ao 


Thus for low-energy gamma rays the internal scattering 
coefficients for spherically symmetrical charge distribu- 
tions are 


(40) 


9.1K 10-°2Z8*74J?-+-4I+37 
J) an 


ar(J)= anes rege — 
(2J+1)? l4j?+4J—3 


am (J)=9.1X 10-°Z8/3/(2J+1)?. (42) 


ag and ay are independent of gamma-ray energy, 
and this is to be expected in this approximation in 
which the wavelength of the radiation is comparable 
to the radius of the K shell of the atom. The present 
approximation has ignored the oscillatory nature of 
the spherical Bessel and Hankel functions which 
becomes important when «r>J. These oscillations 
would reduce the values of the integrals in (32) and (33) 
as the gamma-ray energy increases, so it would be 
expected that the internal scattering coefficients would 
decrease with increasing gamma-ray energy, a result 
similar to external Rayleigh scattering. Thus (41) and 
(42) may be considered to be upper limits to the 
internal scattering coefficients. These results might be 
expected to hold also for scattering from nonspherically 
symmetrical electron distributions. 


VI. DISCUSSION 


Photons which are emitted in transitions between 
nuclear states of definite angular momentum and parity 
will have an angular distribution relative to some 
nuclear axes characteristic of their multipole order. 
If they are scattered by an asymmetric atomic electron 
distribution, the angular distribution will contain a 
component characteristic of a lower multipole order, 
and any measurement of the angular distribution of 
the scattered and unscattered gamma rays together 
will lead to erroneous inferences about the nuclear 
states involved if there is an appreciable amount of 
scattering. The implications for angular correlation 
experiments and experiments involving oriented nuclei 
are obvious. 

The results (41) and (42) show that the amount of 
scattering increases rapidly with Z, but that even for 
Z=92, ag is only 8.4X10~ for the most favorable case 
of electric dipole radiation. It would be difficult to 
produce an asymmetry of even a few percent in the 
electron distribution near the nucleus of such a heavy 
atom by means of molecular or crystal binding effects, 
so it may be concluded that the fraction of the emitted 
photons scattered from such asymmetries will be less 
than about 10-°. This is too small to be observed at 
the present time. 


2 EF. Baker, Phys. Rev. 36, 630 (1930). 
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The reaction C"(p,p) has been investigated over the energy range from 340 to 690 kev. No wide anomalies 
are found, but a narrow anomaly at 527 kev has been attributed to d-wave protons forming a state of spin 
3*. The reaction C"(p,7), investigated over the range from 250 to 690 kev, shows a resonance at 261 kev in 
addition to the three previously known resonances at 351, 527, and 634 kev. Proton and radiative widths 
are obtained for all these resonances, and limits are placed on the spin assignments. From the data obtained, 
it is clear that the levels corresponding to the resonances at proton energies of 261, 351, and 527 kev cannot 
contribute significantly to the scattering or capture of low-energy neutrons by N™. In addition, the level 
corresponding to the 634-kev resonance cannot be responsible for the whole of the N4+-n cross section at 
low energies, but it may be responsible for part of this cross section. It is suggested that the level at 9.84 
Mev is responsible for the remainder of this cross section. A good fit to the neutron elastic scattering cross 
section is obtained over the neutron energy range from 0 to 600 kev. 


INTRODUCTION 


HERE are four excited states of N'® known to 

occur between the C+ threshold at 10.214 
Mev and the N“+ 2 threshold at 10.841 Mev.! These 
states are at energies of 10.457, 10.543, 10.706, and 
10.806 Mev. All four levels, which decay only by pro- 
ton emission or by gamma radiation, were first studied 
by Sperduto et al.? who observed proton groups in the 
N"(d,p) reaction. Bartholomew ef al.2 have observed 
all except the lowest of these four levels as gamma 
resonances in C!#(p,y), and have measured angular 
distributions of the ground-state gamma rays from the 
two highest levels. Ranken ef al. have found gamma 
radiation of 10.5 and 10.8 Mev following the reaction 
N"(d,p), but could not assign the radiation to particular 
levels. 

The results reported here are measurements of the 
yield of gamma rays at all four resonances in the 
C'(p,y) reaction, and a measurement of the elastic 
scattering of protons from C™ over an energy range 
including the three highest levels and the neutron 
threshold. 


EXPERIMENTAL ARRANGEMENTS 


The targets were prepared from acetylene enriched 
to 35% C supplied by The Radiochemical Centre, 
Amersham, England. This enriched acetylene was de- 
composed on red-hot tantalum target blanks that had 


t Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and in part 
by the University of Melbourne. 

* Now at Canberra University College, Canberra, A. C. T., 
Australia. 

'F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. (to be 
published). ; 

2 Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 96, 
1316 (1954). 

§ Bartholomew, Brown, Gove, Litherland, and Paul, Can. J. 
Phys. 33, 441 (1955). 

‘Ranken, Bonner, McCrary, and Rabson, Phys. Rev. 109, 917 
(1958). 


previously been coated with natural carbon to provide 
a light-element backing for the elastic scattering ex- 
periments. The final target consisted of the tantalum 
with a layer of natural carbon approximately 300 ug 
cm~ thick, on top of which was the layer of enriched 
carbon of thickness approximately 20 ug cm~ (7 kev 
at E,=530 kev). 

The percentage of C™ in the targets was measured as 
3543%. A comparison was made between the maxi- 
mum yields of protons elastically scattered from C” 
both in the enriched material and in a carbon target of 
normal isotopic composition. The results were consistent 
for different proton energies, scattering angles, and for 
different targets. 

The University of Melbourne 1-Mv electrostatic ac- 
celerator was used to bombard the targets for the 
elastic scattering experiments. The proton beam was 
magnetically analyzed, and the scattered protons de- 
tected in a double-focusing magnetic spectrometer 
stabilized by a fluxmeter. This spectrometer had an 
over-all momentum resolution of approximately 300, 
and a solid angle of acceptance such that A@~0.7° and 
Agd~3°(AQ=6.1K10-* sterad). Bombardments were 
made at a fixed beam energy and the profiles were ob- 
tained by varying the spectrometer field. First, the 
fluxmeter current at the foot and midpoint of the rise 
of the C® profile were determined, using a target of 
normal isotopic composition. From this, the midpoint 
of the rise of the C" profile for a clean target was calcu- 
lated. The actual midpoint of the rise of the C™ profile 
was then determined. The difference between the calcu- 
lated and experimental values of the fluxmeter current 
showed the amount of decomposed oil contamination 
on the C™ target surface. It also indicated the range of 
fluxmeter currents over which an acceptable measure- 
ment of the yield of elastically scattered protons from 
C™ could be made. After measurements were made 
over this range of fluxmeter currents, the beam energy 
was altered slightly, and the whole procedure was re- 
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peated. As the target contamination increased, so the 
acceptable range of fluxmeter currents was decreased 
until a new target spot was used. 

Most of the gamma-ray measurements were made at 
the Kellogg Radiation Laboratory, California Institute 
of Technology, using the 600-kv electrostatic accelera- 
tor as a source of protons, with electrostatic and mag- 
netic analysis of the beam. The gamma rays were de- 
tected with a 4X4-inch sodium iodide crystal mounted 
on a Dumont 6364 photomultiplier. For the weakest 
gamma resonance, it was necessary for the crystal to be 
within 0.5 inch from the target, but for the other reso- 
nances, several different distances and angles were 
used. A 100-channel pulse-height analyzer was used to 
record the gamma spectra at each proton beam energy, 
and from these spectra, the yield curves were obtained. 


RESULTS 
A. Elastic Scattering 


A preliminary survey of the yield of elastically 
scattered protons over the energy range from 340 to 
690 kev disclosed no wide anomalies. The cross section 
agreed within 3% over the whole range of energy with 
the Rutherford cross section corrected for hard-sphere 
scattering. The only feature worthy of remark was a 
few low points on the yield curve at scattering angles of 
70° and 90°, but not at 120°, the only other angle 
measured. These low points were localized at 529 kev, 
which did not correspond to any of the published reso- 
nances in C'(p,y). 

Further investigation confirmed the existence of an 
elastic scattering anomaly and a gamma resonance at 
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Fic. 1. C+ 9 elastic scattering anomaly. In the region of the 
anomaly, the original data have been grouped into 0.625-kev 
intervals with 5 to 10 points in each group. The probable errors 
shown are calculated from the spread of the points or from the 
Poisson distribution, whichever is the greater. Away from the 
anomaly, the data are grouped into intervals of 5 kev, and part of 
the smooth curve produced is shown. The gamma count was 
recorded when the proton beam was allowed to bombard a second 
C™ target near a small Nal crystal. The collected charge in mi- 
crocoulomb is indicated in the figure. 
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Fic. 2. C target profiles at a laboratory angle of 90°. The 
arrows show the range of fluxmeter currents for a clean target 
over which the count was recorded. The ordinate scales are 
normalized to give the same maximum count, and the abscissa 
scales are adjusted so that the feet of the three profiles are exactly 
superposed. 


529 kev. At this energy, the yield of elastically scattered 
protons at laboratory angles of 70° and 90° shows a 
decrease, and there is a slight increase in yield at 120°. 
Figure 1 shows the yield of elastically scattered protons 
plotted as a function of the proton energy before 
scattering. The points on the top of the C™ profiles 
were plotted on a diagram at the energy appropriate 
to the depth in the target of the reactions causing the 
counts. Over a period of several days, sufficient of these 
points were accumulated to group them into 0.625-kev 
intervals in the region of the anomaly. The groups were 
then averaged and a probable error was assigned to the 
result. This probable error was obtained from the 
spread of the individual points in the cases where this 
was greater than to be expected of a Poisson distribu- 
tion. Except at the anomaly, the spread of points was 
consistent with a Poisson distribution. At the anomaly, 
the spread was greater in the case of the measurements 
at 70° and 90°, because the anomaly showed up at 
these angles as a rounding-off of the top of the profiles. 
Figure 2 illustrates this by showing three C’ profiles 
superposed, one at the resonance energy with slight 
carbon contamination and the others at different 
energies with different amounts of contamination. 
The contamination displaces and rounds off the 
corners of the profiles, and this creates a danger 
of manufacturing an anomaly of this size by taking 
measurements on the sloping edge of a profile. It is 
believed that this error has been avoided by the meas- 
urement technique described in the previous section. 

The gamma-ray yield also shown in Fig. 1 was ob- 
tained by lifting the elastic scattering target and allow- 
ing the beam to strike a second C™ target close to a 
1X1-inch Nal crystal. The energy of the protons at 
resonance was measured by scattering them into the 
double-focusing magnetic spectrometer. In this way, 
all energies are referred to the spectrometer which was 
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stabilized by a fluxmeter and was calibrated using the 
F'*(p,ay) resonances! at 340, 483, and 669 kev. 

A similar intensive scanning (0.3-kev intervals) of 
the energy region around a proton energy of 636 kev 
was carried out. At this energy another gamma reso- 
nance was found, but no elastic scattering anomaly was 
observed. The spread in counts, plotted as described 
for the 529-kev anomaly, was no greater than expected 
for a Poisson distribution and the mean count fell on a 
smooth curve, which extends over the whole energy 
range investigated. Part of this smooth curve is shown 
in Fig. 1. 

At 529 kev, the elastic scattering measurements 
support an assignment /,=2 for the orbital angular 
momentum of the incoming protons, rather than the 
value /,= 1 assigned by Bartholomew ef al. The gamma- 
ray angular distributions* are consistent only with the 
spin assignment 3. Figure 3 shows the expected elastic 
scattering anomaly shapes, at the scattering angles 
used, for p- and d-wave resonances with J=}3. After 
allowance for the experimental resolution, a narrow 
p-wave resonance would produce an increase in the 
yield of elastically scattered protons at all scattering 
angles used, whereas a narrow d-wave resonance would 
produce a decrease in yield at scattering angles of 70° 
and 90°, and an increase in yield at 120°. The magnitude 
of the increase in yield at 120° is less than expected 
from the size of the anomaly at the other two angles. 
The measurements at 120° were taken at greater depths 
in the target, as this allowed the targets to last longer. 














Fic. 3. The expected anomaly shapes for p- and d-wave protons 
forming states in N'* with spins }~ and }*, respectively. To give 
the observed anomalies, the d-wave curves must be averaged over 
an energy range greater than the width of the diagrams. 
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Because of this increased depth, the straggling of energy 
loss in the target is responsible for a larger effective 
spectrometer window. The larger window at 120° then 
reduces the apparent size of the anomaly. In addition 
there is a tendency at all angles to produce low yields 
by moving off the edge of the profile. The estimated 
proton width of 200 ev makes an allowance of about 
30% for the latter effect. 

The angular distribution of gamma rays measured 
by Bartholomew ef al. eliminates all spin possibilities 
except 3, but cannot readily distinguish between posi- 
tive and negative parity. The observation of a d-wave 
anomaly gives $+ as the spin and parity assignment. 
For d-wave protons, the width of 200 ev corresponds to 
a reduced width of 20% of 3h?/2Ma?. The normal 
definition of a reduced width, y?=I (F?+G?)(2ka)—, is 
used. 

No elastic scattering anomaly was observed at the 
neutron threshold at 671.5-kev proton energy.’ Wigner 
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Fic. 4. Gamma pulses in the energy range 3.6 to 5.7 Mev observed 
at the 261-kev resonance in C!*(p,y). 


predicts that a cusp® may occur in the elastic scattering 
cross section at a threshold for outgoing s-wave neu- 
trons, but this will only be appreciable if, at the thresh- 
old, there is a relatively large amplitude compound 
nucleus wave function. This is not the case for C™ plus 
protons. 


B. Gamma Measurements 


The three gamma resonances found by Bartholomew 
et al. and attributed to C(p,7) have been re-investi- 
gated. In addition, a fourth resonance at a proton 
energy of 261 kev, corresponding to a level in N’* at an 
excitation of 10.457 Mev, has been found. This reso- 
nance gives radiation of about 5, 7, and 10 Mev, but 
the yield is so low that accurate measurement of the 
gamma energies is extremely difficult. No angular dis- 
5 R. Sanders, Phys. Rev. 104, 1434 (1956). 
6 E. Wigner, Phys. Rev. 73, 1002 (1948). 
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tribution measurements have been made, because of 
the low yield. The gamma resonance observed is attri- 
buted to C*(p,y) because of the close agreement of the 
excitation energy with that measured by Sperduto et al. 
The yield curve is shown in Fig. 4. The steep rise and 
fall in the yield shows that the target nuclei are located 
in a layer in the first ten kev of the target, which is the 
region occupied by C"*. The proton energy at which the 
resonance is observed does not correspond to a known 
resonance of any impurity that might be present in the 
enriched carbon layer in a small proportion. In addi- 
tion, the energies of the gamma rays observed are con- 
sistent with emission from N'°. The gamma-ray yields 
of the 10.457-Mev level for the observed gamma rays 
are all in the region of 10-y/p and are given in Table I. 

The lowest-energy gamma _ resonance previously 
known was found by Bartholomew et al. to have 5.4- 
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CHANNEL 
Fic. 5. The gamma spectrum due to the 351-kev resonance in 


C'*(p,y). This spectrum is the difference of two spectra taken with 
proton energies less than 500 ev apart. 


and 7.1-Mev gammas resonant at a proton energy of 
361 kev. Figure 5 shows the gamma spectrum due to the 
resonance obtained here at a proton energy of 351 kev, 
corresponding to an excitation of 10.543 Mev. Figure 5 
is actually the difference of two spectra taken only a 
few hundred electron volts apart. This subtraction 
eliminates the 2.37-Mev gamma rays due to C”(p,y) 
which tend to obscure the low-energy gamma spectrum. 
From time coincidence measurements, the decay scheme 
shown in Fig. 6 was constructed. 

The energies of the observed gamma rays are 7.15 
+0.20, 3.38+0.05, and 1.91+0.05 Mev. The 5.28-Mev 
gamma ray [actually a mixture of (5.27+5.28)-Mev 
cascades or (5.31+5.24)-Mev cascades or both ] is used 
for calibration. The 2.37-Mev C?(p,y) radiation and 
the 0.51-Mev annihilation radiation observed in the 
coincidence experiments are also used for calibration. 
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Fic. 6. Relevant 
energy levels of N°. 
The cascades from 
the 10.543-Mev level 
are indicated, to- 
gether with their 
branching ratios in 
parentheses. Some of 
the spin assignments 
shown are supported 
by experimental evi- 
dence but others are 
based on shell model 
predictions. 
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The coincidence spectra, rather than Fig. 5, are used to 
measure the low gamma-ray energies because for these 
spectra, there is less uncertainty in eliminating the 
effects of the high-energy gamma rays. The 7.15-Mev 
gamma ray in one 4X4-inch Nal crystal is in coinci- 
dence with only the 3.38-Mev radiation in a second 
4X4-inch crystal. This limits the excition of the level 
near 7 Mev involved in the cascade to 7.16+0.05 Mev. 
The 5.28-Mev radiation is in coincidence with the 1.91, 
3.38, and 5,28-Mev radiation, and this means that the 
level near 7.16 Mev has a further cascade through 
either the 5.28- or 5.31-Mev level. If the 5.28-Mev level 
is involved, then the level near 7.16 Mev has an excita- 
tion of 7.17+0.05 Mev, while if the 5.31-Mev level is 
involved, the excitation is 7.22+0.05 Mev. It is clear 
from these measurements that the level at 7.32 Mev 
cannot be involved in the cascades. There is a level 
already known at 7.165 Mev, and if the level involved 
in the cascade from the 10.543-Mev state is identified 
with this, the measurement of the 1.91+0.05-Mev 
transition indicates that the 7.165-Mev level decays 
through the 5.280-Mev level rather than through the 
5.305-Mev level. Thompson’ has observed a 1.88-Mev 
gamma ray following the reaction N'(d,p) which is 
probably the same transition. However, no direct trans- 
ition to the ground state from the 7.165-Mev level is 
observed to follow the N"(d,p) reaction, and only a 
weak 7.16-Mev transition is observed to follow the 
N"(n,y) reaction where the first member of the cascade 
is very strong. This contradictory evidence suggests 
that two levels may be involved, both close to 7.16 
Mev. If this is so, then the argument that the 1.91-Mev 
gamma ray is a transition to the 5.28-Mev level and 
not to the 5.31-Mev level is invalid. However the 5.28- 
Mev level is still preferred in the present experiment, 
because the absence of a ground state transition from 
the 10.543-Mev level suggests it has a high spin, and 
would therefore cascade through levels of high spin. 


7L. Thompson, Phys. Rev. 96, 369 (1954). 
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TABLE I, Thick-target gamma-ray yields from 
four C (p,7) resonances.* 


Gamma yield X10" (7/p) 

Gamma 
energy 261-kev 
Mev resonance 


527-kev 
resonance 


634-kev 
resonance 


351-kev 
resonance 


1 b 30 
8 b 125 
8 0.5 200 
6 ~0.05 95 

~A).05 <i5 


) 


1 
i 
4 
/ 


2 
) 
1 
10.5 


* The percentage of C4 in the target is 35%. The gamma-ray energies 
quoted are those observed at the 351-kev resonance, and do not necessarily 
imply cascades to the same levels from the other resonances. 

» Radiation not observed 


The high-energy pulses observed from 8 to 10.5 Mev 
(channels 60 to 80 in Fig. 5) can all be explained as 
being due to the detection in the one crystal of both 
members of a cascade. Allowing an error of 25% in the 
calculation of the number of these double pulses, an 
upper limit of 1.5 10~-y/p is obtained for the ground- 
state gamma-ray yield of the 10.543-Mev level. The 
gamma-ray yields for the cascade radiations are shown 
in Table I. 

Because of the disagreement between the resonance 
energies determined by Bartholomew ef al. and the 
energies found during the elastic scattering experiments, 
the positions of the two highest resonances were de- 
termined using an electrostatic analyzer calibrated at 
the 340-kev F(p,ay) resonance. The results (527+1 
and 634+1 kev) agree excellently with those deter- 
mined with the magnetic spectrometer (52942 and 
636+ 2 kev), and also agree within 1 and 5 kev, respec- 
tively, with the excitations given by Sperduto.? For 
both the 527- and 634-kev resonances, measurements 
were made on the strength of the cascade radiation 
through the levels near 5.3 Mev, as well as measure- 
ments of the strength of the ground-state radiation. No 
information was obtained on any 7-Mev radiation, as 
this was partly obscured by 8-Mev radiation from 
C*(p,y) in the natural carbon backing for the target. 
The spectra obtained agree with those of Bartholomew 
et al., and the ratio of the yields of the different reso- 
nances, as given in Fig. 3 of the paper by Bartholomew 
et al.,* is also consistent with the measurements reported 
here in Table I. A revision of the radiative widths 
measured by Bartholomew et al. has recently been made 
by Bartholomew and Gove.* The resultant widths for 
ground state radiation from the 527- and 634-kev reso- 
nances are wl',I'yo/'=0.34 and 0.087 ev, respectively. 
These are in excellent agreement with the comparable 
figures from Table II, namely 0.36 and 0.080 ev, re- 
spectively. The measurements reported here were made 
with the sodium iodide crystal at several different 
distances and angles for both the 527- and 634-kev 
resonances, and are consistent with one another, using 
the angular distributions measured by Bartholomew 


* H. Gove and G. Bartholomew (private communication). 
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et al. The crystal efficiencies used in this experiment 
were computed at the California Institute of Technology 
and have been checked experimentally on several re- 
actions of known cross section. 

The yield of gamma rays between the known reso- 
nances has also been measured. No further resonances 
have been found, but there was a yield, steadily in- 
creasing with energy, probably due to the broad reso- 
nance at a proton energy of 1.50 Mev. At the 634-kev 
resonance, this nonresonant background corresponds to 
a cross section of 8 ub. Between 610- and 690-kev pro- 
ton energy, there is no resonance with a ground-state 
gamma-ray yield greater than 1% of the yo yield at the 
634-kev resonance. The resonant yield of any cascade 
radiation of energy between 3.0 and 7 Mev is less than 
5% of the yo yield at the 634-kev resonance. 
The presence of C*(p,y) radiation prohibited any 
smaller limit being placed on the strength of this cascade 
radiation. 


DISCUSSION 


The gamma rays of 10.5 and 10.8 Mev observed by 
Ranken can now be assigned to particular levels. A 
requirement for these levels is that I'yo/I' shall not be 
small. In particular, Ranken’s experiment* shows that 
for the 10.5-Mev radiation, I'y9/T is of the order of 0.1, 
and for the 10.8-Mev radiation, I'y9/I is the order of 
0.2, assuming that only two levels are involved. We 
assume further that the bound and unbound levels are 
populated approximately equally, and that the bound 
states decay mainly by ground-state radiation. The 
measurements just presented show that for the 10.543- 
Mev level, I'yo/I’ <0.007, and for the 10.706-Mev level, 
I'yo/'<0.002. This means that these two levels make 
a negligible contribution to the radiation observed by 
Ranken. This radiation must then be assigned to the 
10.457- and 10.806-Mev levels. This is the basis for the 
estimate of the proton widths for these levels given in 
Table IT. 

For the 10.457-Mev level, the estimate of the proton 
width puts an upper limit of /,=4 on the angular mo- 
mentum of the incident proton. This upper limit should 
be good, because a change of one unit of orbital angular 
momentum changes the proton reduced width by a 
factor much larger than the uncertainty in the proton 
width. The lower limit to the proton width of the 
10.543-Mev level, obtained directly from the gamma- 
ray yield, is used in the same way to limit the spin and 
parity assignment of this level. The spin and parity are 
further restricted because of the lack of ground-state 
radiation from the 10.543-Mev level. The upper limit 
to the strength of this radiation in Weisskopf® units is 
4X 10-7|M |? and 1X10-°|M|? for electric and mag- 
netic dipole radiation, respectively. This is considerably 
smaller than the weakest dipole radiation so far identi- 
fied, except for the £1 ground-state radiation from the 


®V. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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TABLE II. Partial widths for four levels in N'*.* 





Proton 
energy kev 


oD yo 

N!5* Mev ev 
10.457 
10.543 
10.706 
10.806 


~0.0001 

< 0.0003 
0.36 
0.11 


261 
351 
527 
634 


wI'y(3.4 Mev) 
ev 


wI'y(5 Mev) 
ev 


0.0004 ~0.0001 
0.018 0.025 
0.18 ? 
0.04 ? 


one 

ll ASA 

wee KO Ge fe 
who — 
+o 


* The gamma-ray energies shown apply only to the 351-kev resonance and are approximate for the other resonances. 


b From gamma rays following N'4(d,p). 
° From C'4(p,p). 
4 From angular distributions in C'4(p,y). 


7.56-Mev level in O'°”, for which only an upper limit! of 
1X10-*| M |? is given. If we assume that the 10.543-Mev 
radiation is not electric or magnetic dipole, we are left 
with the spin assignments listed in Table II. 

The 10.706- and 10.806-Mev levels are both given the 
assignment J=3- by Bartholomew ef al. For the as- 
signment J = 3+, the theoretical angular distribution of 
ground-state gamma radiation (assuming pure F1 radia- 
tion) differs from the experimental distributions by 
slightly more than the quoted experimental error. The 
experimental distributions may however be fitted ex- 
actly if the assignment $~ is made, and a suitable mix- 
ture of M1 and £2 radiation is assumed. The observed 
radiative widths are consistent with either parity, but 
the elastic scattering data for the 10.706-Mev level 
support a positive-parity assignment. This suggests that 
the angular distributions may have a larger error than 
was realized, so that considerable doubt is cast on the 
negative-parity assignment of the 10.806-Mey level. In 
a recent publication,’ Bartholomew and Campion with- 
draw the negative-parity assignment of the 10.806- 
Mev level. 

If we assume that the 10.806-Mev level is 3~ formed 
by p-wave protons, we obtain the extremely small 
proton reduced width of 1x 10-°% of 3h%?/2Ma?. Pro- 
tons with /,=2 forming a 3+ level would give a reduced 
width of a size more usually encountered, namely 
0.02% of the same limit. This is weak evidence in favor 
of a positive-parity assignment to the 10.806-Mev level. 


THE SHELL MODEL 


The shell-model calculations of Halbert and French" 
for N'® assume positive-parity configurations only of 
the forms (15)*(1p)!(2s), (1s)*(1p)(1d), and (1s)®(1p)”. 
The 10.706-Mev level, identified as 3+ by the elastic 
scattering results, has a large d-wave proton reduced 
width. This suggests a substantial amplitude of the 
configuration with a C™ core in its ground state and a 
d3y2 proton. No corresponding level appears near this 
energy in the shell model calculations. There is a gap 
in the calculated 3+ level energies from 9 to 12 Mev. 


1 R. Pixley, Ph.D. thesis, California Institute of Technology, 
1957 (unpublished). 

1G. Bartholomew and P. Campion, Can. J. Phys. 35, 1347 
(1957). 

12, Halbert and J. French, Phys. Rev. 105, 1563 (1957). 


However, the shell model calculations are less trust- 
worthy in this energy region than for lower energies. 


NEUTRON CROSS SECTION OF N* 


The problem of the large scattering and radiative 
capture cross sections“ for low-energy neutrons on 
N™ has received much attention®* recently. The 
N"(n,p) cross section can be explained satisfactorily by 
means of known levels above the neutron threshold of 
N". The shape of the total cross section curve of N" for 
neutrons of energies from 0.2 to 1.0 Mev'*® requires a 
3+ or $+ level in the range of excitation from 9.8 to 10.7 
Mev, as already noticed by Bartholomew et al. The 
shape of the total cross section curve in the range from 
0 to 2.5-kev neutron energy, measured by Melkonian," 
implies that a level exists between 2 and 5 kev below 
the neutron threshold. However, more recent measure- 
ments by Bilpuch ef al.'” show that the cross section 
does not decrease as rapidly as Melkonian’s measure- 
ments suggest. The cross section measured by Bilpuch 
in the energy range from 3 kev to 200 kev joins smoothly 
onto Melkonian’s measurements below 500 ev, and also 
joins smoothly onto the results of Hinchey et al.!® and 
Johnson et al.!* above 200-kev neutron energy. The re- 
vised shape of the total cross section curve implies the 
existence of a level approximately 40 kev below the 
neutron threshold, rather than the 3 kev required by 
Melkonian’s results. 

The cross section up to a neutron energy of 1 Mev 
cannot be fitted by means of a single level, but appar- 
ently needs at least two levels below the neutron 
threshold. A comparison of the coherent'® and total" 
cross sections of N“ for thermal neutrons shows that 
the scattering lengths for both channel spins 3+ and } 
are positive and are of the same order of magnitude. 
Since the ground-state radiation from either a 3* or 3* 
level is electric dipole, it is probable that both the 
needed levels contribute to the N'(m,y) cross section. 
Neither level may contribute much more to the N'(n,p) 


13 E. Melkonian, Phys. Rev. 76, 1750 (1949). 

14 Kinsey, Bartholomew, and Walker, Can. J. 
(1951). 

16 Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952). 

16 Johnson, Petree, and Adair, Phys. Rev. 84, 775 (1951). 

17 Bilpuch, Weston, Bowman, and Newson, Bull. Am. Phys. 
Soc. Ser. IT, 4, 42 (1959), and private communication. 

18S. Peterson and H. Levy, Phys. Rev. 87, 462 (1952). 
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cross section than the levels above the neutron thresh- 
old, which already explain this cross section satisfac- 
torily.2 The possibility of destructive interference be- 
tween levels of the same spin and parity allows a greater 
contribution to the N(n,p) cross section from the 
postulated bound levels than would otherwise be the 
case. 

An attempt has been described to find another reso- 
nance in C(p,y) besides the 634-kev resonance in the 
region from 60 kev below the neutron threshold to 20 
kev above the threshold. The observed upper limit to 
the resonant yield of gamma rays puts an upper limit 
of 0.001 ev on the product oI',I’,/I for ground-state 
radiation from such a level. For cascade radiation, the 
product has an upper limit of 0.005 ev. Since several 
E1 or M1 transitions are possible to levels between 
5 and 7 Mev from a 3+ or }* level near 10.8-Mev 
excitation, it would be rather surprising not to observe 
such radiation if a level with J*=4, 3+ existed in this 
energy region. If we assume that the level escaped de- 
tection because of a small proton width, then the proton 
reduced width would have to be less than 5X 10-7 of the 
Wigner limit for d-wave protons forming a $+ level, or 
less than 5X 10~ of the Wigner limit for s-wave protons 
forming a 4+ level. These would be abnormally small 
proton reduced widths. On the other hand, if we assume 
that the level escaped detection because of small radia- 


tive widths, the problem arises of explaining a ground- 
state radiative width less than 2X 10~¢ of the Weisskopf 
estimate, and simultaneously explaining cascade radia- 
tive widths less than 10~ and 2X 10- of the Weisskopf 
estimates for electric dipole andmagnetic dipole radiation, 


respectively. 

In order to give the observed (n,n), (m,p), and (n,y) 
thermal neutron cross sections for N™, a level 5 kev 
below the threshold would require a radiative width of 
the order of 0.008 ev for ground-state radiation and 
().06 ev for cascade radiations. If the level were further 
below the threshold, the required widths would be 
larger, in proportion to the binding energy of the level 
(for neutron emission). A level with these parameters 
would have been detected unless wl',I'yo/I’ were of the 
order of 0.001 ev or less, and the previous paragraph 
shows that this is unlikely for a level with J*=}* or $+. 

The only known level in the energy region close 
below the neutron threshold is the 10.806-Mev level, 
observed both in N'*(d,p) and in C(p,y). It must now 
be investigated to see if its characteristics are suitable 
to explain the N+ cross sections. The 10.806-Mev 
level is 37 kev below the neutron threshold, and this is 
in a satisfactory position to explain the results of 
Bilpuch et al. It has spin } but the parity is unknown. 
There is weak evidence of positive parity. The ground- 
state radiative width is rather small for electric dipole 
radiation, but is not inconsistent with a $+ assignment. 
The ground-state radiative width is of the same order 
of magnitude as the width required to explain the 
N"(n,yo) cross section. The radiation spectrum of the 
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10.806-Mev level is unlike that of N"(,y), but this 
may be due to the N(n,y) spectrum being the con- 
tribution of two levels. The second level would then 
have to contribute most of the cascade radiation. The 
proton width of the 10.806-Mev level is well within the 
limit imposed by the size of the N"(n,p) cross section. 
Before a detailed fitting of the N(n,m) cross section 
is attempted, the 4+ level also required must be 
investigated. 

We turn to the other known levels, bound for neu- 
trons, to see if their characteristics are compatible with 
those required of the proposed level in the range of 
excitation from 9.8 to 10.7 Mev. The proton width of 
the 10.706-Mev level is a factor of 10 too large, and the 
radiative widths of the 10.457-Mev level are too small 
by a factor of 10‘. The 3+ or $+ spin and parity assign- 
ment of the 10.543-Mev level have already been shown 
to be unlikely. 

Further evidence against the suitability of these 
three levels is available from the N"(d,p) angular dis- 
tributions of Sharp and Sperduto.’ None of these levels 
shows a stripping pattern.” The 10.457-, 10.543-, and 
10.706-Mev levels are sufficiently far below the neutron 
threshold to expect a stripping pattern if any of them 
were the required level. As before, the neutron reduced 
width needed is of the order of the binding energy (for 
neutrons) of the level influencing the N+ cross 
section. 

The level at 10.06 Mev shows a p-wave stripping 
pattern, and so is of the wrong parity, while all other 
known levels except that at 9.84 Mev are too far away 
from the neutron threshold. In addition, the levels 
below 9.84 Mev are populated by N"(n,y).""4 The 
matrix element for a gamma transition from the level 
causing capture to itself at another energy is likely to 
be small. The levels populated by N*(n,7) are there- 
fore unlikely to be causing the capture of neutrons, as 
the transitions observed experimentally appear to have 
normal matrix elements, after allowance is made for 
the differences in energy of the various gamma rays. 

The level at 9.84 Mev is the only known level not 
eliminated so far. It is observed as a strong proton 
group in N'*(d,p) but no strong gamma transition to 
the ground state is observed to follow this reaction.‘ It 
is therefore a level that cascades freely, agreeing with 
the requirement of the N™“(n,y) spectrum, since the 
10.806-Mev level can explain most of the ground state 
transitions but only a fraction of the cascades. Un- 
fortunately, nothing more can be said about this level 
at present, as it is obscured” at many angles in the 

9 R. Sharp and A. Sperduto (to be published). 

20 A, Sperduto (private communication). 

*1In Wigner’s supermultiplet “approximation one,” which 
neglects spin-dependent forces, the matrix element for this type 
of magnetic dipole transition is zero. A similar matrix element 
occurs in 8 decay, where the supermultiplet ‘approximation one” 
accounts for superallowed 8 transitions and would make the 
nonsuperallowed transitions zero. This encourages the opinion 
that in actual nuclei, this magnetic dipole gamma transition will 
behave like the nonsuperallowed 8 transition and will be small. 
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Fic. 7. The elastic scattering cross section for neutrons on N¥, The curve drawn is the expected cross section for s-wave neutrons. 
forming a }* level bound by 36 kev (y,?=39 kev), and a }* level bound by 1 Mev (y,?=290 kev). A hard-sphere radius a= 4.80X 10~" 
cm is assumed for each channel spin. Above 600 kev neutron energy, this leads to an s-wave scattering cross section larger than the 
experimental value. Disagreement is not unexpected at these energies because higher order partial waves are becoming important, and 
all levels above the neutron threshold of N'® have been neglected. The experimental points are total cross sections, which, for the 
present purpose, are identical with the elastic scattering cross sections. 


N"(d,p) angular distributions by a proton group from 
C"(d,p). However, it is the level most likely to be 
causing the rise in the N“(n,m) cross section below 
1-Mev neutron energy. For this reason it would be very 
desirable to observe the angular distribution of the 
proton group leading to the 9.84-Mev level. 

An attempt was made to fit the N'(m,) cross section 
at low energies by assuming that the levels responsible 
were the 10.806-Mev level (3+) and the 9.84-Mev level 
(3+). The neutron reduced widths chosen were yn?= 39 
kev for the 10.806-Mev level and y,?= 290 kev for the 
9.84-Mev level. The radius for potential scattering was 
taken as a=4.8010-"% cm for both channel spins. 
These parameters give an elastic scattering cross section 
at thermal energies of 10 barn, and a coherent scatter- 
ing cross section smaller by 0.5 barn, as observed ex- 
perimentally. The elastic scattering cross section was 
calculated as a function of energy from the expression 


o = 4h? (3 sin’6,;+ 3 sin*d;), 


where 6; and 6; are the phase shifts for channel spins 3 


and $, respectively. The phase shifts for each channel 


spin may be written 
56=ka+arctan[ kay,2/(E— Eo) ]. 


Because of the uncertainty in the difference between 
the total and coherent cross sections, there is some 
latitude in the choice of y,2 for the two levels. However, 
the choice given above leads to a predicted elastic 
scattering cross section that agrees well with the ex- 
perimental results over an energy range from 0 to 600 
kev neutron energy and then begins to deviate from 
experiment. Where Melkonian and Bilpuch ef al. dis- 


agree, the predictions are in accord with the latter, and 
up to 600 kev, the predictions lie within the spread of 
the experimental results. The theoretical curve and 
experimental results are shown in Fig. 7 

With the same parameters used to calculate the 
elastic scattering cross section, the contribution of the 
10.806-Mev level to the N'4(,y) thermal neutron cross 
section has been calculated from the formula 


V,/[ (E— Fo)?-+41F?] 
_ 2rkay els 


o(n,y)=T7rowl"y 
/(E— Eo)? 


The contribution to the ground-state gamma transition 
is 20 millibarn, which is to be compared with the ex- 
perimental value of 9 millibarn. The difference is not 
thought to be significant as the radiative width of the 
10.806-Mev level is uncertain by a factor of two, partly 
because of the uncertainty in the experimental value of 
the yield of gamma rays at the 634-kev resonance, and 
partly because of the uncertainty in the estimate of the 
I',/I’. In addition, there is the possibility of destructive 
interference (from the 3+ levels above the neutron 
threshold) reducing considerably the effect of the 
10.806-Mev level. There is also latitude in the choice 
of y,2 for the 10.806- and 9.84-Mev levels, and in the 
choice of the hard sphere radius a for each channel 
spin. This increases the uncertainty of the predicted 
N"(n,y) cross section. 

The estimated contribution of the 10.806-Mev level 
to the cascade radiation is 7 millibarn. The $+ and 3+ 
levels above the neutron threshold contribute an un- 
known amount, but this can be appreciable if we allow 
the cross section to be at- 


for interference. Therefore, 
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tributed to the 9.84-Mev level is not well defined, but 
it must be of the order of tens of millibarn for the 
cascade radiation, and of the order of a few millibarn 
for ground-state radiation. When these estimates are 
combined with the adjustable y,’ for the 9.84-Mev 
level, the result is that radiative widths between 1 and 
10 ev are expected for the individual transitions from 
the 9.84-Mev level. These estimates are of the expected 
order of magnitude. 

A comment must be made on the observed lack of a 
stripping pattern” in the N'(d,p) reaction leading to 
the 10.806-Mev level. The neutron reduced width re- 
quired to explain the N™(n,n) cross section is of the 
order of 40 kev. This is sufficiently small that no 
stripping would be observed for this level. 


CONCLUSION 


The exact binding energy for neutrons of the 10.806- 
level is of great importance in estimating the effect on 
the shape of the N"(n,n) cross section. This binding 
energy is believed to be 37 kev, as a result of two inde- 
pendent determinations of the gamma resonance energy 
and a comparison with the published neutron threshold 


measurement, 
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It is now possible to give a satisfactory account of the 
low-energy neutron cross section of N"‘, by ascribing to 
the 10.806-Mev and 9.84-Mev levels properties in addi- 
tion to those observed experimentally. None of these 
additional properties are in conflict with experiment or 
our expectations, but further work is necessary to test 
the predicted characteristics. The 10.806- and the 
9.84-Mev levels are the only known levels not definitely 
eliminated from consideration, and it has been shown 
that there is only a small probability that an unde- 
tected level within 60 kev of the neutron threshold is 
partly responsible for the N*+-n cross sections. 
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Most Probable Energy Loss of Fast Electrons* 
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The most probable energy losses of electrons of 3.4, 7.2, 11.2, 15.6, and 19.4 Mev have been measured 
for Al, Cu, Ag, Ta, Au, and U samples of about 1 g/cm?. The measurements agree with available calculations 


and remove the previous discrepancy for gold. 


INTRODUCTION 


EASUREMENTS of the energy loss of fast 

electrons made previously in this laboratory! 
indicated that the losses for light elements were in 
good agreement with those calculated by using the 
Fermi asymptotic formula which depends only on the 
density of electrons in the material, and the specific 
density effect was demonstrated for two gases and their 
polymers.” The energy straggling distributions for 
light elements were in reasonable agreement with 
those calculated by Landau’ while those for gold! and 
copper! agree with more detailed calculations, including 
the effect of the straggling introduced by bremsstrah- 
lung and by the excitation of K and L electrons. The 
magnitude of the energy loss for gold was considerably 
below that calculated and could not be understood 
even after more specific calculations on the density 
effect® in gold were available.‘ 

Since that time, measurements of the energy distribu- 
tion for 150-Mev electrons passing through Li, Be, C, 
and Al samples of about 2.5 g/cm? have geen reported 
by Hudson.* The most probable energy losses were 
found to be in agreement with those calculated but the 
widths of the distributions were greater by 7 to 15%. 

No further measurements on the most probable 
energy loss have been reported for the heavy elements, 
and the motivation for this work was to see if the 
discrepancy for gold! was the result of an experimental 
error or if it indicated some effect in heavy elements 
which was not properly accounted for in the calculations. 


EXPERIMENTAL METHOD 


The experimental arrangement is the same as that 
reported in the earlier work.! Electrons extracted from 
the 22-Mev betatron are focused on an absorbing foil 

* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

t On leave from “J. Stefan” Institute, Ljubljana, Yugoslavia. 

1 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 

2 Goldwasser, Mills, and Robillard, Phys. Rev. 98, 1763 (1955). 

3, Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

4C. Warner, III, and F. Rohrlich, Phys. Rev. 93, 406 (1954). 

5R. M. Sternheimer, Phys. Rev. 103, 511 (1956); concluding 
sections of Phys. Rev. 91, 256 (1953); Phys. Rev. 88, 851 (1952). 
See also the chapter “Interaction of radiation with matter,” in 
Nuclear Physics, edited by L. C. L. Yuan and C. S. Wu (to be 
published). 

6 A. M. Hudson, Phys. Rev. 105, 1 (1957). [Similar results with 
32 Mev electrons were reported by B. Ziegler, Z. Physik 151, 556 
(1958) ]. 


placed just in front of a }-mm slit which is at the source 
point of a 75-degree magnetic spectrometer, and 
detected after passing through a similar slit placed at 
the focal point of the spectrometer. The measurements 
for high-Z materials are difficult because of the great 
attenuation of the beam due to multiple scattering 
and the earlier work with copper and gold samples 
was limited to higher energy because the ionization 
chamber detector was too sensitive to background. In 
the present work the ionization chamber was replaced 
by a Cerenkov detector consisting of a 1-inch thick 
Lucite cylinder, 13} inches in diameter, in contact with 
a 5819 photomultiplier. The dc component of the 
signal from the photomultiplier was measured using a 
diode circuit, gated on during the betatron yield pulse. 
This eliminated most of the background arising from 
the photomultiplier dark current, which otherwise was 
of the same magnitude as or greater than the signal. 
The detector system introduced some distortion in 
the shapes of the energy loss distribution curves 
although the maximum in the curve, corresponding to 
the most probable energy loss, could be determined 
reliably. 

The accuracy of the determination of these losses 
was dependent on the fluctuations in energy of the 
electrons from the betatron which are about 15 kev.’ 
This introduces possible errors of about 1% in the 
energy losses in the thicker foils and correspondingly 
larger fractional errors in the values obtained for the 
thinner foils. The absolute energy was determined by 
calibrating the magnetic analyzer with 2- to 20-kev 
lithium ions passing through the same slit system used 
for the electrons. This calibration was reproducible to 
better than 1% over the range used. 

The most probable energy loss was determined in 
each case in terms of the difference between the analyzer 
readings for which a maximum detector current was 
obtained for the open beam and the readings correspond- 
ing to the maximum detector current after traversing a 
sample. These are summarized in Table I together with 
the characteristics of the sample and some associated 
calculated quantities. The experimental values are 
based on from 2 to 12 individual measurements which 
for the heavier samples had an average deviation of 
about 1%. The over-all uncertainties including those 
in the surface densities of the samples and the calibra- 


7B. M. Spicer and A. S. Penfold, Phys. Rev. 26, 952 (1955) 
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TasLe I. Calculated and measured quantities for various incident electron energies. The experimental values are given in the last 
row of each section. Above them, arranged according to the corrections applied, are the calculated values: A,(L) given by the Landau 
theory; A,(IL—S), the value A,(L) corrected for the density effect; A,(Y), the value 4,(L—S) corrected for the increase of the path 
length due to multiple scattering; and 4,(B+W), the value 4,(Y) corrected for resonance broadening and radiation losses. The 
double entries appearing under each element refer to different sample thicknesses used in the experiment. 
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A,(v=c) (Mev) 


So’ (kev) 
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A,(L) (Mev) 
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A,(Y) (Mev) 
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Al 
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0.4321 


32.0 


0.0225 


0.8579 
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0.0445 
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0.0226 
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0.548 


1.16 


63.7 
0.198 
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71.4 
0.0647 
0.0483 
1.18 
1.11 
1.20 


0.134 
0.0234 
0.570 
0.534 
0.558 
0.560 


0.6332 


44.42 


Cu 


8.98 
1.045 
73.31 


0.0656 0.105 


0.746 


366 
1.27 





Ag 


10.50 
0.1881 0.968 
12.6 64.9 
0.0287 0.149 
660 
0.194 


24.9 


1.11 0.391 


pc=19.9 Mev, T=19.4 Mev, 6? =0,.9994 
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0.596 


Mev, 


74.2 
0.567 
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1.25 
1.27 


27 
26 


~~ 


2 


516 
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Mey, 


Mev, 


65.5 
1.36 
0.150 
1.21 
1.06 
1.07 
1.11 
1.10 


T = 15.6 Mev, 6?=0.9990 


T=11.2 Mev, 8?=0.9981 
66.9 
1.19 
0.153 
1.14 
1.04 
1.08 
1.11 
1.11 
T=7.2 Mev, 6?=0.9956 
12.8 69.6 26.0 
2.66 1.04 Be fs 
0.0291 0.158 0.100 
0.191 1.09 0.374 
0.177 1.02 0.340 
0.179 1.09 0.354 
0.189 1.13 0.372 
0.186 1.15 0.370 


pco=3.9 Mev, T=3.4 Mev, 8=0.983 


50.6 


0.276 


0.074 


3 


0.730 


0.693 
0.781 
0.784 


0.402 


13.5 
1.04 
0.0312 
0.177 
0.171 
0.181 
0.183 


29.1 
0.952 
0.114 
0.346 
0.327 
0.381 
0.392 


Ta 


16.6 


0.8336 


51.69 


0.0963 0.193 


986 
0.850 


52.3 
1.71 
0.195 
0.910 
0.782 
0.792 
0.831 
0.850 


53.7 
1.50 
0.199 
0.857 
0.748 
0.776 
0.814 
0.841 


56.0 

1.31 

0.208 
0.816 
0.746 
0.809 
0.847 
0.860 


Au 


19.32 
0.3688 0.947 


22.73 


0.0818 


58.4 
0.205 


1130 


0.352 


23.2 
4.08 
0.0832 
0.352 
0.320 
0.325 
0.344 
0.344 


23.7 
3.63 
0.0850 
0.334 
0.311 
0.324 
0.342 
0.334 


26.6 
1.21 
0.0953 
0.307 
0.297 
0.345 
0.355 


0.958 


59.2 
1.83 
0.208 
1.02 
0.898 
0.907 
0.954 
0.956 


59.8 
1.73 
0.209 
0.996 
0.891 
0.913 
0.959 


0.966 
0.969 


61.1 


1.59 

0.214 
0.959 
0.876 
0.910 
0.956 
0.962 


64.4 


1.37 

0.225 
0.913 
0.855 
0.949 
0.996 
().997 


U 


0.310 
18.4 


0.0767 


18.69 


0.958 
56.9 
0.230 


1325 


0.282 


19.2 
5.79 
0.0793 
0.260 
0.243 
0.253 
0.270 
0.272 


0.937 


0.956 


59.9 
2.09 
0.242 
0.915 
0.841 
0.886 
0.942 
0.959 


63.5 
1.79 
0.256 
0.871 
0.820 
0.918 
0.976 
0.996 


21.4 
1.81 
0.0900 
0.239 
0.232 
0.268 
0.279 


2 
2 


1.21 
0.564 1.22 0.771 


tion of the energy scale are thought to be better than 
2%. 

The tabulated quantities are the density p, the surface 
density D, the coefficient of the energy loss expressions 
So= 153.7ZD/A* for B=1, the thickness of the sample 
in radiation lengths appropriate to the low-energy 
photons fo, the limiting value of the most probable 
ionization loss A,(v=c)=5So(19.43+1nD/p), and the 


0.184 


0.392 0.353 0.288 


value of the mean ionization potential used in the energy 
loss formulas J. The values tabulated separately for 
the various energies include So’ and fo’ which reflect 
the correction for 6? and the thickness of the sample as 
increased by the Yang correction for multiple scatter- 
ing,* 6 which is the 1/e width (in units of So) of the 
Gaussian folded into the Landau distribution function 


§C.N. Yang, Phys. Rev. 84, 599 (1951). 





MOST PROBABLE 
by Blunck and Leisegang® to account for the discrete 
energy losses. The values of 5? include the mean square 
energy losses associated with the resonance excitations 
less than So. The excitations due to transitions for 
which the excitation energy is greater than So such as 
the K electrons in Au and U involve only about 6% of 
the electrons and contribute largely to the distribution 
beyond the most probable energy loss. These are not 
included in 8, but must be folded in as a separate 
operation. In these cases the contributions of the K 
electrons, amounting to about one percent, were 
removed from the loss calculated using the relation! 


Ap(L) = So{ In[2mv*So/ In? (1—B*) ]—6?+0.37}. 


The effect of the Gaussian broadening associated with 
b? on the most probable energy loss is found from 
reference 9 to be approximately 0.05.9", corresponding 
to an increase of about one percent for &=3. The 
effect of the radiation losses on the width of the distribu- 
tion is considerable, but only a small fraction of the 
total radiative energy loss contributes to a shift in the 
most probable energy loss for thicknesses much less 
than one radiation length. These shifts are roughly 
proportional to the radiation loss associated with 
the emission of low-energy photons and are represented 
approximately by the relation A,=2So'to’. The corrected 
values A,(B+W) in the table include both the effect 
of resonance broadening and the shift due to the 
radiation loss as obtained from the figures of Blunck 
and Westphal.'® In the case of Cu and Au at 15.7 Mev 
the special calculations of Warner and Rohrlich* and 
of Yang and Kennedy' appropriate to these samples 
are included separately. 

The experimental values for the thick samples are 
shown graphically in Fig. 1 along with the curves 
corresponding to various calculated energy losses. It 
can be seen that the experimental measurements agree 
reasonably well with the curve for A,(B+W). 

The energy losses in the light elements are not 
sensitive to the values of 74 used in the calculations 
since the dependence on /,, is largely removed by the 
density effect. Those in the heavy elements, however, 
do depend to some extent on the values of Js, chosen. 
Specifically the losses calculated for uranium using 
Tw=1325 ev® are 2.5% below that calculated for 
T,,=880 ev used in Sternheimer’s computations of 
1952. Both of these values of J are now considered 


9Q. Blunck and S. Leisegang, Z. Physik 128, 500 (1950). 
A résumé of this theory is given in the center section of F. Kalil 
and R. D. Birkhoff, Phys. Rev. 91, 505 (1953). 

©. Blunck and K. Westphal, Z. Physik 130, 641 (1951). 
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Fic. 1. Most probable energy loss as a function of the kinetic 
energy of the incident electrons. The present experimental values 
are shown as circles, while those of the earlier work at 15.7 Mev 
are shown as triangles. The curves represent the losses as calculated 
in various approximations. The broken line —- — — represents 
the Landau values A,(L); The solid line — those corrected 
for the density effect by Sternheimer A,(L—S); the dashed 
line --- is the previous one corrected for the increased path 
length A,(Y); the final dotted curve - - - includes the effect of 
resonance broadening and the radiation losses calculated by 
Blunck and Westphal 4,(B+W). The X’s for Cu and Au at 
15.7 Mev are the values calculated previously by Warner and 
Rohrlich, and by Yang and Kennedy. The arrow on the extreme 
right represents the asymptotic value for the ionization loss. 


extremes and it is noted that our results for U agree 
better with the average of these. 

We conclude that the most probable energy losses in 
heavy elements as well as those in light elements are in 
reasonable agreement with available calculations and 
that the previously reported discrepancy is not 
confirmed. 
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In a stack of nuclear emulsion exposed to the cosmic radiation near the geomagnetic equator, 540 tracks 
of heavy nuclei were located in a systematic scan and followed along the track. ‘Twenty-two interactions of 
light (<< Z <5), 218 of medium (6<Z <9), and 99 of heavy (Z 210) nuclei have been found. The average 
energy of the nuclei in this experiment was about 20 Bev per nucleon. The interaction mean free paths for 
all charge groups are in reasonably good agreement with results obtained at lower energies, indicating that 
the mean free path is independent of energy within the limits of error. In addition, all the a particles origi 
nating in fragmentations of heavy nuclei have been followec. The mean free path of @ particles resulting 
from fragmentations is again in agreement with results obtained at lower energies. The same is true for the 


fragmentation probabilities. 


Fragmentation probabilities in hydrogen are given and their significance is discussed. 


INTRODUCTION 


HERE are many investigations of the heavy- 
nuclei component of the primary cosmic radiation 
at northern latitudes, mainly near \+41° (Texas), 


\=~56° (Minnesota) and \~46° (northern Italy) using 


nuclear emulsion techniques.!"” 


During the Office of Naval Research expedition 
EQUEX to the Marianas Islands in 1957, we obtained 
a Satisfactory exposure close to the geomagnetic equator 
of a fairly large stack of nuclear emulsion. In such a 
stack all primary heavy nuclei entering from the outside 
have relativistic velocities making identification possible 
by 6-ray counting only. Due to the magnetic cutoff 
which allows only particles with kinetic energies greater 
than 7 Bev per nucleon to enter the stack from the 
vertical direction, the average energy of our heavy 
nuclei is much higher than those at northern latitudes 
where most of the other measurements were carried out. 


* Supported in part by a joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research, and by the 
National Science Foundation. 
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1779 (1949) ; 77, 54 (1950); 80, 943 (1950). 
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In addition, we used a rather large stack in which each 
particle could be followed through for secondary inter- 
actions. In such collisions very frequently the primary 
heavy nucleus does not suffer a ‘destructive collision,”’ 
but undergoes a fragmentation in which a particles or 
heavier nuclear splinters emerge without any noticeable 
energy loss. Treating a “multiple fragment collision” 
(two or more fragments) as an evaporation process in 
the center-of-mass system of the primary heavy nucleus, 
one can easily estimate the primary energy by the 
angular distribution of the fragments. Furthermore, in 
the energy range above 7 Bev/nucleon the fragments 
are sufficiently well collimated in the direction of the 
primary heavy nucleus to make relative scattering 
measurements feasible and, in fact, more reliable than 
other known energy determinations. Due to the high 
energy of the colliding particles, meson production will 
occur in most of the nuclear collisions. The same is 
true for the subsequent interactions of the fragments 
and @ particles. The angular distribution of the mesons 
produced in such collisions can frequently be used for 
an independent estimate of the energy of the colliding 
particles. 

Therefore, this stack should yield more information 
regarding the flux of heavy nuclei near the geomagnetic 
equator, and regarding the energy spectrum beyond the 
geomagnetic cutoff up to energies of about 100 Bev/ 
nucleon. However, one can attack this problem only 
after the energy independence of various quantities has 
been established. First it is necessary to establish this 
for all the interaction mean free paths and the frag- 
mentation probabilities. Furthermore, one has to check 
this method of determining the energy by the angular 
distribution of the fragments and of the mesons, and 
then either prove that the results do not depend on 
energy, or establish the energy dependence on primary 
energy and on the mass of the interacting heavy nucleus. 

No special effort was made to study the Li, Be, and 
B problem. This paper will deal mainly with the general 
characteristics of the heavy-nuclei interactions, mean 
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free paths, and fragmentation probabilities. In a second 
paper investigations of meson production by heavy 
nuclei and @ particles will be described. Flux values 
and the energy spectrum will be described in a third 
paper. 


EXPERIMENTAL PROCEDURE 


A stack consisting of 100 emulsions, Ilford G5, 20 40 
cm, each 600 uw thick, was flown in February, 1957, for 
7 hours at a mean altitude of 102 000 feet near Guam 
(Marianas Islands). The stack was exposed to the 
cosmic radiation with the 40-cm side pointing to the 
vertical direction. Each emulsion was scanned along a 
line parallel to the top edge and on both sides, about 
8 mm from the edge. All heavy nuclei crossing the scan- 
ning line, having more than 15 6 rays per 1 mm, and a 
projected length of more than 2 mm per plate were 
accepted and followed through until they left the stack 
or interacted. The interactions were then classified with 
respect to m,;, the number of heavy fragments (Z2 3); 
Na, the number of helium nuclei; .V,, the number of 
shower particles (ionization < 1.4 minimum ionization) ; 
and N,, the number of heavily ionizing tracks. The 
angular distribution of the shower particles was meas- 
ured for a statistically significant sample of collisions. 
In all cases where the primary heavy nucleus did not 
undergo a destructive collision the remaining heavy 
fragments and a particles were followed again in the 
same way. By this method we could eliminate, among 
the fragments, all tracks of low-energy nuclear particles 
due to evaporation of the target nuclei because their 
ionization would have changed with range. Further- 
more, in the cases of ‘“‘multiple fragment collisions” in 
which two or more fragments or a particles continued 
on after the collision, their relative scattering was 
measured. These measurements will be discussed in 
detail in the following paper as well as measurements 
of the angles between emitted fragments and a particles. 
By this method we efficiently eliminated all low-energy 
particles among the assumed fragments. 

The charge of the heavy nuclei was measured by 
counting 6 rays with four and more grains. Furthermore, 
we assumed that after subtracting the electron back- 
ground the 6-ray density for nuclei of charge Z; and Z» 
could be represented by 


N;(Z2)= (Zo Z1\)"N3(Z, B 


The calibration was carried out by using unambiguous 
cases of fragmentations. 

This simple procedure for charge determination is 
well justified for an equatorial stack flown at very high 
altitudes. Due to the magnetic cutoff of 7 Bev/nucleon, 
all entering heavy nuclei must have relativistic velocities 
and the ionization loss in the air above the stack and in 
the stack is negligible. We divided all heavy nuclei into 
one of the following charge groups: L (3<Z<5), 


M (6<Z<9), H (Z2>10), and VH (Z> 20). 
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Fic. 1. Distribution of number of black tracks Ny originating 
from heavy-nuclei interactions with and without fragments. 
N: number of events with NV), heavy prongs. 


EXPERIMENTAL RESULTS 
Prong Distribution in Interactions 

(a) Heavy nuclei—In Table I the details of the 
observed interactions of the heavy nuclei followed 
through the stack are given. The primary nuclei are 
grouped into “light” (Z), “‘medium” (M), and “heavy” 
(H) nuclei. According to conventions followed by other 
authors,'*!°!8 interactions with only one heavy prong 
were omitted. As expected, the fraction of ‘destructive 
collisions” in which no fragments (Z22) continue on 
is much smaller among the H nuclei than among the 
M and L nuclei. In collisions of the H nuclei the inter- 
actions are predominantly of the ‘‘fragmentation” 
type. In such cases one or more fragments of the original 
nucleus continue on. In Fig. 1 the distribution of heavy 
tracks (V,) is given for destructive collisions and 
fragmentations separately. For the first type of inter- 
actions the distribution shows two distinct maxima 
near V,=4 and N,=18. Therefore, a separation of 
these events according to the target nucleus seems 
meaningful. The first peak is due to collisions of the 
primary heavy nuclei with light or medium nuclei in 
the photographic emulsion (H, C, N, O); whereas the 
second peak is caused by interactions with heavy target 
nuclei (Ag, Br). The V, distribution for the fragmen- 
tations does not show two distinct maxima. Therefore, 
the only reasonable procedure is to assume that in 
collisions with V;,>7 the target nucleus belongs to the 
Ag, Br group. For N;<7 we have a mixture of inter- 
actions with all possible target nuclei; however, for 
geometrical considerations most of these collisions 
should occur with light nuclei. 

(b) a particles—In Table II all observed collisions 
of a particles are listed according to V, and Ny. These 
interactions were collected as an unbiased sample 
because they all originated in fragmentations of heavy 
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TABLE I. Statistics of heavy-nuclei interactions in emulsion. 
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nuclei which were found in a systematic way by track 
following. The events in Table II(a) and II(b), further- 
more, are all of known energy and all are above the 
magnetic cutoff of 7 Bev/nucleon. The methods of 
energy determination of the a particles will be discussed 
in detail later. Table II(a) gives the distribution for 
low-energy a-particle interactions ((Z)=10 Bev per 
nucleon) and Table II(b) for high-energy a particles 
((E)=40 Bev per nucleon). In Table IT(c) all a-particle 
collisions are listed in which the a particle continues on. 
Precisely speaking, this means collisions in which the 
incoming particle as well as the outgoing particle has 
four times minimum ionization. Therefore, these col- 
consist of interactions of the type 
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He’ — He’, Het > He’, Het > He’, etc. From Table II 
it is evident that in these events the average number 
of black prongs is smaller than in the others. They are 
mainly due to stripping interactions in which the 
primary nucleus loses only one neutron. The contri- 
bution of He® events may be not negligible because its 
mean life of about 0.8 sec is long enough for it to be 
detected as a fragment. The He® contribution to the 
primary helium flux at the top of the atmosphere, 
however, will be practically zero. 


Mean Free Paths 


(a) Heavy nuclei.—In quoting accurate interaction 
mean free paths one has to keep in mind that there are 
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TABLE II, Statistics of a-particle interactions. 





(a) “High” energy 


ol|</2 
@ , > 


ONTO Ue WN 


va 


Total 11 3 0 


8 9 


11 12 13 14 Total 


_ 


KH RUWNWARSHE 


2 


] 


“TU OH GW WW 


rn — 


(b) “Low” energy 
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(c) a-@ interactions 


5 6 


24 
Total 


two main difficulties. One arises from interactions where 
a heavy fragment continues and only one dark track is 
seen, the other comes from cases in which only one or 
very few minimum-ionization tracks are emitted. In 
both cases the charge of the colliding nucleus may 
change not at all or only by one or two units. First of 
all, both types of collisions are easy to miss by the 
scanners; secondly, the first type of interaction could 


/ 
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be due to elastic scattering with hydrogen. Therefore, 
we followed the procedure of certain authors who did 
not count events with only one heavy prong.’*!°.'5 The 
uncertainty in the interaction mean free paths intro- 
duced by this procedure is rather small because we 
observed only 4 cases against 339 accepted interactions. 
The scanning loss of events of the second type is a more 
serious problem because it could have a significant 
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TABLE III. Interaction mean free paths for heavy nuclei 
(in g/cm? in nuclear emulsion). 


Cutoff 

energy 
Bev, L M 

nucleon 3<Z<5 6<Z<9 

7 51.44+7.2 

&. 51.6+6.1 

1 60 +69 


49 8+3.6 
51.94+3.8 
51.64+3.8 


This work 
Bristol* » 
Turin® 


* See reference 13. » See reference 15. ¢ See reference 18 


influence on the fragmentation probabilities too. 
Therefore, we followed a representative sample of 
tracks of heavy primaries a second time very carefully 
under high magnification to determine the correction 
factor. In doing this one has to keep in mind that high- 
energy heavy nuclei are capable of emitting energetic 
knock-on electrons at small angles. In addition, the 
direct production of electron-positron pairs is not 
negligible for high-energy heavy nuclei. Therefore, in 
all events where only one or two minimum tracks can 
be seen and no change of charge can be established, the 
minimum tracks had to be followed for some distance 
in order to exclude electrons. For the same purpose, 
relative scattering measurements were carried out in 
all favorable cases. The correction obtained by this 
method turned out to be significant for “hydrogen” 
only and will be explicitly given later. In order to 
increase our statistics, the interactions of heavy frag- 
ments (Z>2) are included in our values of the inter- 
action mean free paths which are given in Table III 
for four groups of heavy nuclei. The values for L, M, 
H, and VH nuclei are compared with recent results 
obtained by the Bristol and Turin groups. These results 
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are of comparable statistical weight and were obtained 
in a similar way. In calculating our results in g/cm? we 
assumed our emulsion to have a density of 3.81 g/cm’. 

One sees that the values of different authors agree 
well within the limits of statistical errors. The results 
of the Bristol'*!° and Turin'*® groups were obtained 
in northern Italy where the magnetic cutoff is about 
1.5 Bev per nucleon (kinetic energy). Assuming an 
energy spectrum of the form N(>£)« 77, one can 
calculate the average energy of their heavy nuclei. 
For y=1.5 one obtains 6.5 Bev. Our value of y will be 
discussed in a separate paper. In our investigation near 
the equator, the average energy was 20 Bev/nucleon. 
Comparing the results of Table III, it is seen that the 
mean free paths do not change with energy within the 
limits of error in the indicated energy range. 

(b) a particles——All a particles used in this work 
originated from fragmentations of heavy nuclei. First 
we determined the mean free paths for a particles, the 
energy of which could be measured as mentioned above. 
In addition we include the mean free paths for those 
a particles for which an estimate of the energy was not 
possible by scattering measurements. Their average 


energy, of course, is also 20 Bev/nucleon. The rather 


high value for the third group of a particles in Table IV 
is most probably due to some statistical fluctuation 
since the number of events was small. There is no 
reason to assume that these particles could be different 
from the particles considered in the first two groups. 
Our results do not indicate any energy dependence of 
the interaction mean free path between 10 and 40 Bev 
per nucleon. In Table V the results of other investi- 
gators at different energies using different methods are 


TABLE IV. Interaction mean free paths for @ particles (in nuclear emulsion). 


Individual energy measurement possible (E 


Individual energy estimate impossible (E 
All interactions of a particles 


= 10 Bev/nucleon 
k)=40 Bev/nucleon 
=20 Bev/nucleon 
(£)=20 Bev/nucleon 


75.0+9.1 g/cm? 
68.9+8.8 g/cm? 
130+34 g/cm? 


76.8+6.5 g/cm? 


19.74+2.4 cm 
18.1+2.3 cm 

3449 cm 
20.2+1.7 cm 


TABLE V. Energy dependence of a-particle interaction mean free path. 


Authors Source of particles 
Quareni and Zorn* 
Willoughby” 
Bristol* 

NRL? 

Bombay* 

Hianni'‘ 

This work 


radiation 


« G. Quareni and G. T. Zorn, Nuovo cimento 1, 1282 (1955). 

+ D. Willoughby, Phys. Rev. 101, 324 (1956). 

eC. J. Waddington, Phil. Mag. 45, 1312 (1956) 

4 Shapiro, Stiller, and O'Dell, Bull. Am. Phys. Soc. 1, 319 (1956). 


Artificially accelerated a particles 20 


Primary a particles in cosmic 


« particles from fragmentations of 
heavy nuclei in cosmic radiation 


Average kinetic energy 


Interaction mean free path 
(Bev per nucleon) 


(cm in emulsion) 


+1.7 
18.4+0.9 
20.542.2 6» 
19.742.2 205 
17.5+1.1 126 
18.4+4 8h 
20.2+1.7 20% 


0.098 


« Appa Rao, Daniel, and Neelakantan, Proc. Indian Acad. Sci. A43, 181 (1956) 


f See reference 11. 
® Quoted by the authors 
b Calculated by us 
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TABLE VI. Fragmentation rates of heavy nuclei. 


Primary heavy- 
nucleus charge 
group 


Primary cut 
off energy 
Bev/nucleon 


events 


218 
163 
180 
99 
84 


76 


Laboratory 
This work 
M Bristol® 
Turin? 
This work 
Bristol* 
Turin? 


— eT ee 


® See reference 13. b See reference 18. 


Total 
number of 


ny +Ne 

=0 24 22 23 
(5.6+1.7)% 
(7.542.2)% 
(5+1.7)% 
(26+5)% 
(26+5.5)% 
(254+6)% 


(24+3.5)% 
(26.54+4)% 
(2744)% 

(52+7.5)% 
(49+7.5)% 
(47.5+8)% 


(59+5.2)% 
(6346.3)% 
(70+46.2)% 
(86+9.5)% 
(82+10)% 
(76+10)% 


(41+4.5)% 
(3745)% 
(30+4)% 
(14+4)% 
(18+5)% 
(24+6)% 


TABLE VII. Fragmentation probabilities in emulsion. 


Put 


0.19+0.03 
0.14+0.02 
0.18-+0.03 
0.17+0.04 
0.11+0.03 


Pie 


0.61+0.05 
0.77+0.06 
0.75+0.06 
0.97+0.10 


This work 

Bristol!* 

Turin 

Koshiba and Schein‘ 
Piischel4 


* See reference 15. See reference 18 
listed for comparison. All these results are consistent 
with the assumption that the interaction mean free 
path is independent of energy within 5-10% over a 
wide range between about 0.10 Bev per nucleon and 
approximately 50 Bev per nucleon. 


Fragmentation Probabilities 


In Table VI we give our observed numbers of heavy 
nuclei interactions according to their fragmentation 
type. In addition similar figures are given for investi- 
gations carried out in northern Italy (cutoff energy 
about 1.5 Bev/nucleon) by the Bristol'® and Turin!® 
groups in order to check the independence of energy 
of the fragmentation rates. Within the limits of the 
quoted statistical errors the fraction of multiple 
fragmentations (m;+n,22) among all interactions 
remains constant. 

The fragmentation probabilities, Pi,, in emulsion 
have been investigated by various groups during the 
last years. Our values are given in Table VII. In addi- 
tion we include in this table the results of the Bristol!® 
and Turin'* groups; Koshiba ef a/.!®; also Piischel,!” 
for comparison. All P;, agree well within the statistical 
errors indicating that the change of these quantities 


Pum 


0.11+0.03 
0.08+0.02 
0.16+0.03 
0.08+0.03 
0,110.03 


See reference 16. 


Pun 


0.23+0.06 
0.20+0.03 
0.25+0.06 
0.09+0.04 
0.20+0.05 


P ite Put Pum 
1.19+0.12 
1.27+0.12 
1.04+0.12 
1.21+0.16 


0.25+0.05 
0.27+0.04 
0.18+0.05 
0.17+0.06 
0.25+0.07 


0.17+0.05 
0.17+0.03 
0.13+0.04 
0.40+0.09 
0.16+0.09 


1 See reference 17. 
over an energy range of roughly a factor of 3 is less than 
10%. 

For the extrapolation of measured flux values to the 
top of the atmosphere, one needs the fragmentation 
probabilities in air which cannot be measured directly. 
As an approximation one can use the fragmentation 
probabilities in emulsion obtained in interactions with 
“light” target nuclei Z<8 (/-events) because these 
nuclei should behave very much like air nuclei. There 
is, of course, only an approximate way of selecting such 
events in emulsion. Following other authors we included 
all interactions with V,<7 in Table VIII where the 
fragmentation probabilities for /-events are listed. In 
addition we included results obtained by other groups 
in a similar manner.'*!!8 In the last line we quote 
recent data by Rajopadhye and Waddington’? in which 
they used a somewhat different method to calculate 
the fragmentation probabilities for / events. They used 
statistical arguments and the model introduced by 
Bradt and Peters to eliminate all events among the 
interactions with N;,<7 which did not occur at a C, 
N, O target nucleus. Their results obviously do not 
differ very much from the data obtained by using the 
(Ni,<7) criterion. 

For some cosmological aspects the fragmentation 


TABLE VIII. Fragmentation probabilities in emulsion (for “‘light” target nuclei). 


P iu 


0.91+0.10 
0.98+0.11 
0.88-+0.08 
1.3 +0.16 


Pai 


0.30+0.06 
0.18+0.04 
0.23+0.04 
0.22+0.07 
0.13++0.04 
0.23+0.07 


This work 

Bristol*® 

Turin> 

Koshiba and Schein‘ 
Piischel4 


Bristol® 1.27+0.28 


@ See reference 13. b See reference 18, 


Pum 


0.18+0.05 
0.16+0.04 Ls 
0.19+0.04 1.2 
0.10+0.04 1.4 
0.19+0.04 
0.17+0.006 


© See reference 16, 


Pita Put Pum Pun 
0.15+0.05 
0.12+0.06 
0.14+0.06 
0.32+0.12 
0.11+0.05 


0.21+0.09 


0.3340.09 
0.29+0.07 
0.34+0.09 
0.09+0.06 
0.30+0.07 
0.29+0.11 


0.33+0.07 
0.45+0.08 
0.27+0.08 
0.27+0.11 
0.35+0.07 
0.46+0.15 


340.17 
5+0.19 
340.17 
1+0.25 


1.23+0.40 


4 See reference 17. © See reference 15 
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TABLE IX. “Hydrogen” target interactions in emulsion. 


Total number 


Number of fragments of interactions 


Charge group of 
primary heavy 
nucleus 
Charge group of 
fragments L J a d ] i 
9(5) 


VW H 


This work 26 
Bristol® 32 22 
Turin 5. ; 32 
Koshiba and Schein‘ . 9 


51(41) 
24 


23(19) 
15 

37 19 

27 8 


Fragmentation probabilities - 
L M a i M H 


0,090.04 0.460.090 32-40. 


1.374017 0.3240.08 
0.11+0.09 0.35+0.15 


1.90+0.38 


0.14+0.04 
0.06+0.06 


0.32+0.05 
0.38+0.11 


Average from above data 


Bristol4 0.30+0.12 


See reference 16 4 See reference 15. 


* See reference 13 See reference 18 
probabilities in hydrogen are of interest. We choose to 
use the following criteria for selecting proper events: 


(1) N; = 0), 

(2) N,=1, only if the charge of fragments plus .\ 
equaled the charge of the incoming 
heavy nucleus. 


This method, of course, is again an approximation only 
and the selected events include a small fraction of 
collisions with bound nucleons also. In Table IX we 
give the number of a particles, L, M, and H fragments 
for interactions of M and H heavy nuclei. The figures 
in parentheses are our results before following the 
heavy-nuclei tracks for a second time. One sees quite 
clearly that there is a serious scanning bias against 
“hydrogen” events if one does not take extraordinary 
care in following heavy-nuclei tracks. 

In order to increase the statistical significance of the 
fragmentation probabilities we applied the same pro- 
cedure to the figures from the papers by the Bristol’* 
and Turin'* groups and by Koshiba and Schein,!* and 
added their events to ours. From these figures we 
calculated fragmentation probabilities in hydrogen. 
They are again in good agreement with results recently 
published by the Bristol group,!* which used somewhat 
different selection criteria. 


CONCLUSIONS 


We have compared our results obtained at the geo- 
magnetic equator with those of other investigators at 
lower energies. It is shown that the interaction mean 
free paths of heavy nuclei do not depend on energy 
within the limits of error between about 6 Bev/nucleon 
and 20 Bev/nucleon. The same is true for a particles 
between 0.1 and 40 Bev/nucleon. Within the accuracy 
of present measurements we could find no indication 
that the fragmentation probabilities of heavy nuclei 
depend on energy. Furthermore, we could also show that 
the fraction of multiple-fragment interactions is inde- 
pendent of energy within small limits of error. This 
result is of particular significance for the derivation of 
an energy spectrum of the heavy nuclei which will be 
given in a forthcoming paper. 
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Three hundred and seventeen heavy-nuclei and 175 a-particle 
interactions of more than 7 Bev/nucleon have been found in a 
systematic way and analyzed. We obtained average values and 
fluctuations of the individual values for the energy of heavy nuclei 
as measured by the opening angle of their fragments by comparing 
with the energy found by scattering measurements. At an average 
energy of 10 Bev/nucleon and 40 Bev/nucleon the average number 
of charged mesons produced by a-particle interactions with emul- 
sion nuclei was found to be 4.6 and 8.2, respectively. About one 
half of the nucleons of the a particle participate in the collision. 
The meson multiplicities per participating nucleon agree for pro- 
ton and a-particle collisions at 10 Bev/nucleon. 

We measured the angular distribution of the shower particles 
emitted from the interactions. We calculated the energy of the 


1. INTRODUCTION 


URING the past years a considerable amount of 

work has been done on the nuclear interactions 
of the heavy primaries of the cosmic radiation.'“"' Rela- 
tively little, however, is known at energies above 10 
Bev/nucleon. At these energies multiple production of 
mesons becomes an important phenomenon. We have, 
therefore, carried out a study of heavy-nuclei and a- 
particle interactions in a stack of nuclear emulsions 
exposed near the geomagnetic equator. It covers an 
energy range between 7 Bev/nucleon and about 100 
Bev/nucleon. A description of the emulsion stack, the 
fllight, and the experimental procedure used for this 
work was given in the preceding paper, hereafter de- 
noted by I. The investigations of this paper are based on 
99 interactions of nuclei of the H-group (Z>10), 218 
nuclei of the M-group (6<Z<9), and 175 a-particle 
interactions found in a systematic way. We shall first 
discuss methods of energy measurements on these parti- 
cles. The second part deals with meson production 
proper, particularly its dependence on energy and atomic 
number, and the angular distribution of the mesons. 


* Supported in part by a joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research and by the 
National Science Foundation. 

t On leave of absence from the University of Buffalo, Buffalo, 
New York. 
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interactions from the angular distribution by using the median 
angle formula or equivalent formulas, based on the ‘‘meson spec 
trum independent” approximation. These methods overestimate 
the true primary energy on the average by a factor of 2 (for 
interactions with less than 5 heavily ionizing prongs). This is due 
to the relatively large proportion of slow mesons in the c.m. sys 
tem. The distribution of primary energy as obtained by this 
method around the true value is shown for two groups having 
average energies of 10 Bev/nucleon and 40 Bev/nucleon. Equi 
valent results are given for the heavy-nuclei interactions. 

The average number of mesons produced in collisions between 
heavy nuclei and emulsion nuclei at an average energy of 20 Bev/ 
nucleon is given. It increases with the charge of the incident 
nucleus in agreement with a crude geometrical model. 


2. ENERGY MEASUREMENTS ON 
FRAGMENTATIONS 


An important advantage of this investigation is the 
possibility of measuring the energies of the particles up 
to more than 100 Bev/nucleon. We used three inde- 
pendent methods of measuring the energy: (a) measure- 
ment of the multiple scattering; (b) measurement of 
the angles between the fragments of heavy-nuclei frag- 
mentations; (c) measurement of the median angle of 
meson showers produced by heavy nuclei or a-particles 
from the fragmentations. 

Direct measurement of multiple scattering on our 
tracks (total energy>8 Bev/nucleon) is impossible in 
most cases because of spurious scattering. Therefore, 
track-to-track (relative) scattering measurements have 
to be applied. This is possible for all cases where the 
heavy nucleus breaks up into two or more a particles or 
heavier fragments. Kaplon, Peters, ef a/.' have pointed 
out that one can treat a fragmentation process as an 
evaporation process in the center-of-mass system of the 
incoming heavy nucleus. Therefore, in the laboratory 
system we assume that all the fragments must have the 
same energy per nucleon as the incident nucleus; thus, 
a measurement of their relative multiple scattering 
yields the correct value of the energy of the primary 
nucleus. Actually, the finite evaporation energy of the 
fragments in the center-of-mass system introduces a 
small spread of the energy in the laboratory system 
around the energy of the primary nucleus. The influence 
of this effect on energy measurements above 7 Bev 
nucleon was calculated and can be neglected since it 
would introduce a correction of about 1%. 

Even if one carries out track-to-track scattering 
measurements, the influence of spurious scattering and 
of emulsion distortions cannot be disregarded com- 
pletely. Therefore, we limited our measurements to 
tracks having a separation of not more than 40 yw in any 
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direction. The noise was eliminated by making two sets 
of measurements on each track with a displacement of 
100 uw. A scattering constant k=32 Mev deg/(100 yu)! 
was used,” 

As has been pointed out,* it is not possible to make 
measurements on all tracks with this method if the cut- 
off energy of the heavy nuclei is not fairly high. At low 
energies the angles between the fragments can be rather 
large and only a small track length is available for 
measurement before the separation between tracks be- 
comes too large. This would produce a bias favoring the 
selection of high-energy events. In our case, however, 
this difficulty does not exist because at our cutoff energy 
of 7 Bev/nucleon, the angles between fragments are 
much smaller on the average than those observed for 
heavy nuclei entering at high latitudes. It was possible 
to make scattering measurements in the case of 96% of 
all multiple fragmentations. Part of the remaining 4°7 
which could not be measured were due to fragments 
interacting in the emulsion or leaving the stack after a 
short distance. This, of course, does not depend on the 
energy of the event. Therefore, in our analysis there is 
no bias favoring events with small opening angles be- 
tween the fragments. 

The second method of energy measurement makes 
use of the angular distribution of the fragments. For 
energies above 7 Bev/nucleon and for a-particle frag- 
ments the basic relation as given first by Kaplon, 
Peters, ef al.' can be written in the form 


(6,7)§= K/E, (1 
where 


K=((T,)M/3)?. (2) 


Here, £ is the total energy per nucleon of the incident 
heavy nucleus; M, the proton mass; (7), the average 
kinetic energy of evaporation of the a particles in the 
rest system of the incident heavy nucleus ; and (6,”)', the 
root-mean-square angle between the a particles and the 
line of flight of the primary nucleus. 
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Fic. 1. Comparison between energy FE, obtained by scattering 
measurements and energy /;, obtained from the opening angle of 
fragments (M nuclei). Ordinate: number of events. 


12 C, Fichtel and M. W. Friedlander (to be published). 
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By this method we determined the energy of all our 
nuclei undergoing interactions with more than one frag- 
ment. The procedure of finding (@,)! was the same as 
that described by Kaplon, Peters, e¢ al.’ 

In order to evaluate FE from Eq. (1), the value of K 
must be known. Since we have measured the energy of 
all our fragmentations by track-to-track scattering as 
well as by the opening-angle method, K can be deter- 
mined directly. The energy values found by scattering 
and opening-angle measurements shall be denoted by 
E.- and E,, respectively. The error of FE. is 30% on the 
average. Neglecting this as compared to the relatively 
large fluctuations of /;, around the true energy, K can 
then easily be found by assuming F,, to be the true 
energy. Another method of finding K is by means of 
Eq. (2). In order to be able to compare the results of 
both methods, we calculated the average value of K 
from our measurements according to 


K=(K?)'= ((02) Ex2)' (3) 
because [see Eq. (2) ] the experimentally known quan- 


tity, (7.), is proportional to A?. It has been pointed out 
previously’* that K might be a function of both the 


TABLE I. Values of K for different groups of fragmentations. 


K calculated 
from Eq. (2) 


Number of 
fragments K Av. K 


0.054 
> 0.046 
0.051 
0.060 


Charge group 


M(6<Z<9) 0.052 0.056 


H1(Z>10) 0.055 0.066 


charge of the incoming nucleus and the number of frag- 
ments. We have, therefore, calculated K separately for 
4 groups of events, namely events initiated by M and 
H nuclei and events with only two and with more than 
two fragments, respectively. The results are shown in 
Table I. In Table I the values of K have to be compared 
with those calculated from Eq. (2) and with the results 
of other authors. Kaplon, Peters, e¢ al.! used a value of 
K=0.056 for nuclei of the H group. This corresponds 
to a value of (7,)=10 Mev derived from results of 
Perkins" on the energies of evaporation a particles in 
cosmic-ray stars. Kaplon’s! direct measurements on the 
fragmentations were in agreement with this value and 
it also agrees well with our results as given in Table I. 
It is, however, expected that the evaporation energy of 
a particles depends on the charge of the incident nucleus. 
The Turin group" has shown this by measuring directly 
the average energy of @ particles evaporating from 
collisions between heavy primaries and emulsion nuclei. 
(T..) was found to depend on the charge of the target 
nucleus and is 10.0 Mev for the C, N, O group and 21.6 
Mev for the Ag, Br group. In order to compare these 


3}. H. Perkins, Phil. Mag. 41, 138 (1950). 
4 Garelli, Quassiati, and Vigone, Nuovo cimento 8, 731 (1958). 
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values with our results, we took the value of 10 Mev for 
our M nuclei; for our 7 nuclei we assumed an average 
energy of the a particles of 14 Mev. We arrived at this 
value of 14 Mev by interpolating between the two energy 
values quoted for the C, N, O, and the Ag, Br nuclei 
(Z~41), using the average charge Z~14 for the H 
group. Our actual factor K is thus smaller than the one 
given by the Turin group for the H nuclei. The com- 
parison between our experimental values of K and those 
calculated from the evaporation energy and from Eq. (2) 
is given in Table I. Our experimental values seem to be 
slightly smaller than the values derived from Eq. (2). 
There are two possible reasons for this small discrepancy 
of about 10%. It is possible that the scattering measure- 
ments were slightly affected by distortions and spurious 
scattering. Second, we notice in the table that K seems 
to depend on the number of fragments emitted. A more 
detailed study of the evaporation process would be 
necessary in order to obtain a more accurate comparison 


H NUCLEI 


3or more fragments 








‘a 
iD 2 14 16 WB 20 22 
SC/E,, 


2 fragments 
| [] [) 





1O 12 14 16 18 20 2.2 


a, 


Fic. 2. Comparison between energy /:.¢ obtained by scattering 
measurements and energy /, obtained from the opening angle of 
fragments (// nuclei). Ordinate: number of events. 


with our values. Within an accuracy of about 10% there 
is, however, a satisfactory agreement between the vari- 
ous measurements of A. If one disregards the depen- 
dence of K on the number of fragments, all results are 
within the indicated limits of error compatible with the 
following relations: 


E= (0.06+0.006)/ (6,2)! for H nuclei, (4) 
E= (0.055+0.006) / (6,7)? for M nuclei. (5) 


No dependence of K on the energy was found. 
Equation (1) being true only in the limiting case of 
very many a particles emitted, it is expected to give 
rise to large fluctuations for an individual event having 
only a few fragments. This is shown in Figs. 1, 2, and 3 
where we have plotted the distribution of F../E¢, for 
the four groups mentioned above and combined for all 
our events. The distributions are asymmetric, as is to 
be expected from the mechanism of the evaporation 
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Fic. 3. Comparison between Ey_ and Ef, for all 
events combined (M@+H nuclei). 


process and as was already shown by Kaplon, Peters, 
et al.! They have also pointed out that no values of Fy, 
smaller than about two times the true energy should 
occur. Our experimental distribution agrees with this. 

There have been reported somewhat higher values of 
K than given here by the Bristol’ and Turin’ groups. 
They were, however, derived in a more indirect way by 
averaging the angles of all the fragments without meas- 
uring the energy of each individual event and assuming 
a certain primary energy spectrum. In such a case it 
seems that great care must be taken when averaging 
over the distribution of various quantities, as has also 
been emphasized by the Turin group." This point will 
be discussed further in our paper (Part III), on the 
energy spectrum. Apart from this, there is a qualitative 
agreement between our results and those of the Bristol 
group regarding the dependence of K on the charge of 
the incoming nucleus and on the number of fragments. 
This indicates that for more accurate work, the de- 
pendence of Eqs. (1) and (2) on the number of frag- 
ments should be taken into account. 

The third independent method which measures the 
energy of heavy nuclei uses the angular distributions of 
the shower particles produced in high-energy collisions. 
This will be discussed in Secs. 4 and 7. 


3. ANGULAR DISTRIBUTION OF 
SHOWER PARTICLES 


As already described in I, we found 175 interactions 
of a particles originating from heavy nuclei fragmenta- 
tions by following the a@ particles along the track. In 
157 cases the energy of the @ particle could be measured 
by the methods described in Sec. 2 because it was 
emitted together with other fragments. These 157 inter- 
actions were divided into two groups of approximately 
equal statistical weight according to their energy. The 
average energy of the groups was 10 Bev/nucleon and 
40 Bev/nucleon, respectively. The general character- 
istics of the stars and the values of the cross sections 
were given in I, 

The angular distribution of the shower particles was 
measured for all events. Moreover, for each individual 
event we have plotted log[ f/(1—f) ] vs log tané, where 
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Fic. 4. Angular distribution of some a-particle interactions. The 
values given in Bev are the primary energies per nucleon. 


f is the fraction of all particles having an angle <6 in 
the laboratory system. This method, first introduced by 
Duller and Walker,"® has recently been used in connec- 
tion with models of multiple meson production.'*-” 
Assuming that the interactions can be analyzed in terms 
of one or more independent nucleon-nucleon collisions 
and neglecting the influence of secondary interactions 
in the same nucleus, it has been shown'*’ that diagrams 
of this sort can give some information about the angular 
distribution of the shower particles in the center-of-mass 
(c.m.) system. An isotropic distribution in the c.m. 
system, for example, gives a straight line of slope 2 in 
this diagram. In Figs. 4 and 5 we show a few character- 
istic examples, including also 4 events without heavy 
prongs, which possibly may satisfy the assumptions 
mentioned above. However, the occurrence of secondary 
interactions can be seen in the diagrams in some cases, 
for example, by the presence of an isolated group of 
particles at large angles. In most of our events the points 
are grouped approximately along a straight line, the 
slope of which is about 2 or slightly less. This indicates 
that in the center-of-mass system the angular distribu- 
tion of the mesons deviates only a little from isotropy, 

15.N. M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 

16S, Takagi, Progr. Theoret. Phys. (Kyoto) 7, 123 (1952). 

‘7 W. L. Kraushaar and 4 Marks, Phys. Rev. 93, 326 (1954). 

18 G. Cocconi, Phys. Rev. 111, 1699 (1958). 

18 Ciok, Coghen, Gierula, Holynski, Jurak, Miesowicz, Saniew- 
ska, Stanisz, and Pernegr, Nuovo cimento 8, 166 (1958). 
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slightly favoring the forward and backward direction 
(The average energy of our a-particle events is 20 Bev/ 
nucleon.) Apart from these remarks which depend on 
the assumptions about the collision process as mentioned 
above, there is a distinct and well separated group of 
particles to be seen at small angles in most of the events. 
These particles can also be seen in the ordinary angular 
distribution for all of our events combined as shown in 
Fig. 6. Here a sharp peak occurs at angles <2°. The 
Bombay group,” in a similar investigation of a-particle 
interactions, have shown that these particles are proba- 
bly protons originally belonging to the @ particle which 
continue without appreciable deflection and without 
strongly participating in the collisions. We have deter- 
mined the number of these particles by various methods 
—for example, from Figs. 4, 5, and 6, by counting the 
number of tracks in the separated groups mentioned and 
applying a correction for meson background. This cor- 
rection turns out to be small. We find that the average 
number of protons continuing without appreciable de- 
flection after the collision of the a particle is n,=0.93. 
This figure agrees well with the one quoted by Appa Rao 
et al.” which is n,=0.82. They, however, have left 6 
events of the sort 0+ 2a out of the analysis. They con- 
sidered these to be Coulomb interactions. In view of the 
fact that the cross section for this process is not well 
known, we preferred not to make any allowance for 
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Fic. 5. Angular distribution of some a-particle 
interactions without heavy prongs. 


20 Appa Rae, Daniel, and Neelakantan, Proc. Indian Acad. 43A, 
181 (1956). 





FRAGMENTATIONS 


IST! Trocks 


= e ae 


° 1 20 30 40 50 60 70 80 








° 
6 


‘ 


Fic. 6. Angular distribution of all shower particles from a- 
particle interactions in the laboratory system. NV (@) is the number 
of tracks with angle 6, in a 2° interval. 26 tracks with @,>90° 
are not plotted. 


Coulomb interactions. As can easily be seen, this has a 
very small effect on our conclusions. Adding the 0+ 2a 
events, the Bombay value” would be 7,=0.88. This is 
in good agreement with ours. Knowing the number of 
protons we can estimate the number of nucleons which 
on the average take part in a collision of a high-energy 
a particle. From charge symmetry it appears reasonable 
to assume that the average number of protons and neu- 
trons not participating in a collision is equal. The total 
number of nucleons not taking part in a collision is, 
therefore, 27,. Another contribution to this number 
comes from events in which the a particle as a whole unit 
continues after the collision. The most reasonable as- 
sumption for this kind of event is the stripping of a 
neutron from the a particle. We have 9.7% events of 
this kind. Assuming that in most cases the particle going 
on is a He’ nucleus, the average number of nucleons not 
taking part in a collision is 2n,+0.097 X3=2.15. The 
average number of nucleons participating in the collision 
between an a@ particle and a nucleus of the emulsion is, 
therefore, 1.85. Treating the Bombay data” in the same 
way, we get an average of 2.1 nucleons which is, again, 
in good agreement. 

The fragmentation of an a particle into one or more 
protons is especially striking in many events of small 
multiplicity. Knowing the a-particle energy and the de- 
flection of the protons, one is able to calculate their 
transverse momentum. We determined the transverse 
momentum for 28 cases having low multiplicity and two 
closely collimated minimum tracks continuing on, which 
we considered to be protons. The distribution of the 
transverse momentum P, is plotted in Fig. 7. There 
seems to be a distinct group of particles with transverse 
momentum P,<400 Mev/c in addition to a tail extend- 
ing to very high momenta P,> 2000 Mev/c. This tail is 
most probably due to mesons, the energy of which is 
much smaller than that of the protans and which, 
therefore, give much too high values for the transverse 
momentum if treated as protons. Assuming the group 
with P,<400 Mev/c to be mostly protons, their average 
transverse momentum is 200+30 Mev/c. If the angular 
distribution of the protons in the rest system of the 
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a particle is isotropic, the average momentum is 250+50 
Mev/c. This corresponds to a kinetic energy E,=33+10 
Mev. If the proton distribution is anisotropic, we get a 
lower limit of 200+-30 Mev/c for the average momentum 
and 21+7 Mev for the kinetic energy. 

If one tries to use the angle of fragmentation of the 
protons for an energy determination of the a particles 
in the same way as:in the case of heavier fragments, the 
width of the distribution together with the tail at high 
momenta will introduce considerable uncertainties and 
fluctuations in the energy determination. As a conse- 
quence, the energy determination will be quite unreliable. 

Of course, part of the tracks will be due to one of the 
heavier H isotopes (D or T nuclei). In this case P, 
means the transverse momentum/nucleon. 


4. THE “MEDIAN ANGLE” METHOD 


As was already mentioned in Sec. 2, a widely used 
method to determine the energy of high-energy particles 
is to deduce it from the angular distribution of the 
mesons produced in the nuclear collisions. 

The method depends on the following assumptions: 


(1) The collision can be described as one or more 
independent collisions between the individual nucleons 
of the colliding nuclei. 

(2) Secondary interactions of the nucleons and mesons 
within the target nucleus can be neglected. 

(3) In the center-of-mass system of the collision, the 
velocity of all particles is the same, namely, equal to 
the velocity of the c.m. system. 


The primary energy of the colliding particle can be 
estimated in various ways: 


(a) Median angle method: 


Y-=cotan4, (6) 


where 4; is the angle enclosing half of all the shower 
particles in the laboratory system, y,. is the energy of 
the colliding particle in the c.m. system in units of its 
rest energy. 

(b) The method given by Castagnoli ef al.?': 


logy.= (log cotané), 


baal 
>2000 
Mev /. Py 


Fic. 7. Distribution of tranvserse momentum P,/nucleon for 
protons, deuterons, and tritons from a-particle fragmentations. 
Ordinate: number of events per 50 Mev/c. 

21 Castagnoli, Cortini, Franzinetti, Manfredini, and Moreno, 
Nuovo cimento 10, 1539 (1953). 
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Fic. 8. Comparison of the true primary energy of a-particle 
interactions Zo with the energy 4, obtained from the angular 
distribution of the shower particles. (Average primary energy 
10 Bev/nucleon.) Events with nw <4 are crosshatched. Ordinate: 
number of events. 


where 6 is the angle of a shower particle in the laboratory 
system. 

(c) The graphical method given first by Duller and 
Walker" consisting in plotting log[ f/(1—f) ] vs log tané 
and finding the intercept for f=0.5. (The meaning of f 
was explained in Sec. 3.) The primary energy per nucleon 
Fin the laboratory system is then found according to 


E=Me(2y7—1), (8) 


where M is the nucleon rest mass. 

It is well known that assumptions (2) and (3) made 
above are generally not satisfied. Nevertheless methods 
(a), (b), and (c) have been widely used because in most 
cases they are the only ones available at very high 
energies. In our case, however, we know within about 
25% the energies of our a particles by track-to-track 
scattering and by the fragmentation angles, as discussed 
in Sec. 2. Hence we were able to check the validity of 
methods (a), (b), and (c) directly. To every single a- 
particle interaction we have applied each of the three 
methods (a), (b), and (c) directly. In all cases the results 


agreed reasonably with one another. The best value of 
the energy was found by taking the average of methods 
(b) and (c), which is better than using method (a) alone 
because (b) and (c) make use of the actual values of all 
angles of the shower particles. There is an additional 
difficulty due to the fact that only mesons, among the 
shower particles, should be considered in these methods. 
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Fic. 9. Same as Fig. 8. Average primary energy 40 Bev/nucleon. 
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Because the average multiplicity of our showers is not 
too high, the nucleons among the shower particles do 
influence the results appreciably, in particular since 
there is a group of nucleons present having very small 
angles and since methods (b) and (c) give large statisti- 
cal weight to these tracks. As was pointed out before, 
this group of nucleons (0.93 per star on the average) 
can be recognized and hence left off. This will decrease 
the primary energy of the a particle as determined by 
method (b) and (c) on the average by a factor of 1.65. 
We have left off one more track in each event, namely 
the one having the next smallest angle apart from the 
group of noninteracting nucleons. This results in leaving 
off roughly two tracks per interaction having the smallest 
angles which can be considered to correspond to the two 
original protons in the @ particle which are expected to 
continue after the collision with a relatively small de- 
flection only, due to their high initial energy. This will 
decrease the energy of the stars on the average by a 
factor of 2.1 compared to the procedure in which one is 
using all shower particles. The energy value of each 
a particle thus obtained by methods (b) and (c) was 
compared with the energy actually measured by scatter- 
ing, or the opening angle of the fragments. In Figs. 8 
and 9 we have plotted the distribution of the ratio 
Esn/ Eo; Esn is the energy determined from the angular 
distribution of the mesons according to methods (b) 
and (c) and £» is the actual energy of the event meas- 
ured from scattering and the angles of the fragments. 
Again we divided the showers into the two energy groups 
of average energies of 10 Bev/nucleon (Fig. 8) and 40 
Bev/nucleon (Fig. 9), respectively. We found the method 
to give extremely big fluctuations for showers having 
7 or fewer shower particles. We have, therefore, re- 
stricted ourselves to showers with ,>8 shower particles 
(Figs. 8 and 9, based on 77 events altogether). Even 
for these events very large fluctuations occur. One sees 
that the energy as determined from the angular distribu- 
tion of the mesons can be overestimated, as well as 
underestimated by a factor up to 10 in the measured 
energy range. About 50-60% of all events agree with the 
true energy within a factor of 2. That these large fluc- 
tuations are not due to some undetected systematic 
error in the measurement of the true energy can be seen 
from the fact that we have observed the same fluctua- 
tions in events where several a particles coming from 
the same fragmentation interacted. 

In order to look further into the nature of these fluc- 
tuations, we selected those events having four or fewer 
black or gray prongs. These events can be regarded to 
be less contaminated by secondary interactions inside 
the same nucleus than the rest of the events. They are 
shown crosshatched in Figs. 8 and 9. As expected, the 
tail at the low energies Fn is almost entirely due to 
events in which secondary interactions play an impor- 
tant role. The diagrams also show that by restricting 
ourselves to events with fewer than 5 black or gray 
prongs, assumption (2) made at the beginning of this 
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analysis seems much better satisfied. Also, the fluctua- 
tions are reduced by about a factor of 4. There are no 
events in which the energy was underestimated by more 
than a factor of 1.5. 

However, especially for this class of events, the energy 
can be overestimated greatly (up to a factor 8 to 10). 
In addition, the energy of these events, on the average, 
is also overestimated. Thus to give a better estimate of 
the energy, Eq. (7) has to be modified. As we selected 
events with 8 or more shower particles, there is the 
possibility that for the events in the low-energy group 
(Fig. 8) there is a systematic effect due to this selection 
because the average multiplicity in this group is smaller 
than 8. We shall restrict ourselves, therefore, to the 
high-energy group (Fig. 9) which has a higher average 
multiplicity. Equation (7) is now to be modified in such 
a way that it gives the correct result for the energy if 
it is applied to a great number of minimum tracks origi- 
nating in events having all the same primary energy. 
This implies 

(log (Esn/o))=0. (9) 


Using the hatched distribution, Fig. 9, one obtains, 
therefore, the following modification of Eq. (7): 


log(1.4y.) = (log cotan@). (10) 


This means that energies are, on the average, over- 
estimated by a factor of about 2 by using Eq. (7). 
Because the results of all three methods (a), (b), and (c) 
are in good agreement with each other this means that, 
in general, the energy of most events will be overesti- 
mated by using any of the three methods involving the 
angular distribution of the shower particles and selecting 
events which are little influenced by secondary inter- 
actions. By using the modified Eq. (10), the energy is 
overestimated in only 6 out of 14 cases. Eighty percent 
of all events agree with the energy values given by 
Eq. (10) within a factor of 2.2 on either side. The energy 
of events which are strongly affected by secondary inter- 
actions will generally be underestimated. Considering 
the average of all events, this effect seems about to 
compensate the modification introduced by Eq. (10) as 
shown in Fig. 9. This, of course, increases the width of 
the distribution greatly, as does every sort of cascade 
mechanism. 

The fact that the energies by the normally used 
methods (a), (b), and (c) come out too high must be 
caused by a violation of assumption (1) or (3) made 
above. Most probably, assumption (1) can be ruled out. 
That the nuclei within the a particle do not greatly 
influence one another during the collision process can, 
for example, be seen by the fact that half of the nucleons 
continue unaffected after the collision. In particular, we 
have some collisions where the a particle as a He isotope 
continues after producing a shower, the shower having 
been produced most probably by the stripping of a single 
neutron. Also, in these cases, the energy is mostly over- 
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estimated by using methods involving the angular dis- 
tribution. According to our present knowledge, it seems 
quite difficult to consider a model which would give an 
overestimate in energy which could occur in the case of 
a coherent action of all the nucleons of the @ particle or 
the heavy nucleus. In particular, it has been suggested™ 
that a high-energy collision might be looked at as the 
collision of the incident nucleus with a whole column of 
nuclei in the target nucleus. This would have the effect 
of giving primary energies which are too low according 
to Eqs. (6) through (8). Clearly this is in contradiction 
with our measurements, at least for the events having 
less than 5 black prongs. We are, therefore, left with 
assumption (3) to explain the discrepancy. This assump- 
tion is certainly violated for protons and other heavy 
particles among the shower particles. As was explained 
above, we made an effort at least to leave off some of the 
protons in our analysis. We thus do not think that the 
discrepancy is due to the remaining protons among the 
shower particles, since the average multiplicity of our 
showers was quite high (>8). Therefore, most of the 
particles must be w mesons. We have, therefore, to 
assume that the velocity of the mesons in the center-of- 
mass system is not always equal to the velocity of the 
center-of-mass system itself. This explanation has also 
been put forward previously in connection with similar 
observations” *4 for proton interactions at lower energy. 
This work will be discussed at the end of this section. 
Several direct measurements on the energy distribu- 
tion of x mesons in the center-of-mass systems for meson 
showers at primary energies between 30 and 30 000 Bev 
have been carried out in recent years.”°-* They all show 
that an appreciable part of the mesons have quite low 
energies in the center-of-mass system which is, for ex- 
ample, compatible with Heisenberg’s theory® of mul- 
tiple meson production. The influence of the energy 
spectrum of the mesons in the center-of-mass system on 
the angular distribution in the laboratory system was 


#2 G. Cocconi, Phys. Rev. 93, 1107 (1954). 

23 U, Haber-Schaim, Nuovo cimento 4, 669 (1956). 

*4 Beliakov, Van Shu-fen’, Glagolev, Dalkhazhav, Kirillova, 
Markov, Lebedev, Tolstov, Tsyganov, Shafranova, and Joa 
Tsyng-se; Bannik, Bajatjan, Gramenitskij, Danysz, Kostanash 
villi, Lyubimov, Nomotilov, Podgoretskij, Skshipchak, Tuvden- 
dorge, and Shalhulashvilli; Bogachev, Bunyatov, Vishki, Mere 
kov, and Sidorov, 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958), page 309. 

25 Hopper, Biswas, and Darby, Phys. Rev. 87, 545 (1952). 

26K. Gottstein and M. W. Teucher, Z. Naturforsch. 8a, 120 
(1953). 

27 Schein, Glasser, and Haskin, Nuovo cimento 2, 647 (1955). 

28 FE. Lohrmann, Nuovo cimento 5, 1074 (1957). 

29 E. Lohrmann, Nuovo cimento 3, 822 (1956). 

% L, v. Lindern, Z. Naturforsch. lla, 340 (1956). 

31 —. Lohrmann, Z. Naturforsch. lla, 561 (1956). 

8 Debenedetti, Garelli, Tallone, and Vigone, Nuovo cimento 4, 
1142 (1956). 

33 Teucher, Haskin, and Schein, Phys. Rev. 111, 1384 (1958). 

4 Boos, Vinitskii, Takibaev, and Chasnikov, J. Exptl. Theoret. 
Phys. U.S.S.R. 34, 622 (1958) [translation: Soviet Phys. JETP 
34(7) 430 (1958) ]. 

35 W. Heisenberg, Z. Physik 133, 65 (1952) 
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TABLE II. Interactions of protons and a particles with energies >6 Bev/nucleon.* 


a particles 
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This work 
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* E: energy/nucleon; (nw): number of black and gray prongs; (ms): 


76 ; 14 


This work 


No. of events 
(nu) 

(Ns) 
(nm) 
(nm)/nucleon 
go 
(ms)o 
S. : “ (Ms) 

0.12 f Jaa 
6.2 0. ~~ (saa 


. BASASA 


number of shower particles; (mm): number of charged mesons produced; (m.)o: 


number of shower particles from stars with ny =0; (ms)L: number of shower particles from stars with MH <4; (Ns)eq: number of shower particles from 
stars with a particle continuing; go: fraction of stars with nu =0; daq: fraction of stars with a particle continuing. 


> See reference 20. 
© See reference 24. 
4 Chicago group (unpublished). 


* Brisbout, Dahanayake, Engler, Fujimoto, and Perkins, Phil. Mag. 1, 605 (1956). 


f Kalbach, Lord, and Tsao (to be published), mesons only. 


estimated by von Lindern,® Symanzik,** and by Cas- 
tagnoli ef al.*" Castagnoli et al. found that, according to 
Heisenberg’s theory Eq. (7) should be modified to 


log(Cy-) = (log cotané). (11) 


This means that the “energy-spectrum independent’”’ 
method, Eq. (7), would overestimate the primary energy 
in the laboratory system by a factor of about C? as 
compared to Eq. (11). According to Castagnoli ef al., 
C is roughly energy-independent and equal to 1.4 and 
2.0 for a cutoff energy of 1.5m,c? and 1.1m,c* of the 
m-meson spectrum at its lower end. This compares well 
with the factor C=1.4 found by us experimentally. 
Symanzik has given a result for the limiting case of high 
energies and isotropic angular distribution in the c.m. 
system, as applied to the half-angle method. In terms of 
Eq. (11) it would give C=1.3. We have also calculated 
the value of C by using the actually measured energy 
spectra and angular distributions of some events”®.?*—*! 
having comparable energies to our a-particle jets. This 
yielded the value of C=1.4. All these values are in 
reasonable agreement in view of the fact that the correc- 
tion C depends in a sensitive way on the shape of the 
energy spectrum at the low-energy end and that this is 
not sufficiently well known. Using recent measurements 
of transverse momentum of shower particles and Lan- 
dau’s*’ theory, Gramenizkij et a/.** have also arrived at 
the conclusion that the methods (a), (b), and (c) [in 
particular Castagnoli’s method, Eq. (6) ] should over- 
estimate the true primary energy by a factor 2-2.5 
(corresponding to C=1.4 to 1.6). The value of C=1.4 
found by us experimentally is in good agreement with 
all these theoretical predictions. 

There is also other experimental work which is in 


36K. Symanzik, in Kosmische Strahlung, edited by W. Heisen- 
berg (Springer-Verlag, Berlin, 1953). 

37S. Z. Belenkij and L. D. Landau, Usp. Fiz. Nauk. 56, 309 
(1955). 

38 Gramenizkij, Zdanov, Zamcalova, Tretjakova, and Scerba 
kova, Supp]. Nuovo cimento 8, 714 (1958). 


qualitative agreement with our observations. Hinni*® 
and Zdanov et al.® found big fluctuations in the energy 
determination when doing work similar to that described 
here. Statistically well-founded results have, in particu- 
lar, been obtained by Haber-Schaim” and by a Russian 
group” at lower energies. Studying stars produced by 
6.2-Bev protons at the Bevatron, Haber-Schaim found 
an energy of 11.7+2.2 Bev for proton interactions with 
fewer than 8 black prongs by using the half-angle 
method. A very similar result was obtained by Beliakov 
et al.* working with the Dubna accelerator at 8.7 Bev. 
Applying the half-angle method to possible p-p and p-n 
interactions, they arrived at an average energy of 16 
Bev. Thus in both cases the energy was overestimated 
by roughly a factor of 2. Although this agrees very well 
with our results, both groups of experiments cannot be 
strictly compared. Our energy was considerably higher 
on the average and the influence of the nucleons should 
be smaller for our analysis. Also, the method of averag- 
ing over the angular distribution is somewhat different. 


5. THE AVERAGE MESON MULTIPLICITY 


Results on the average number of particles produced 
in the a-particle interactions are given in Table II. We 
have listed our results for the two energy groups of 
average energy 10 Bev/nucleon and 40 Bev/nucleon and 
for all our events together. For comparison we have 
given work done by other groups on a particles and 
protons at comparable energies. There is good agree- 
ment between our results at 10 Bev/nucleon and those 
of the Bombay” group. Certain remarks should be made 
regarding Table II. The number of black tracks (n,) is 
a good measure for the nuclear excitation given to the 
nucleus. It is observed to be quite independent of energy 
and is the same for protons and a particles for energies 
>10 Bev/nucleon. The distribution of the numbers of 


%Zdanov, Zamcalova, Tretjakova, and Scerbakova, Suppl. 
Nuovo cimento 8, 726 (1958). 
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shower particles for the a particle group having an aver- 
age energy of 40 Bev/nucleon is shown in Fig. 10. The 
number of events having a certain number of shower 
particles has approximately an exponential distribution. 
Figure 10 shows that there are large fluctuations of the 
multiplicity and, in particular, that the multiplicity can 
be very low. 

The number of shower particles given for the 14 events 
of (E)~3000 Bev/nucleon can be regarded as an upper 
limit only, since these events were found by scanning 
for cascades and this introduces a bias for finding events 
of high multiplicity. In order to find the number of 
charged mesons produced ((#»)), we have to subtract 
the number of protons among the shower particles. For 
the a-particle interactions we first subtracted 1.8 tracks 
to account for the two protons originally belonging to 
the incident a particle and correcting for the 10% of all 
events in which the a particle reappears. Moreover, 
knowing that 1.8 nucleons interact, on the average, 
roughly the same number is hit directly in the target 
nucleus. We have thus subtracted another 0.9 fast 
knock-on protons. For the proton interactions we sub- 
tracted one track since the effect of charge exchange of 
the incoming proton is roughly expected to compensate 
for the production of fast knock-on protons. We believe 
that at least for the a-particle interactions this procedure 
will not lead to serious errors in the determination of 
(nm) because the average multiplicity is quite high com- 
pared to the correction for protons. The next column 
in Table II shows the number of charged mesons pro- 
duced in the collision of one nucleon. It is obtained from 
(nm) by dividing by the number of interacting nucleons, 
as was discussed in Sec. 3. The average meson produc- 
tion by collision of one nucleon with emulsion nuclei as 
a function of energy is shown in Fig. 11. The 9-Bev 
proton point agrees well with the 10-Bev a-particle 
points. This again indicates that the nucleons of the 
a particles do not influence one another greatly in the 
collision process. Our results indicate that the average 
charged meson multiplicity for 25-Bev proton collisions 
will be about 3.5. It rises proportional to £°+°-* be- 


100 N (>1g) 





10 
ce) 





Fic. 10 Integral distribution of the number of shower particles 
ns Originating from a-particle interactions (average energy 
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tween 10 Bev and 40 Bev and the exponent probably 


decreases at higher energies. The fraction of events 
having no heavy prongs and which, therefore, could 
possibly be interactions with hydrogen also seems to be 
independent of energy. The value at 3000 Bev/nucleon 
is consistent with this conclusion, although the statis- 
tical accuracy is rather poor. From the cross sections in 
emulsion, about 7% of all interactions are expected to 
occur on hydrogen; the rest are due to glancing collisions 
with heavier nuclei. For events of this kind, a smaller 
number of the nucleons of the incident a@ particle is 
expected to hit the target nucleus. This is reflected in the 
smaller number of shower particles emitted as compared 
to all events. The number of shower particles is also 
smaller for events having fewer than 5 black or gray 
tracks ((m,),) and is, within the statistical errors, equal 
to the number of shower particles in the stars without 
any heavy prongs. This shows that the influence of 
secondary interactions and the average number of nu- 
cleons hitting is about the same in both classes of events. 
In about 10% of all cases the @ particle seems to con- 
tinue after the collision. These events are probably due 
to stripping of a neutron from the a@ particle. The aver- 
age number of shower particles produced in these events 
is in agreement with the number calculated for events 
in which one nucleon is colliding ((z)/nucleon) ; how- 
ever, the number of events observed so far is rather 
small and no definite conclusion can be drawn. 


6. MESON PRODUCTION BY HEAVY 
NUCLEI (Z>6) 


Average Multiplicities 


Interactions made by the primary heavy nuclei and 
by their heavy fragments were investigated the same 
way as the a-particle interactions. Table III shows the 
results of our analysis based on 317 interactions of the 
heavy nuclei of the cosmic radiation with emulsion 
nuclei. No interactions of secondary heavy fragments 
were included in Table III. 

The number of heavy prongs is seen to decrease as the 
charge of the incident nucleus increases. This might be 
explained by the fact that the percentage of glancing 
collisions and collisions with light nuclei of the emulsion 
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TABLE IIT. Interactions of Heavy nuclei 
(average energy 20 Bev/nucleon).* 


Number of 
Charge group events nH 


MU: 6<Z<9 218 9.1 
& 


H:10<Z 99 : f 
VH: 20<Z 20 ‘ 6.2 


: average number 
average 


® (nw): average number of gray and black tracks; 
of shower particles; (tm): average number of charged mesons; i 
number of nucleons participating in the collision 

b Also included in H group 


increases with increasing charge of the incident nucleus, 
and that the number of black tracks is smaller in this 
type of collisions. We cannot, however, exclude the 
possibility that the effect is due to statistical fluctua- 
tions. The distribution of the number of black tracks 
and a more detailed discussion of them was given in I. 
The number of protons among the shower particles was 
determined by the customary procedure of applying 
conservation of charge of the incident nucleus to the 
interactions: the number of incident charges minus the 
number of outgoing charges contained in fast fragments 
with Z>2 was considered equal to the number of pro- 
tons. Subtracting the number of protons from , gives 
the number of charged mesons produced, ». This value 
of n,,is probably an upper limit to the number of mesons. 
The contribution of fast knock-on protons was neglected. 
Due to the high multiplicity at our average primary 
energy of 20 Bev/nucleon, this contribution is not too 
important. Assuming a crude model for the collisions 
between heavy nuclei, one might expect that the num- 
ber of nucleons participating in the collision is roughly 
proportional to the impact area, hence to 4‘, where A 
is the number of nucleons of the incident nucleus. 
Assuming, further, that the collision can be regarded 
as a combination of individual nucleon-nucleon colli- 
sions, which is compatible with all our findings, the 
number of mesons produced should be approximately 
proportional to the number of nucleon pairs involved 
and hence also to A‘. The number of mesons produced 
should level off if the charge of the incident nucleus 
becomes greater than the charge of C, N, O nuclei of 
the emulsion, because at least for collisions with these 


Fic. 12. Average 
number of charged 
mesons (Mm) pro- 
duced in collisions 
of nuclei of mass 
number (A) with 
emulsion nuclei. The 
average energy is 20 
Bev/nucleon. 
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nuclei, the maximum number of nucleons involved is 
then limited by the A of the target nucleus. In Fig. 12 
we plotted the average number of charged mesons pro- 
duced as a function of the atomic number A. The aver- 
age energy of the events is 20 Bev/nucleon. The values 
for A>4 were taken from Tables II and III; the proton 
point from Fig. 11. The predictions of our crude model 
are seen to be well fulfilled. One can then calculate the 
average number of nucleons n; of the incident nucleus 
which participate in the collision. Assuming that meson 
production is independent of the number of simultane- 
ously interacting nucleon pairs, we have 1 ;= (m)/(m)p, 
where (”m), is the average number of mesons produced 
by a single nucleon. The value of ; for the different 
charge groups is included in Table III. 

The energy dependence of meson production by heavy 
nuclei was studied by dividing our events into two 
classes of about equal statistical weight according to 
their energy in the same way as was done for a@ particles. 
The energy of the fragmentations was determined as 
shown in Sec. 2. In addition, the energy of a statistically 
unbiased sample of interactions having only one or no 
heavy fragment was measured by means of the angular 
distribution of the shower particles. The results are 
shown in Table IV. Here we have given the ratio of g 
the number of mesons produced at an average energy 
of 40 Bev/nucleon and 10 Bev/nucleon, respectively. 
For comparison, the value for a particles as found from 
Table IT is also given. The value of g is somewhat lower 
for the heavy nuclei than for the @ particles. Both values 
are, however, statistically compatible with one another. 
Another possibility might be that with increasing energy 
the number of nucleons participating in the collision 
decreases for increasing charge of the heavy nuclei. An 
indication of this effect has been found by the Turin* 
group. 


7. ANGULAR DISTRIBUTION OF 
SHOWER PARTICLES 


Our knowledge about interactions between heavy 
nuclei and emulsion nuclei is so far compatible with the 
assumption that they can be analyzed in terms of col- 
lisions between the individual nucleons. In this case one 
can use the angular distribution of the shower particles 
to determine the energy of the incident heavy nucleus 
by using methods (a), (b), and (c) explained in Sec. 2 
[Eqs. (6) through (8) ]. In order to check this, we se- 
lected 26 interactions of heavy primaries producing 7 or 
more charged mesons (excluding nucleons). The energy 
ky) of these heavy primaries was known from scattering 
measurements and from the opening angle of the frag- 
ments. They were either primary nuclei or secondary 
heavy fragments. The energy /, as given by the angu- 
lar distribution of the shower particles was determined 
by plotting log[ f/(1—f) ] vs log tan@ [see method (c), 
Sec. 2]. Correction for protons among the shower parti- 
cles was made in the following way: the number of 
protons was determined by conservation of charge as 
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explained in Sec. 6. The shower particles having the 
smallest angles with the direction of the primary were 
then considered to be these protons and left off. This 
procedure is analagous to the one applied for a particles. 
Because most of the nucleons of the heavy nucleus do 
not participate in the interaction (see Table III), but 
continue almost undeflected, this procedure of leaving 
off the above-mentioned tracks with the smallest angles 
is a necessary one and should not give rise to unreason- 
ably large errors. In Fig. 13 we have plotted the dis- 
tribution of the ratio F,/ £o. Comparing it with Fig. 9 
one sees that the tendency to overestimate the energy 
by the angular distribution seems to be still more pro- 
nounced for heavy nuclei than for @ particles. This is 
due, however, to the fact that the 26 events of Fig. 13 
do not provide a random sample, but were already 
chosen with the purpose of reducing the influence of 
secondary interactions. The average energy of the group 
is 24 Bev/nucleon. Events with 4 and fewer black or 
gray tracks are again cross-hatched in Fig. 13. The dis- 
tribution of /.,/£o for this class of events is the same 
as for the corresponding class of a-particle interactions. 
Therefore, we conclude that the method of estimating 
the energy from the angular distribution of the shower 
particles yields similar results in case of heavy-nucleus 
interactions as in the case of a@ particles and single 
nucleons. The method will, in general, also lead to over- 
estimating the true energy if one uses one of the ‘‘spec- 
trum-independent” methods [Eqs. (6) through (8) ] and 
has no disturbance by secondary interactions. This re- 
sult we again attribute to the presence of mesons of low 
energy in the center-of-mass system. Therefore, Eq. (10) 
or an equivalent correction should be used when esti- 
mating energies of heavy primaries from the angular 
distribution. This will decrease the energy E., by a 
factor of 2 compared to one of the Eqs. (6) through (8). 
This will bring Fy, on the average in agreement with the 
true energy, at least in the energy region considered 
here. The fluctuations for individual events are seen to 
be somewhat larger than in the case of a-particle events 
(a factor of 4-5 on either side). Thus, the method is not 
too reliable for energy determinations of individual 
events. In particular, by using Eqs. (6) through (8) in 
which the meson spectrum is not taken into account and 
by failing to eliminate the protons in the inner core of 
the shower, the energy can be overestimated by a factor 
of more than 10. 


8. CONCLUSIONS 


The following results can be derived from the sys- 
tematic study of 175 interactions of a particles and 317 
interactions of heavy nuclei with an energy >7 Bev 
nucleon. 

The energy of heavy nuclei undergoing fragmenta- 
lions can be estimated from the opening angle of the 
fragments by Eqs. (4) and (5), which give average 
values. The distribution of individual measurements is 


MESON PRODUCTION 653 
TABLE IV. Ratio g of meson production by heavy nuclei 
at 40 Bev/nucleon and 10 Bev/nucleon. 


Number of 

events q 
1.52+0.27 
1.12+0.30 
1.40+0.20 


1.75+0.20 


Charge 
group 


M 132 
H 58 
Average 190 


a 327 


not symmetric around the average value ; the energy is in 
general not underestimated by more than a factor of 2. 

In collisions between high-energy a particles and the 
nuclei of the photographic emulsion, on the average 
1.8 nucleons of the a particle participate strongly. The 
average transverse momentum of protons which split 
from ana particle and do not take part in the interaction 
is 200 Mev/c. 

Methods to estimate primary particle energies from 
the angular distribution of shower particles emitted 
from high-energy interactions were checked experiment- 
ally on 77 interactions of a@ particles and 26 interactions 
of heavy nuclei of known high energy. In the inner core 
of these showers we left off shower particles considered 
to be protons. Their number was chosen in such a way 
as to account for all of the incident charges of the pri- 
mary nucleus (subtracting the charge of outgoing 
heavier fragments). Big fluctuations of individual energy 
estimates around the true value were found, which 
amounted up to a factor of 10 on either side. Restricting 
ourselves to interactions having <4 heavily ionizing 
particles reduces the fluctuations by cutting off events 
which give too low apparent energies. The energy of the 
events with <4 heavily ionizing prongs is on the average 
overestimated by a factor of 2, if one uses a method not 
taking into account the energy and angular distribution 
of the mesons, for example the median-angle formula or 
the simplest version of Castagnoli’s formula. From our 
measurements and also from theoretical considerations 
it follows that all primary energies as determined by 
these methods should be reduced by a factor of 2, for 
example by using Eq. (10) instead of Eq. (7). In such a 
case we found that the fluctuations of individual meas- 


urements around the average value do in general not 
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Fic. 13. Comparison of the true primary energy of heavy nuclei 
interactions /) with the energy /., obtained from the angular 
distribution of the shower particles. Average primary energy is 
24 Bev/nucleon. Events with mq <4 are crosshatched. Ordinate: 
number of events 
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exceed a factor 2 to 3 on either side, if one restricts produced per collision is 16.1 for incident M nuclei, 
one-self to interactions with more than 6 to 8 charged 17.2 for H nuclei, and 23.2 for VH nuclei at an average 
mesons. energy of 20 Bev/nucleon. 
The distribution and the average values of the number 

of charged mesons produced by high-energy a particles ACKNOWLEDGMENTS 

are given. Meson production by a particles rises propor- 
tional to £°-°+°-°8 between 10 Bev/nucleon and 40 Bev/ 
nucleon. At 40 Bev/nucleon, on the average 8.2 charged 
mesons are produced per collision. In about 10% of all 
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The energy spectrum of the heavy nuclei of the cosmic radiation was determined between 7 Bev/nucleon 
and 100 Bev/nucleon. The distribution for the M(6<Z<9) and H(Z>10) charge groups agree with one 
another within the limits of error. Combining both charge groups, the integral spectrum is of the form 
N(>E)~E“-**05 (E=total energy/nucleon). Flux values for nuclei of the M@, H, and VH (Z>20) charge 
groups at the geomagnetic equator are given. Comparing these results with flux values obtained at high 
latitudes, it is concluded that a power spectrum of the form £~'* fits all three charge groups within the 
limits of error between 2.5 Bev/nucleon and 7 Bev/nucleon. From the observation of a-particle showers 
of very high energy we conclude that under certain assumptions the integral spectrum of a particles can 
be represented by N(>E£)~£E* with n= —1.58_.1s*°*! for energies <1500 Bev/nucleon. 


INTRODUCTION the proton spectrum by estimating and subtracting the 
albedo effect.6 After the discovery of heavy nuclei 
in the primary cosmic radiation the meaning of total 
primary intensities as a function of latitude got more 
complicated. Kaplon, Peters, et a/.6 deduced an energy 
spectrum of the heavy-nuclei component not only by 
varying the geomagnetic latitude, but by observing and 
evaluating fragmentations of heavy nuclei in nuclear 
emulsions. Their method has been discussed in a pre- 
vious paper (II).’? They could prove that the number of 
heavy nuclei (Z>10) between 3 and 30 Bev/nucleon is 
well represented by a power-law spectrum with an ex- 
ponent y= 1.35+0.15. Since 1952 a number of measure- 
ments of the heavy-nuclei flux have been carried out at 
different latitudes near the top of the atmosphere by 
using the method of nuclear emulsion and by greatly 

* Supported in part by a joint program of the U. S$. Atomic improving the techniques of charge determination.®:*—” 
Energy Commission and the Office of Naval Research, and by the —— 
National Science Foundation. 5 J. R. Winckler and K. Anderson, Phys. Rev. 93, 596 (1954). 

t On leave of absence from the University of Buffalo, Buffalo, ® Kaplon, Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
New York. (1952). + 

1 J. A. Van Allen and H. E. Tatel, Phys. Rev. 73, 245 (1948). 7 Jain, Lohrmann, and Teucher, preceding paper [Phys. Rev. 

25. F. Singer, Phys. Rev. 76, 701 (1949). 115; 643 (1959) 7. 

3J. A. Van Allen and A. V. Gangnes, Phys. Rev. 78, 50; 79, ’ H. L. Bradt and B. Peters, Phys. Rev. 77, 54; 80, 943 (1950). 
51 (1950). ® Freier, Anderson, Naugle, and Ney, Phys. Rev. 84, 322 (1951). 

4J. A. Van Allen and S. F. Singer, Phys, Rev, 78, 819; 79, 206 0 Taylor, Sitaramaswami, and Krishnamoorthy, Proc. Indian 
(1950). Acad. Sci. 36, 41 (1952). 


EN years ago the energy spectrum of the cosmic 
radiation was known only at the high-energy end 
above 10° ev from measurements of extensive air 
showers, where a power law of the form V(>E)=CE~? 
could be well established. The value of the exponent was 
found to be y= 1.75. As soon as rocket flights permitted 
measurements of the total intensity above the top of the 
atmosphere, in 1947, one could show by varying the 
geomagnetic latitude that for singly charged particles 
a similar power law holds, the exponent being close to 
1.'-* Due to the albedo effect of the earth the total 
intensities of singly charged particles, measured in those 
experiments, were not the intensities of the primary 
proton component. Attempts have been made to derive 





SPECTRUM OF HEAVY 
In this way one can deduce energy spectra of heavy 
nuclei up to 7 Bev/nucleon. In summarizing their own 
data and those of other workers, the Bristol group came 
to the conclusion that between 1.8 and 3.0 Bev/nucleon 
the exponent is 1.50.18." Recently Singer re-evaluated 
all available data on the energy spectrum of heavy 
nuclei.”! He tried to deduce spectra for individual charge 
groups, such as M(C, N, O, F) and H(Z>10), and put 
forward the hypothesis of a possible increase of y with Z. 
Such a behavior of the heavy-nuclei component, if con- 
firmed by better statistics and extended to higher 
energies, would have far-reaching consequences upon 
our basic ideas of the origin of the cosmic radiation. 

Recently counter techniques have been greatly im- 
proved by making use of a combination of Cerenkov 
and scintillation counters.” This made it possible to 
obtain precise measurements of a-particle fluxes near the 
top of the atmosphere at different geomagnetic lati- 
tudes. By summarizing his own measurements between 
\=41° N (Texas) and \=0° (Guam), MacDonald” got 
an exponent of 1.5 for a particles. With the same detec- 
tor he also tried to measure the primary proton spec- 
trum. After corrections for the albedo effect he came to 
the conclusion that his proton data are in agreement 
with a power law spectrum having the same exponent 
of y=1.5. Together with recent data on a@ particles and 
heavy nuclei obtained by Fowler and Waddington” and 
by Waddington” for the same energy range, this would 
indicate that protons, @ particles, and heavy nuclei 
(Z>6) have a spectrum with the same value of y rather 
than one in which y increases with Z. Until now little 
has been known concerning the accurate energy spec- 
trum of the primary light nuclei (Li, Be, B) which, of 
course, would be of considerable interest for the theory. 

Reviewing this situation it seemed desirable to obtain 
more precise flux values for the different charge groups 
of heavy nuclei near the geomagnetic equator by in- 
creasing the statistics, and to extend the measurements 
of Kaplon, Peters, ef al.® to still higher energies. 


FLUX OF HEAVY NUCLEI AT 2=0° (GUAM) 

The details of the emulsion experiment of this paper 
are the same as those described in a previous paper (I).”4 

4 Lal, Yash Pal, Kaplon, and Peters, Phys. Rev. 86, 569 (1952). 

2 Dainton, Fowler, and Kent, Phil. Mag. 42, 317 (1951); 43, 
729 (1952). 

13 Kaplon, Noon, and Racette, Phys. Rev. 96, 1408 (1954). 

4H. Fay, Z. Naturforsch. 10a, 572 (1955). 

15H, Yagoda, Can. J. Phys. 34, 122 (1956). 

16 Danielson, Freier, Naugle, and Ney, Phys. Rev. 103, 1075 
(1956). 

‘TW. R. Webber, Suppl. Nuovo cimento 8, 532 (1958). 

18 C, J. Waddington, Phil. Mag. 2, 1059 (1957). 

19 C, J. Waddington, Suppl. Nuovo cimento 8, 518 (1958). 

2 P. H. Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956). 

21S. F. Singer, Progress in Elementary Particle and Cosmic 
Ray Physics, Vol. IV. p. 203 (1958). 

2 F. B. MacDonald, Phys. Rev. 104, 1723 (1956). 

°F, B. MacDonald, Suppl. Nuovo cimento 8, 500 (1958) ; 
Phys. Rev. 109, 1367 (1958). 

*4E. Lohrmann and M. W. Teucher, this issue [Phys. Rev. 
115, 636 (1959) }. 
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Fic. 1. Flight curve of stack 


The flight curve of the balloon is shown in Fig. 1. For 
the calculation of flux values we used only those tracks 
which entered the stack through the top surface having 
a projected zenith angle <45° in the plane of the emul- 
sion and a dip angle <11° (>3 mm per plate). Thirty- 
nine tracks of H nuclei and 98 tracks of M nuclei were 
accepted under these criteria. The “effective” thickness 
of the matter above our scanning line was 13.7 g/cm? 
taking into account the residual atmosphere of 10 g/cm’, 
the material of the gondola, and the solid angle accepted 
under the above-mentioned criteria. In paper I it was 
shown that the interaction mean free paths and the 
fragmentation probabilities do not depend on the energy 
of the heavy nuclei in the energy range under considera- 
tion in this paper. Therefore, in evaluating the diffusion 
equations”>* for the heavy nuclei based on our data 
and results obtained by other groups discussed in I we 
used the following sets of constants: 


Interaction mean free paths (in air): 


M nuclei 
H nuclei 
VH nuclei 


27 g/cm’, 

20 g/cm’, 

16 g/cm”. 
Fragmentation probabilities P;, (in air): 
=().18, 

0.35, 


Py 
Pum 
Pun 
Pyu.vu 


The fragmentation probabilities are calculated by aver- 
aging over the results, obtained by various authors, for 
1 events (see I) in emulsion. Our set of Py, values is 
nearly the same as the one reported by the Bristol 
group.”’ The differences are well within statistical errors, 

** K. Gottstein, Phil. Mag. 45, 347 (1954). 

26 J. H. Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955). 

27V. Y. Rajopadhye and C. J. Waddington, Phil. Mag. 3, 19 
(1958). 
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which is also true for the corresponding fragmentation 
probabilities obtained by Noon and Kaplon.”** (‘The 
discrepancies for Py, and Py, do not have to be dis- 
cussed here.) 
The solution of the diffusion equation gives the follow- 
ing flux values for the top of the atmosphere near the 
geomagnetic equator: 
M nuclei (62 Z<9): = /y°=(0.8940.15) particles/m? 
sec sterad, 

H nuclei (Z> 10): I °= (0.3340.07) particles/m* 
sec sterad, 

Tyn°= (0.10+0.03) partic les/m? 


sec sterad, 


VH nuclei (Z> 20): 


These results are corrected for the time of ascent of 
the balloon. 


The errors quoted in these results are not statistical 
errors only but include also estimated errors resulting 
from scanning efficiency, interaction mean free paths, 
fragmentation probabilities, flight duration, and a small 
altitude change of the balloon. 

For the flux of the VH nuclei the acceptance criterion 
must be changed in order to get statistically significant 
values. 

In Table I our flux values at 0° geomagnetic latitude 
are compared with those obtained by Waddington” and 
Webber"? at the same geomagnetic latitude but in a 
different flight. All three values agree within the limits 
of errors. The flux values obtained by Danielson and 
others'® using oriented stacks of nuclear emulsions and 
observing the zenith angle dependence of heavy nuclei 
in a balloon flight at \=10°N (Galapagos Islands) are 
lower both for M and H nuclei. Singer collected all 
available data on flux values for heavy nuclei published 
until 1957. It seems to us very difficult to deduce a 
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Fic. 2. Integral energy spectrum of heavy nuclei determined 
from scattering measurements. The full lines are calculated for 
an assumed power-law spectrum with an exponent 2.0 and 1.5. 
Ordinate: number of events. Abscissa: energy in Bev/nucleon. 
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TABLE I. Flux values at the top of the atmosphere for heavy nuclei 
near the geomagnetic equator (Guam) (particles/m? sec sterad). 


H VH 
(Z> 10) (Z> 20) 


Atmospheric 
depth 


This work 10 g/cm? 
Waddington* 17 
Webber? 17 
Average 


0.3340.07 0.1040.03 
0.35+0.08 
0.52-40.17 


0.36+0.06 


0.89+0.15 
0.95+0.11 
1.02+0.26 
0.930.08 


® See reference 19. 
» See reference 17. 


power law spectrum in this way because the meaning 
of the errors quoted by various investigators is some- 
times not obvious. Furthermore, one has to consider 
that balloon techniques as well as methods for charge 
determination improved considerably during the last 
ten years. Therefore, we used only the equatorial flux 
values mentioned above and very recent data obtained 
under similar conditions in Texas (A=41°N)**"® and 
northern Italy (A=46°N)*® which are of comparable 
statistical accuracy. The cutoff energy for both locations 
seems to be about 1.5 Bev/nucleon.'’:*! All these data 
are in good agreement with the assumption that within 
the present limits of measurements a power law 
N(>E£)=CE~’ with the same exponent y= 1.6+0.15 
holds for both charge groups between 1.5 and 7 Bev, 
nucleon. For C we obtain, from the average flux values 
quoted in Table I, 


Cconor= 26.0+2.2 particles/m? sterad sec, 
Cz>1=11.942.0 particles/m? sterad sec. 


Even the very heavy nuclei (VH) seem to have a spec- 
trum with the same value of y. Our results at the equa- 
tor (cutoff energy 7 Bev/nucleon) yield a ratio 


Vyun/Ny=0.30+0.07, 


to be compared with results obtainable from data for 
northern Italy (cutoff energy 1.5 Bev/nucleon) by the 
Turin® group, which give Vyn/N=0.29+0.06. 


ENERGY SPECTRUM OF HEAVY NUCLEI BETWEEN 
7 Bev NUCLEON AND 100 Bev/NUCLEON 


Heavy nuclei used for this work were first located and 
then followed the same way as described in I. As ex- 
plained in IT, the energy of the particles was determined 
by three methods; (a) from track-to-track scattering 
measurements between a particles or heavier fragments 
originating from fragmentations of heavy nuclei, (b) 
from the opening angle of fragments, (c) from the angu- 
lar distribution of the shower particles produced in 
high-energy interactions. The experimental procedures 
were described in II. In particular, it was shown that 

*8 Engler, Kaplon, and Klarmann, Phys. Rev. 112, 597 (1958). 

29 Noon, Herz, and O’Brien, Nuovo cimento 5, 854 (1957). 

*® Cester, Debenedetti, Garelli, Quassiati, Tallone, and Vigone, 
Nuovo cimento 7, 371 (1958). 

3! Simpson, Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
(1956). 

® Bisi, Cester, Garelli, and Tallone (to be published). 
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all three methods yield consistent results. Fluctuations 
around the true value of energy as determined by 
method (c), however, were shown to be very large. 
Therefore, we mainly used methods (a) and (b) for 
determining the energy spectrum. Our results were 
grouped and evaluated depending on the method [(a), 
(b), or (c) ] used and depending on the charge of the 
various nuclei (M or #7). 

As was explained in part II, method (a) or (b) can be 
used only if the heavy nucleus breaks up into two or 
more fragments of charge >2. A total of 540 heavy 
nuclei were located and followed ; 339 of these interacted 
in the stack. From the 339 interactions, 115 fragmenta- 
tions yielded two or more fragments. The energy spec- 
trum, as determined by using methods (a) and (b) on 
these 115 events, will then represent the true spectrum 
only if the following two conditions are satisfied : 


(1) The interaction mean free path does not depend 
on energy. 

(2) The probability of an interaction to be a frag- 
mentation yielding two or more fragments does not 
depend on energy. 


In I we have compared our results obtained at a 
cutoff energy of 7 Bev/nucleon with the results of other 
investigators at higher latitudes (cutoff energy about 
1.5 Bev/nucleon). The average energy is different by a 


factor of about 3. As was pointed out in I, we found 
good agreement within experimental errors for both the 
mean free paths and for the fragmentation probabilities 
when comparing our results with those at lower energies. 
We conclude, therefore, that these quantities are inde- 
pendent of energy within the statistical accuracy of this 
experiment. Hence conditions (1) and (2) are satisfied. 

The energy spectra for the M and H nuclei as deter- 
mined by scattering measurements and by the opening 
angle of the fragments are given in Fig. 2 and Fig. 3. 
Due to the finite resolution of individual energy meas- 
urements, the energy spectrum as determined from our 
events will not represent the true energy spectrum, but 
will deviate from it. The deviation increases as the aver- 
age error in the individual energy measurements in- 
creases. This has to be taken into account for determin- 
ing the true shape of the spectrum. We have calculated 
the spectrum to be expected under different assumptions 
regarding the shape of the true spectrum and depending 
on the energy resolution of the measurements. For the 
true integral energy spectrum we chose V(>E)=CE~? 
(E=total energy/nucleon) with a sharp geomagnetic 
cutoff at a total energy of 8 Bev/nucleon. Two values 
of y were tried: y=1.5 and y=2. This spectrum was 
corrected by the energy resolution of the measurements. 
For the scattering measurements we used a normal dis- 
tribution with an rms error of 30%. The distribution for 
the opening angle measurements was taken from the 
experimentally measured distributions which were shown 
in II (Figs. 1, 2, and 3). The same procedure was used 
for determining values by the angular distribution of 
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the shower particles. We used the curve drawn to fit 
all the events in Fig. 9 of II. As was described in IT, this 
distribution holds for a-particle interactions found in an 
unbiased way. We have furthermore shown in IT that 
energy measurements by using the angular distribution 
of shower particles give the same results for a particles 
and for heavy nuclei. Because the heavy primary inter- 
actions which were used for the energy spectrum were 
also selected in an unbiased way, we can assume that 
the energy spread is the same as the one found for the 
a-particle interactions. In each figure we have given the 
two spectra calculated for y=1.5 and for y=2 for com- 
parison. These curves bend at the lower end of the 
spectrum ; for high energies they give asymptotically the 
expected slope. In this region they should be parallel to 
the true spectrum, but somewhat displaced towards 
higher energies. The shift increases as the width of the 
energy resolution increases. One method of finding the 
true value of y from the experimentally measured points 
consists, therefore, in disregarding the low-energy events 
and measuring the slope from the high-energy events 
only. 

It is seen, that for both methods (Figs. 2 and 3) the 
points for the M nuclei lie mostly above the points for 
the H nuclei. This probably comes from the higher pre- 
cision of energy measurements possible for the H nuclei, 
because they frequently break up into more than two 
fragments, which increases the number of independent 
measurements which can be performed and thus the 
statistical accuracy. As demonstrated above, a better 
energy resolution would shift the distribution towards 
lower energies. In Figs. 2 and 3 the calculated curves 
bend somewhat more sharply than the experimental 
curves at the low-energy end. This we attribute to the 
fact that the theoretical curves were calculated for a 
sharp cutoff at 8 Bev/nucleon (total energy). However, 
particles having smaller energies can reach the stack, 
for example, if they come from the west under higher 


Fic. 3. Integral energy spectrum of heavy nuclei determined 
from the opening angle of fragments. Ordinate: number of events. 
\bscissa: energy in Bev/nucleon 
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Fic. 4. Integral energy spectrum of heavy nuclei determined 
from the angular distribution of shower particles. The full lines 
are calculated values expected for a power law spectrum with 
exponent 2.0 and 1.5. Ordinate: number of events. Abscissa: 
energy in Bev/nucleon. 


zenith angles. This explains the tail at the low-energy 
end of the spectrum. Hence our data are compatible with 
an integral energy spectrum of the form .V (> £)=CE~’. 

In order to find the true value of y from our measure- 
ments, we have used interpolation between the two 
calculated theoretical curves as well as the slope of our 
experimental distribution for the high energies only. The 
values for the exponent found in this way are given in 
Table II. Within the limits of error the values of y agree 
for the different methods and also for the two charge 
groups. Thus within the indicated limits of error the 
energy spectrum for both M and H nuclei is the same. 
Combining both charge groups, we obtain 


y= 1.60+0.15 


between 7 Bev/nucleon and 100 Bev/nucleon. These 
findings are in agreement with the data shown in Fig. 4, 
where we have plotted the energy as given by the angu- 
lar distribution of the shower particles of 79 additional 
events which have fewer than two fragments. Apart 
from this they were chosen in a statistically unbiased 
way. The theoretical curve calculated for y=1.5 fits 
the data, whereas y=2 is excluded. 

Our results for energies >8 Bev/nucleon can be com- 
pared with some measurements published by other 
authors using methods similar to those used here. The 
Turin group” gave a value y=1.54 for both M and H 
nuclei together, for average energies of about 6.5 Bev 
nucleon. This is lower by a factor of 3 compared with 
our data. Unfortunately, it is not clear from their paper 
how much their results might be influenced by the finite 
resolution of their individual energy measurements. 
Hence our results can perhaps be compared more satis- 
factorily with the work by Kaplon, Peters, et al.* For the 
H-nuclei group they give a value of y=1.35+40.15 be- 
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TABLE IJ. Exponent y of the energy spectrum 
between 8 and 100 Bev/nucleon. 


Energy determined 
by scattering by opening angle 
1.62 
1.42 


Heavy nuclei 
charge group 


M 1.52 
iH 1.79 
M+H 


Average 


1.57+0.20 
1.62-40.20 
1.60-40.15 


tween 3 Bev/nucleon and 20 Bev/nucleon. This is quite 
compatible with our result. 


ENERGY SPECTRUM OF a PARTICLES AT AN 
ENERGY E>1500 Bev/NUCLEON 


For locating events at energies very much exceeding 
those discussed in section 3 one largely depends, at the 
present time, on electron cascades originating in ex- 
tremely high-energy nuclear collisions. From the num- 
ber of events found in a given amount of material, one 
may try to get some indication regarding the flux of 
heavy nuclei at energies > 1000 Bev/nucleon. The most 
important assumptions involved are the following: (1) 
The collision mean free path does not change with 
energy. (2) The detection probability is known. (3) The 
primary energy of the nuclear events is known. 

From the evidence presented in I and from general 
arguments, assumption (1) is probably reasonably satis- 
fied. It also becomes less critical in a stack the linear 
dimensions of which are comparable to the nuclear mean 
free path. Little can be said as yet about assumption (2). 
Because events of lower energy can more easily be over- 
looked (small cascade), one should restrict the method 
to events of very high energies, above £>10” ev, 
nucleon only. It is possible that even at energies > 1000 
Bev/nucleon a fraction of the interactions can be over- 
looked. This will, of course, depend on the stack and 
the scanning methods used. 

The customary method to estimate the energy of 
these collisions is by means of the angular distribution 
of the shower particles. This method was evaluated in 
II. As was pointed out, for individual events, large 
fluctuations are to be expected. Using only collisions 
without “heavy” prongs (.Vz=0), or trying to correct 
for the effect of secondary interactions in the same 
nucleus, will in general yield an overestimate of the 
energy (if one uses the “spectrum-independent” ap- 
proximation of II). The average energy of a number of 
interactions to be determined will also be overestimated 
because of the steepness of the energy spectrum and 
the width of the energy resolution. This effect has 
been estimated as described in Sec. 3. Assuming that 
the width of the energy resolution does not change with 
energy, it can be deduced from Fig. 4 that the measured 
energies are shifted towards higher values by a factor 
of 1.6. 

Assuming the energy spectrum to obey a power law, 
and using the flux value at 1.55 Bev, the Bristol group” 
derived a value of y=1.49_o..+°* using 6 a-particle 
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jets observed at E> 800 Bev/nucleon. Carrying through 
a similar investigation we limited ourselves to a-particle 
jets having energies E> 3000 Bev/nucleon. In view of 
the discussion given above and in II we, however, think 
that the true lower limit of the energy is lowered by a 
factor of about 2 and hence is more like 1500 Bev/ 
nucleon. From the 5 observed events, the geometry of 
our stack, and the exposure time of the stack we find 
a flux value of 3.6X10-* a@ particles/m* sterad sec 
at E>1500 Bev/nucleon. Assuming a detection effi- 
ciency of 100%, this yields a value of the exponent 
y= 1.58_0.1s+°?!. The limits of error include an uncer- 
tainty by a factor of 2, of both flux and energy. This 
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value of ¥ is in satisfactory agreement with the exponent 
derived for heavy nuclei of energies up to 100 Bev/ 
nucleon and for a@ particles up to 7 Bev. There is no 


evidence for a substantial change in +. 
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Intersecting-Beam Systems with Storage Rings 


G. K. O’NEILL AnD E. J. Woops 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received November 24, 1958) 


The equivalence of fixed- and variable-field particle acceleration systems for the adiabatic damping of 
synchrotron oscillations is pointed out. These two quite different acceleration methods are therefore able 
to produce particle beams of equal density for beam stacking purposes. 

The transfer mechanism between an accelerator and a storage ring is discussed, and the properties of a 
fast-rise 3-kilogauss beam-switching magnet are shown. It is concluded that the source interaction rate 
obtainable in a proton storage ring system would be nearly independent of the focusing properties and 


repetition rate of the injecting accelerator. 


An improved design for intersecting-beam storage rings is described, in which several well-separated 
interaction regions could be used for simultaneous experiments. Standard types of alternating-gradient 
magnets would be required, and the over-all weight of synchrotron plus storage rings would be about one 
tenth as large as that of comparable beam-stacking accelerators 


I. INTRODUCTION 
NTERSECTING-BEAM devices have come to be 
recognized generally as a necessary next step in 

accelerator design, mainly as a result of the continuing 
efforts of the Midwestern Universities Research Associ- 
ation (MURA).! Within the last few years a number 
of designs for achieving high center-of-mass energies 
have been suggested.?~* To obtain adequate interaction 
rates, it is necessary to accumulate (“stack”) many 
pulses of accelerated particles near the maximum energy 
containable in the guide field. It has been shown that 
for proton accelerators one can only perform beam 


1 Kerst, Cole, Crane, Jones, Laslett, Ohkawa, Sessler, Symon, 
Terwilliger, and Nilsen, Phys. Rev. 102, 590 (1956). 

2G. K. O’Neill, Phys. Rev. 102, 1418 (1956). 

3G. K. O’Neill, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), p. 64. 

4T. Ohkawa, Rev. Sci. Instr. 29, 108 (1958). 

5 E, J. Woods and G. K. O’Neill, Bull. Am. Phys. Soc. Ser. IT, 3, 
169 (1958); Princeton-Pennsylvania Accelerator Project, Internal 
Report GKO’N-11, December, 1957 (unpublished). 


stacking by filling the limited amount of available 
synchrotron and betatron oscillation phase space. 
There have been two approaches to intersecting-beam 
accelerator design. That of the MURA group has been 
through fixed-field alternating-gradient (FFAG) ac- 
celerators’ which are able to contain, within a single 
vacuum chamber, all energies from a few Mev up to 
the stacking energy. Although intersecting-beam FFAG 
synchrotrons would be large and would require compli- 
cated magnetic fields, they would accomplish their 
purpose within a single magnetic guide field region. 
Models have proven the design principles to be sound. 
We have studied the alternative possibility of trans- 


6—8§ 


6 Symon, Stehle, and Lichtenberg, Bull. Am. Phys. Soc. Ser. 1, 
344 (1956). 

7G. K. O’Neill, Bull. Am. Phys. Soc. 1, 344 (1956). 

8K. R. Symon and A. Sessler, Proceedings of the CERN Sym 
posium on High-Energy Accelerators and Pion Physics, Geneva, 
1956 (European Organization of Nuclear Research, Geneva, 
1956), p. 44. 

® Symon, Kerst, Jones, Laslett, and Terwilliger, Phys. Rev. 103, 
1837 (1956). 





660 G. K. O'NEILL 





STORAGE RINGS 
STACKING INJECTED 
BEAM PULSES 


SYNCHROTRON 
ACCELERATING TO 
STACKING ENERGY 


J PUL SED 


| DEFLECTION 

















Fic. 1. Block diagram of storage ring stacking system 


ferring full-energy beam pulses from any accelerator 
(strong or weak focusing) into storage-ring guide fields 
made by simple magnet shapes, and stacking many 
full-energy pulses in the storage rings (see Fig. 1). 
This second approach depends critically on the develop- 
ment of a good ejector and injector. However, the 
ejection problem is simplified by the fact that the 
proton beam in a synchrotron is damped adiabatically 
to a small cross section as the magnetic field increases 
during the acceleration cycle. Betatron oscillations 
damp as B- and synchrotron oscillations as Bu!.!°."! 
The full-energy beam can therefore be deflected by a 
pulsed magnet of small aperture. 

In the following sections we will discuss the limita- 
tions which (despite apparent wide differences in 
design) are common to all intersecting-beam arrange- 
ments using particles other than electrons. We will 
then describe a beam storage system flexible enough to 
be adapted to most large accelerators, existing or 
planned. One new device—a pulsed magnet of fast 
rise time—is a necessary part of the system we describe ; 
measurements made on a full-scale model of this magnet 
are given in Sec. ITb. 


II. CURRENT DENSITY LIMITS 


Any intersecting-beam device so far suggested would 
make use of the following sequence of steps for opera- 
tion: (a) injection of protons at an energy of 3 to 50 
Mev from an electrostatic generator or linear acceler- 
ator; (b) capture into a focusing guide field; (c) ac- 
celeration by rf energy along a path of slowly increasing 
magnetic field; (d) stacking of many groups of particles 
in the guide field at high energy, forming a large circu- 
lating current. If acceleration takes place within a 
magnetic field fixed in time, it is possible (but not 
necessary) to include an additional step of stacking at 
an intermediate energy, and acceleration by various 
subharmonics of the rf frequency. If acceleration occurs 
in a time-varying guide field, each accelerated particle 
group must be transferred to a fixed guide field for 
stacking. 

Any of three effects can set an upper limit to the 
circulating current attainable. These are (a) the long- 
range electromagnetic forces acting between charges 
moving in opposite directions (the interaction-region 
forces); (b) losses of particles from the stacked beam 
due to multiple scattering or nuclear interactions in the 
residual gas; and (c) the limited synchrotron and 
betatron oscillation phase space available at the stack- 
ing energy. 


1 FE. D. Courant and H. S. Snyder, Ann. Phys. 3, 1 (1958). 
"' R. Q. Twiss and N. H. Frank, Rev. Sci. Instr. 20, 1 (1949). 
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Given very good injection and acceleration systems, 
and high vacua, (a) will presumably remain an ultimate 
limit. This effect has been discussed,'?* but not in 
published reports. Estimates made in these references 
show that effect (a), while certainly much more severe 
than the single-beam space-charge limit, is not so 
serious as to prevent the attainment of adequate beam- 
on-beam interaction rates. 

Effect (b), and any others which reduce the lifetime 
of the stacked beams, determine the current of particles 
which must be delivered fo the stacking energy. The 
acceleration system must supply a current Q/¢ to the 
stacking energy, with Q the design value of circulating 
charge and ¢ the beam lifetime. In order to reduce 
background, any beam storage system will use an ultra- 
high vacuum (10-§ to 10° mm). Two laboratories are 
now building such vacuum systems for use on electron 
beam storage devices; their design is based on vacuum 
technology already developed in thermonuclear power 
research. At 10-§ mm, the mean life of a relativistic 
proton against large-angle single scattering or nuclear 
interaction is about 30 hours. The lifetime against 
multiple Coulomb scattering can be obtained by solving 
the Fokker-Planck equation for losses of protons to the 
vacuum chamber walls. At 3 Bev the lifetime against 
this loss is about equal to the nuclear interaction time. 

Limit (c) depends on the intensity and the angular 
and energy spread of the low-energy injector, and on 
the adiabatic damping of betatron and synchrotron 
oscillations which takes place during the acceleration 
cycle. Given an injector of a particular energy and 
design, the only differences in principle among various 
acceleration schemes are in repetition rate and in the 
damping they produce. It seems reasonable that the 
damping factors should depend only on the ratio of 
initial to final magnetic fields. This can be shown to be 
true, but the fact has been unintentionally concealed by 
wide differences in notation in the literature. For time- 
varying fields, Twiss and Frank (reference 11) noted 
that the amplitudes of radial and vertical betatron 
oscillations damp as B-}, at all energies. They obtained 
the damping of energy (synchrotron) oscillations by 
direct solution of the equations of motion, and inde- 
pendently by finding a generalized momentum py 
associated with the azimuthal angle y. Translating 
their Eqs. (22) into coordinates y and x=r—ro, with ro 
the central equilibrium orbit, their result is that area in 
(x,y) space damps as B~'. In addition, their Eq. (18) 
describes independently the damping of « and y under 
adiabatic field changes. 

The damping of betatron oscillations in fixed-field 
alternating-gradient (FFAG) accelerators has been dis- 


2 Proposal for a High-Energy Accelerator (MURA, March 14, 
1958). 

18 Q’Neill, Barber, Richter, and Panofsky, A Proposed Experi- 
ment on the Limits of Quantum Electrodynamics, Stanford Uni- 
versity, May, 1958. Received and reprinted June, 1959, 
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cussed by Symon, Jones, Kerst, Laslett, and Ter- 
williger.? There also betatron oscillations damp as B-}. 

The radial beam spread due to synchrotron oscilla- 
tions damps in a manner which has been discussed by 
Symon and Sessler (reference 8) for the case of fixed- 
field synchrotrons. Calling @ the azimuthal angle, 
they find a corresponding generalized momentum 
W=Sf[dE/w], where w is the particle rotation fre- 
quency. (W,@) are shown to be a set of canonical 
variables; area in the (W,@) space is therefore con- 
served. On translation to ordinary coordinate space, 
their result is identical to that of Twiss and Frank." 
The damping factors for betatron and synchrotron 
oscillations are therefore the same in all proton acceler- 
ators, whether weak or strong focusing, fixed or variable 
field. In electron accelerators the radiation produces 
strong damping effects; above a few hundred Mev these 
effects dominate the adiabatic damping. 

The number of accelerated bunches which can be 
stacked within the available synchrotron oscillation 
phase space in a storage device of 3 to 25 Bev is at most 
a few thousand; much less if a high-current linear ac- 
celerator of the usual energy spread is used as the 
original low-energy injector. Even present-day high- 
energy accelerators, with repetition times of a few 
seconds, would therefore be able to fill the available 
phase space in a beam storage device in less than the 
calculated beam lifetime. In practice it would be quite 
difficult to make use of more than a small fraction of 
the total phase space; a numerical example is given in 
Sec: V; 

In comparing further the various possible beam- 
stacking devices, we must note that the translation 
from phase space to ordinary coordinate space involves 
three quantities: the vertical and radial betatron wave- 
lengths and the momentum compaction factor a= (p/r) 
X (dr/dp). As will be made clear by a numerical ex- 
ample, strong vertical focusing and a high value of a7! 
are needed in a beam stacking system. 
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Fic. 2. (a) Delay-line deflector, for ejecting protons from a 
synchrotron and injecting them into a storage ring. 1 and 2 are 
the forward and return sections of the (one-turn) winding. 
(b) External capacitors connect 1 and 2 by leads across the 
magnet pole faces, to give the delay-line characteristic im 
pedance Zp. 


14 Due to a copying error in the derivation, Eqs. (19) and (21) 
of reference 8 differ from the corresponding equations of Twiss 
and Frank. The error does not, however, carry through to numeri- 
cal estimates quoted by the MURA group. 
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Fic. 3. Delay-line inflector circuit diagram. The bending angle 
given the protons is proportional to the voltage of the dc supply. 
The turn-on time of the magnet is the transmission time of the 
pulse through it, and the duration of the pulse is twice the delay 
time of the source cable. 


The following sections will take up the special 
problems which must be solved if the acceleration and 
beam-storage guide fields are separate. 


III. BEAM TRANSFER 
(a) Method 


In order to obtain efficient beam transfer, one should 
pulse on a uniform magnetic field of well-controlled 
focusing properties in a time which is small compared 
to one beam revolution period. This magnetic field 
should then be held constant for one turn. The deflected 
beam can then pass through a dc magnet capable of 
producing a large bending angle; identical units would 
be used to inject the transferred beam into the storage 
ring. 

The delay-line inflector,'® which was designed for 
this purpose, consists of a ferrite-core magnet with a 
shaped air gap (see Fig. 2). It is convenient to consider 
the ferrite-core magnet as having a distributed in- 
ductance of LZ henries/m. If the magnet is loaded with 
a distributed capacitance of C farads/m, it becomes a 
delay line with characteristic impedance Zp= (L/C)?. 

The delay time is r=/(LC)!, where / is the physical 
length of the magnet. This delay line is terminated in 
its characteristic impedance and driven by a charged 
coaxial cable through a spark gap (see Fig. 3). After the 
delay time 7 the magnetic field throughout the line 
assumes a constant value. The duration of the magnetic 
field is twice the delay time of the source cable. In order 
to bend particles of momentum p (mks units) through 
an angle 6, the pulse voltage required to turn on the 
magnet in time r is V= (p0/er)(w+h), where w and h 
are the width and height, respectively, of the magnetic 
gap. To minimize the required voltage V, r is made as 
large as tolerable. It must be kept small compared to a 
particle circulation time. Possible values for the param- 
eters at 25 Bev are r=0.25 microseconds (in order to 
lose only 10% of the synchrotron beam on ejection) 
and w+h=4 cm. A single magnet with a pulse voltage 
of 20 kv would produce a bending angle of 0.12 degrees. 
Three such magnets, operating in series on the beam 
but in parallel electrically, could displace the 25-Bev 

16G. K. O’Neill and V. Korenman, Princeton-Pennsylvania 
Accelerator Project, Internal Report, GKO’N-10 VK-3, Novem 
ber, 1957 (unpublished). 
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Fic. 4. Combination of pulsed and dc bending magnets for 
ejection of particle beam without loss of particle density. Ag in 
figure should read Ag. 


beam by 9 cm into the gap of a dc magnet for further 
deflection (see Fig. 4). Although the delay-line inflector 
is limited to a peak field of about 3 kilogauss by ferrite 
saturation, the straight-section lengths required for the 
inflector are not excessive. At 25 Bev the 3-section 
magnet needed for a 9-cm beam deflection would be 
only 6 feet long, and would weigh about 200 pounds. 
Such a mass could easily be moved into position during 
the acceleration cycle of a large synchrotron. The high- 
voltage power supply to charge the coaxial cable for 
driving the inflector would need to deliver only 200 
watts. 

It is important to note that zo betatron oscillations 
need be induced by such a process, and that the beam 
would emerge from the synchrotron within one revolu- 
tion period with almost no loss of particle density. 
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Fic. 5. Behavior of a delay-line inflector driven by a 10-ohm 
cable. 200-volt pulse with length of 100 millimicroseconds. 
(a) Cable discharged into a 10-ohm resistor. (b) Same, except 
delay-line inflector interposed between switch and resistor. 
(c) Same as (a) except 25-kv pulse, with spark switch substituted 
for mercury switch pulser. (d) Same as (c), except inflector 
inserted before terminating resistor. (e) Magnetic field in gap of 
inflector, observed by shielded loop with integrating circuit, 
through oscilloscope amplifier. Signals (a) through (d) are put 
directly on oscilloscope plates without amplification. 
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This is in contrast to existing methods of high-energy 
beam deflection, which lose most of the original par- 
ticle density through scattering (as in the Brookhaven 
3-Bev ejector), or through the excitation of large beta- 
tron oscillations (as in the regenerative extractor 
system). 

Small errors in pulse height applied to the deflectors 
would cause no loss of density in synchrotron oscillation 
phase space, because these magnets would not affect 
particle energy. The small increase in radial betatron 
oscillation amplitudes caused by such errors would not, 
in most simple beam-stacking systems, affect the current 
density in ordinary coordinate space. 


(b) Experimental Results on Inflector 


A delay-line inflector magnet, 10 cm long with a 1-cm 
vertical aperture, has been built to operate at a charac- 
teristic impedance of 10 ohms. It is pulsed through a 
triggered three-element spark gap from a 10-ohm cable 
charged to 50 kv. The delay cable provides a pulse 100 
millimicroseconds long, 25 kv high. With these param- 
eters the magnetic field in the gap of the inflector 
reaches a peak of 3000 gauss. The delay time through 
the inflector is 50 millimicroseconds and its contribution 
to the rise time (due to the lumped-constant condensers 
used in place of true distributed capacity) is less than 
20 millimicroseconds. 

This inflector is one of three sections intended for use 
in an electron scattering experiment at 500 Mev. 
Although the inductance of the spark gap distorts the 
rectangular pulse which should be applied to the in- 
flector, the observed pulse shape on the terminating 
resistor beyond the inflector is almost identical to that 
which is applied at the inflector input (see Fig. 5). The 
magnetic field within the gap, as measured by a shielded 
one-turn pickup coil and integrating network, follows 
the applied signal with little distortion. As expected, 
the behavior of the inflector as a circuit element is 
linear both for 200-volt and 25-kv pulses. 

Although this model is already adequate for its 
intended purpose, some simple improvements in its 
spark-switch driver are being made. If used in a proton 
storage ring system, the pole faces of a delay-line 
inflector could if necessary be ground to produce a field 
of arbitrary uniformity at a designed operating point. 
The material cost and development time required to 
bring the inflector to its present stage are both small. 


(c) Emittance Matching 


As noted earlier, the synchrotron oscillation phase 
density is not affected by errors in the beam transfer 
system. It is, however, also important that no serious 
losses of betatron phase density occur during transfer, 
particularly in the vertical direction. In general, with 
different betatron wavelengths in accelerator and stor- 
age rings, density losses will occur unless a matching 
lens is included somewhere in the transfer path. The 
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final beam size in the synchrotron determines the size 
and angular spread of the ejected pulse. Consider a 
beam with a maximum vertical spread Az whose par- 
ticles have random directions up to a limiting angle Aé. 
It is convenient to define the “emittance” of the 
beam as" 

e= 7AzAd. 


Simple magnetic lens systems can be designed which 
hold the emittance constant, but which alter the ratio 
of Az to A@. For example, a positive thin lens with a 
linear magnification M magnifies the angular divergence 
by M-. A quadrupole magnet pair is a good approxi- 
mation to such a thin lens. In the synchrotron, the 
region in (2,9) phase space occupied by the beam is 
roughly an ellipse, with semiaxes Az and Aé. These are 
related by Az=A,A6, where 274, is the betatron wave- 
length in the synchrotron. If the beam is transferred 
without matching to a storage ring of different A, each 
particle will still move on an elliptical path in phase 
space, but the particle group as a whole will have in 
addition a coherent betatron oscillation; the ellipse 
which encloses the particle group in phase space will 
itself rotate within a larger ellipse. A matching lens 
can prevent the coherent oscillation by adjusting the 
Az and Aé of the beam injected into the storage rings 
to satisfy Az=AprAd, where 27Xp is the betatron wave- 
length in the storage rings. In going from a weak- 
focusing synchrotron to a strong-focusing storage ring, 
the particle density can actually be increased by this 
process. The matching system should make the final 
circulating beam in the storage ring independent of the 
focusing properties of the injecting synchrotron. Re- 
garded as an injector for storage rings, a useful figure of 
merit for an accelerator is therefore Q/e'AE, where Q is 
the accelerated charge per pulse, AE is the energy 
spread, and ¢ is the emittance of the accelerated beam. 


(d) Injection 


The particles to be stored would pass through the 
following sequence: acceleration in the synchrotron, 
delay-line deflector, de ejector, steering magnets, match- 
ing lens, de injector, and delay-line inflector (see 
Fig. 6). During the interval before the next acceleration 
cycle (0.05 to 5 seconds for large synchrotrons), the 
newly injected pulse could be moved by slowly shifting 
the frequency of a low-power rf cavity.’ In this manner 
it could be stacked next to previously stacked beam 
pulses at the far side of the vacuum chamber. If the 
delay-line inflector were placed at the inner limit of the 
storage ring’s good-n region, the stacking process would 
produce a small amount of additional acceleration. In a 
small-aperture storage ring the additional energy ob- 
tained in this manner would be 3 to 5% (c.m. system). 


IV. STORAGE RING DESIGN 


Several geometries are possible for the storage rings 
in which the accelerated particles would be stacked. 
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Fic. 6. Ejection-injection sequence. Except for the delay-line 
deflectors and the synchrotron itself, all magnets are constant 
field. The low-power rf system in the storage ring needs only to 
produce a stable phase region large enough to contain a single 
synchrotron pulse, and it has available the full recycling time of 
the synchrotron in which to perform the stacking operation. 


lor maximum utility in carrying out experiments, it 
is desirable that several easily accessible interaction 
regions be available simultaneously. In these regions, 
the vacuum chamber should have a small cross section, 
and the nearest guide-field magnets should subtend the 
smallest possible solid angle. The magnets and magnet 
coils should be of simple design and construction. 
Finally, the over-all structure should be of minimum 
physical size and weight. 

The two-way FFAG synchrotron design of Ohkawa‘ 
satisfies the first requirement, having several experi- 
mental areas. An improved storage-ring geometry 
(suggested by a consideration of the advantages and 
limitations of the Ohkawa design) has been developed 
(see Fig. 7). In this concentric storage-ring design 
(hereafter called CSR), each beam particle would travel 
through the following sequence: a sector of radius Rj, 
a straight section of length /, another sector of radius Re, 
and another straight section (also of length /). In the 
Ohkawa design it is necessary to use reversed field 
magnets in order that two beams may circulate in 
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lic. 7. Particle orbits in a concentric storage ring 
with six straight sections. 
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lic, 8. Concentric storage ring magnet cross-sections. (a) At end 
of straight sections. (b) Near center of curved sectors. 


opposite directions in a single guide field containing a 
wide momentum spread. Consequently the Ohkawa 
design has a large circumference factor (defined as the 
maximum ratio of machine radius to particle radius of 
curvature). In the CSR no reversed field magnets are 
used. The momentum spread contained in the CSR can 
be small, because acceleration takes place in the separate 
guide field of the injecting synchrotron. For these 
reasons the magnet weight in the CSR design is reduced 
from that of the Ohkawa synchrotron. 


(a) CSR Parameters 


The ideal design would have a large number of long 
straight sections and a small beam crossing angle. In 
the choice of design parameters, however, it should be 
noted that the separation between the circulating beams 
at the end of each straight section, Ax, (see Fig. 8), 
must be large enough to permit placing magnet coils 
between the circulating beams at the magnet ends. For 
a given straight section length, this sets a minimum 
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Fic. 9. Magnet cell structure for 3-Bev concentric storage ring. 
n is the field gradient index. 
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value on the beam crossing angle ¥, and hence on the 
circumference factor. 

With the notation of Table I, an approximate formula 
for the circumference factor is 


C.F.&1 


The physical size of a CSR would exceed by about 25% 
that of a conventional synchrotron having the same 
number and length of straight sections, and limited to 
the same peak magnetic field. Parameters for three 
possible CSR designs are listed in Table II. Ws+W csr 
is the total magnet weight including that of the injecting 
synchrotron. The published data on a two-way FFAG 
synchrotron design of equal energy’ are also listed. 
Tx is the energy of a conventional stationary-target 
synchrotron yielding the same center-of-mass energy. 


(b) Magnet Cell Structure 


The magnet cell structure for a CSR could be either 
constant-gradient (CG) or alternating-gradient (AG). 
However, the stronger focusing in AG cell structures 
would permit much larger circulating currents for a 
given Q/e!AE. Consequently only AG cell structures 
will be considered. In a CSR, the circumference factor 
is independent of the focusing properties. 

Stability diagrams for the first CSR design in Table I] 
have been calculated with an IBM 704 using standard 
matrix methods." The results presented here assume 24 
magnets per ring. If the guide fields in each sector had 
the same radius of curvature the machine would be 
circular and have a symmetry of six. Because of the 
different radii of curvature the machine actually has a 
symmetry of three. Hence a unit cell (see Fig. 9) 
consists of eight magnets and two straight sections. For 
simplicity the two focusing magnets in the same sector 
have the same » value, and similarly for the two de- 
focusing magnets. This still leaves four free parameters. 
However, by scaling the corresponding values from 
one sector to the next, two of these free parameters are 
eliminated. The m values are chosen nearly proportional 
to the particle radii. Consequently the actual magnetic 
field gradients are very nearly the same in all focusing 
magnets, and similarly for the defocusing magnets. 
More precisely, the scaling factor is chosen so that for 
corresponding magnets in either sector, (#/R)!(s—so) 


TABLE I. Geometrical parameters for concentric storage rings. 


N=number of straight sections 
9=21/N 
yY = beam crossing angle 
} /=straight section length 
R,=smaller particle radius 
R.=larger particle radius 
Ax:=separation between circulating beams at end of straight 
sections 
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TABLE II. Design parameters for several intersecting-beam systems. 


Parameter Ss CSR 


Energy 15 5 Bev 
Tr : 5 540 Bev 

max 183 meters 
Bruax 18 kilogauss 
Circumference factor bE 


FFAG a Unit Remarks 


Straight section length : a 6.1 meters 
Crossing angle , 0.126 radians 
Axi , 0.38 meters 


Superperiods/revol. 4 

Radial betatron wavelength 70 40 116 meters 
Vertical betatron wavelength ; 64 226 107 meters 
Wesr 4300 7000 tons 
Ws+Wesr 5 6700 65 500 11 000 tons 
W (iron alone) 6200 62 500 10 000 tons 
W (copper alone) 5 500 3000 1000 tons 
Power 10 45 15 Mw 
Vacuum chamber SI 5x15 15480 5x15 cm 


® Held to 11 kilogauss in CSR to permit varying energy without changing interaction region position. 
> Should be doubled if CSR located outside synchrotron. 

¢ Number of straight sections available for intersecting-beam experiments. 

4 Interaction region located close to one end in FFAG case. 

¢ Orbit separation at ends of straight sections. 

f For 15-Bev CSR, magnet cross section same as BNL 25-Bev synchrotron. 

& Total weight of synchrotron plus CSR. 

h Vacuum chamber is double walled in FFAG case 


has the same value, where (s—sy) is the distance along is due to the straight sections. The remaining stop 
the equilibrium orbit. It should be noted that, because bands are due to the alternating radii of curvature. It 
of the different radii of curvature, the stability diagram should be noted that the magnets next to the straight 
is no longer completely symmetrical between the verti- sections are shorter than the magnets in the middle of 
cal and radial betatron oscillations. the sectors. The ratio of lengths was chosen so as to 
Some of the above assumptions have been made _ obtain a fairly good stability pattern, but has not been 
principally for mathematical simplicity. Therefore, it is optimized. 
probable that this is not an optimum design. Figure 10 Figure 11 is an expanded view of the high-n region 
shows the stability diagram obtained. The m values on — of Fig. 10. The principal resonances have been included, 
the graph are the geometric means of the » values in following the diagram given by Sturrock.'® The oper- 
the sectors of different curvature. The splitting of the ating point indicated on Fig. 11 would be satisfactory. 
fundamental stability diagram along lines 4A and BB 











Fic. 11. High-n region of fundamental stability diagram for 
3-Bev concentric storage ring. Principal resonances have been 
included. Q indicates possible operating point. 
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Fic. 10. Fundamental stability diagram for 3-Bev concentric 
storage ring. Stop bands 4A and BB are due to straight sections. . 
Other stop bands are due to alternating radii of curvature. 16 P. A, Sturrock, Ann. Phys. 3, 113 (1958). 
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(c) Layout 


The layout of the synchrotron and CSR would be 
fairly flexible. At 3 Bev it would probably be simplest 
to use a single ejection point and several dc bending 
magnets. At 25 Bev the use of two ejection points would 
avoid many degrees of bending in the transfer system 
(see Fig. 12). It would also be possible to locate a CSR 
concentric with, and either inside or outside of, a large 
AG synchrotron, whose direction of acceleration could 
be reversed over a period of a few minutes with the 
help of a beam bending magnet for its own injector. If 
the synchrotron were originally intended to be used 
with a CSR, it would be possible to design the synchro- 
tron without regard to experimental use, except for 
straight sections set aside for beam ejection. Since very 
little of the synchrotron beam should be lost during the 
transfer, all single-beam experiments could be _ per- 
formed in the CSR, where a unity duty cycle would be 
available without primary beam energy spread. The 
components of a CSR should be considerably more 
resistant to radiation than the organic seals, insulators 
and vacuum chamber of a rapid-cycling synchrotron. 
There should be maintenance advantages in trans- 
ferring the radioactivity produced in a high-intensity 
accelerator to the simple dc magnets, low-voltage coils, 
and all-metal vacuum chamber of a CSR. 


V. INTERACTION RATE 


In order to calculate the beam-on-beam interaction 
rate only the following parameters are necessary : 
>= vertical beam height in CSR, 
/=circulating current in CSR, 


Y= beam crossing angle. 


lor a process with cross section o, the interaction rate V 
is then given approximately by 


SYNCHROTRON 


Fic. 12. One of several possible arrangements of a high-energy 
synchrotron and concentric storage ring to minimize required 
number of steering magnets. The synchrotron would be equipped 
with a magnet to reverse the low-energy beam of its injector. The 
direction of acceleration would be reversed at intervals of a 
few minutes. 


AND E. J. 


WOODS 


where e is the proton charge and c is the velocity of 
light. The interaction rate is independent of the radial 
spread of the beams. To calculate z, the vertical ampli- 
tude functions” 6(s) for both the synchrotron and CSR 
must be known, as well as the vertical beam height 2’ in 
the synchrotron. Ideally, the vertical height in the CSR 
would then be z=2’ (Bcsr/Bsync)’. Allowances for losses 
during the beam transfer must be made. The detailed 
variation of the amplitude function is taken into 
account by the form factor F=8mmax/B8a. As an example, 
in the case of the Princeton-Pennsylvania 3-Bev proton 
synchrotron, we assume that initially the vertical 
betatron oscillations fill the two inches of vertical 
aperture. Since these oscillations damp as B-}, the 
vertical beam spread on ejection may be found. In the 
synchrotron B goes from 270 gauss to 13.8 kilogauss, 
and By=43.4 (with F~1). The present CSR design 
gives By=12.3 (with F~3). Assuming a 50% loss in 
vertical betatron density during transfer, we finally 
obtain zs4,=0.7 cm in the CSR. In this design the value 
of z in the interaction region is approximately 2, 

To calculate J, it is necessary to know the momentum 
compaction a," and the shapes of the equilibrium orbits 
for the CSR and synchrotron, as well as the radial 
spread of the beam due to synchrotron oscillations. 
Ideally, the number of beam pulses that could be stored 
in the CSR is then given by (Ar,/Ar,)(a./a,), where 
Arr is the width of the CSR’s good-n region, and Ar, is 
the radial width occupied by phase oscillations at 
ejection time in the synchrotron. The corrections for 
the shapes of the equilibrium orbits may be obtained, 
to first order, from the form factor F for the radial 
amplitude function. In the case of the Princeton- 
Pennsylvania synchrotron, we assume that initially the 
radial synchrotron oscillations fill the six inches of 
good-n region. Noting that these oscillations damp as 
B-', the radial spread due to energy oscillations at 
ejection may be calculated. There should be roughly 
4 inches of good-n region in the CSR. In the synchrotron 
a=2.1, and in the CSR a=0.07. We assume 3X10" 
protons/pulse in the synchrotron (about ¢ of the design 
current). Assuming a 50% loss of particles during 
transfer we obtain J[/e~2X 10" sec. 

However, it should be noted that in the synchrotron, 
the protons will not be uniformly distributed in phase 
at ejection. Rather, they will be bunched about the 
stable phase point. For the Princeton-Pennsylvania 
synchrotron the phase spread on injection will be ~ 180 
degrees. If the rf voltage can be turned off adiabatically, 
the beam pulse will spread uniformly around the 
machine. Because the area in synchrotron phase space 
will be conserved during this process, the beam will 
shrink radially. In a rapid-cycling synchrotron there is, 
however, reason to doubt that the rf can be turned off 
adiabatically. There remains the interesting possibility 
of making the storage ring circumference a multiple of 
the final separation between stable phase points in the 
injecting synchrotron, so that adiabatic turn-off can be 
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carried out at leisure by the low-power stacking rf 
system of the storage ring. We have assumed non- 
adiabatic turn-off in order to reach a conservative 
estimate of the final interaction rate. 

The 3-Bev CSR design of Table II gives a circulating 
current of 3.2 amperes at 2 amp/cm’. The proton- 
proton reaction cross section at 3 Bev is approximately 
30 mb. Formula (1) then gives 4000 reactions per 
second. (A factor of ~ 1000 has been thrown away in 
various safety factors.) Assuming a vacuum of 10-® mm 
in the CSR,’ the interaction rate due to the residual 
gas in one straight section would be roughly five times 
larger than the total beam-on-beam interaction rate, 
with the safety factors assumed. In arriving at the 
interaction rate quoted here, we have gone into the 
details of a particular acceleration system. No use has 
been made of vertical oscillation phase space, because 
as a practical matter it is somewhat difficult to fill. 
It also happens that in any acceleration system, with 
fixed or variable field, it is very difficult to make use of 
the narrow energy spread obtainable from an electro- 
static injector. A van de Graaff generator can fill a 
narrow region only one or two kv wide in synchrotron 
phase space. When the rf voltage comes on, however, 
each injected particle will begin to move on an ellipti- 
cal path in phase space; particles near the limits of 
stable phase will oscillate over an energy range AE 
=[8VE/xh|«| }!, where V is the rf voltage, / is the 
harmonic order, £ is the whole energy, and «= (E/w) 
X (dw/dE) is at van de Graaff energies a number of 
magnitude 100 to 300 for all synchrotrons, strong or 
weak focusing, fixed or variable field. At the low value 
of V=1 kv, AE is about 120 kv for /=1. Even at very 
low rf voltages and high harmonic orders there is a 
mismatch of about a factor 10 between the van de 
Graaff’s energy spread and the separatrix size in the 
synchrotron. In the example used above, it is assumed 
that the injector is intentionally modulated over 40 kv 
during the injection time; this increases the accelerated 
charge per pulse and is in fact the way the Princeton- 
Pennsylvania synchrotron has already been designed 
to operate. In our example, the available synchrotron 
phase space in the CSR can be filled by about 300 
pulses from the accelerator. 

We have also assumed no manipulation of the radial 
betatron phase space. In principle, the final current 
density could be increased by allowing the radial 
betatron amplitude to equal the radial beam size set by 
energy spread. If the accelerator and the beam transfer 
system can be made to work to their design limits, 
and if use is made of vertical (but not radial) betatron 
phase space, the interaction rate density can be in- 
creased above our estimates by a factor of about 500. 
The rate would then equal that of 3X 10° protons, 5 se: 
on a liquid hydrogen target. 


17D). Grove, Project Matterhorn, Princeton University, Tech- 
nical Memo No. 40 (unpublished). 
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VI. ACCELERATION IN THE CSR 


After the available phase space in a CSR was filled 
by beam pulses from the injecting accelerator, the CSR 
magnetic field could in principle be increased, so that 
the stored beam could be further accelerated.'* A very 
slow increase of the field, to avoid eddy-current field 
perturbations in the solid-iron magnets, could still be 
performed within a small fraction of the calculated 
beam lifetime. The required rf power for the acceleration 
system would be a very steep function of the energy 
spread to be accommodated (unless phase displacement 
acceleration® were used). For a 2% relative energy 
spread at 3 Bev, the instantaneous peak rf power during 
acceleration could, however, be held to less than 50 kw. 
Only one or two percent of frequency shift would be 
required. For the 3-Bev synchrotron used before as an 
example, a CSR of 30 meters radius and magnet weight 
of 1200 tons could give a center-of-mass energy of 
6 Bev/proton, with 7z= 100 Bev. 


VII. DESIGN OF EXPERIMENTS 


The interaction regions of a CSR would be at the 
centers of the long straight sections. The locations of 
the interaction regions would not depend on beam 
energy. In a 15-Bev CSR, the nearest magnets would 
subtend a solid angle of about 0.15 steradian at each 
interaction region. It is expected that reaction products 
will be confined to forward and backward cones in the 
center-of-mass system. If no attempt were made to 
increase interaction rates by filling vertical betatron 
phase space, the circulating beams would be about 
0.5 cm high. Detection apparatus could be placed within 
3 cm of the interaction region in the vertical direction, 
and within 10 cm radially. 

At present the large volume of the interaction region 
would limit experiments with proton intersecting-beam 
devices to the use of bubble chambers or the scintillation 
cameras now under development. However, it has been 
pointed out by Courant that in the simple linear magnet 
cell structure of a CSR, it should be possible to insert 
quadrupole magnets. These could cause the equilibrium 
orbits to cross at the center of each straight section. 
Although the total interaction rate would be no higher, , 
the source brilliance would then be high enough so that 
counter work with secondary beam analysis would 
become practical. (Note added in proof.—Orbits for a 
CSR modified as above have been calculated, and shown 
to cross as predicted.) 

It has usually been assumed that magnetic analysis 
of the interaction region would be impossible in a 
colliding beam device. However, in principle there is no 
reason why a magnetic field could not be added to an 
interaction region, if balanced by oppositely directed 
fields at the ends of the same straight section. It 
might be necessary to put in identical magnets at every 


18, J. Woods, Princeton-Pennsylvania Accelerator Project, 
Internal Report EJW-1, August, 1958 (unpublished). 
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straight section, in order to preserve the symmetry of 
the CSR. 

At present the last two suggestions are speculative, 
but they can be checked by standard matrix methods. 
One should note that the simplicity of the CSR magnet 
cell structure permits a great economy in computations. 
All of the work reported here, including the stability 
diagrams, required about 2 hours of 704 computer 
time. 

VIII. CONCLUSIONS 


Any accelerator working between given initial and 
final energies appears to be subject to the same limita- 
tions on final circulating current density as measured in 
the appropriate phase space. It also seems that even a 
slow-cycling (one pulse/5 seconds) synchrotron could 
fill the phase space available in a beam storage device 
within a small fraction of the calculated lifetime of a 
stored beam. For these reasons it has seemed to us well 
worthwhile to look into the difficulty (previously 
assumed very large) of transferring the full beam of a 
synchrotron to a storage ring without serious density 
losses. From our measurements on the simple inflector 
described in Sec. III, we conclude that transfer with 
high efficiency should be quite easy. 

The over-all design of an intersecting-beam system 
appears to be much simplified if one can attack the 
acceleration and beam storage problems separately; 


this simplification is accompanied by a reduction of 
about a factor ten in the weight of the system, and a 
somewhat smaller reduction in over-all size. The storage- 
ring arrangement seems to offer several advantages for 
experimental use, mainly due to its small vacuum 
chamber and magnet cross section. 


IX. SUGGESTIONS FOR FURTHER WORK 
The orbit dynamics of a CSR are given by linear 
alternating-gradient theory,” which has been well 
checked by the successful operation of the Brookhaven 
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1-Mev electron model and the Cornell 1-Bev electron 
synchrotron. The interaction region forces could, how- 
ever, be checked by building a small electron model of 
the CSR. Operation at 10 Mev with a one-meter 
diameter and a field of 800 gauss would permit the use 
of a commercially available linac for testing. 

It would be a modest undertaking to perform two 
tests which might be of greater value. One would be to 
build, full scale, a beam transfer system for an existing 
large proton synchrotron. After leaving the delay-line 
ejector, the transferred beam could travel down a long 
field-free vacuum pipe, where its stability and emittance 
could be studied by counters and by remote-viewing of 
scintillator plates. 

A second worth-while test would be the construction 
of a vacuum chamber for a CSR, full scale in cross 
section but only several tens of feet long. If this model 
were combined with an inflector system, the effect of 
high-energy radiation on the operation of an ultrahigh 
vacuum system could also be studied. 
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The production and subsequent decay of six 2* hyperons was observed in the central region of a hydrogen 
| ) ) ) 

bubble chamber exposed to x* mesons of kinetic energy 990+30 Mev at the Cosmotron. The corresponding 

) g 

total production cross section, corrected for scanning inefficiencies, is 0.16_0.06*°°8 mb. This value, combined 


with weighted averages of 2° and > 


production cross sections in hydrogen obtained by Brookhaven, 


Columbia, and Berkeley groups, is used to compute the three triangular inequalities imposed by charge 


independence. The inequality 


[o(Z*) }#+[o (2-) J} — [20 (D°) }}=0.12_5. 10°?" (mb)4=0 


is the only one that might not be satisfied. The near-zero value of the left-hand side indicates the difficulty 
to be encountered in demonstrating a failure of charge independence at this energy. 


I. INTRODUCTION 


OLLOWING the development of the ‘strangeness 

hypothesis,’’!:? it was thought that total isotopic 
spin might be conserved along with strangeness in 
associated production processes. Recently, however, 
Sakurai* and the Michigan bubble chamber group* 
have called attention to the fact that the differential 
cross sections for 2+ hyperon production in propane 
by 1.1-Bev pions did not satisfy one of the triangular 
inequalities imposed by charge independence.’ The 
inequality considered was (in obvious notation) 


da(z da (>) 


da(X*) } 


- >), 


dQ _ dQ ‘ dQ 
The Michigan data, obtained in a propane bubble 
chamber, indicated that the neutral }’s were produced 
preferentially backwards in the center-of-mass system. 
The charged ’s, however, tended toward a vanishing 
cross section for the same angles. Since all the total 
cross sections were of comparable size, the left side of 
the inequality assumed a negative value for the back- 
ward direction. 

The most serious uncertainty in the Michigan data, 
as the authors themselves noted, is that in a propane 
chamber without magnetic field it may be difficult to 
distinguish 2° events produced in hydrogen collisions 
from A° events produced in carbon collisions. To a 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission and the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at the Department of Physics, University of Wisconsin, 
Madison, Wisconsin. 

t Now at the Department of Physics, Brown University, 
Providence, Rhode Island. 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953). 

* K. Nishijima, Progr. Theoret. Phys. (Kyoto) 10, 581 (1953). 

3 J. J. Sakurai, Phys. Rev. 107, 908 (1957). 

4 Brown, Glaser, Meyer, Perl, and Vander Velde, Phys. Rev. 
107, 906 (1957). 

5D. Feldman, Phys. Rev. 103, 254 (1956). 


lesser degree the presence of carbon in the chamber 
may also have influenced the observed cross sections 
for the charged 2’s. 

Since it was not clear to what extent the propane cross 
sections might be expected to differ from those of simple 
m-p collisions, it seemed desirable to repeat the Michigan 
experiments in liquid hydrogen. At present, at least 
three groups have collected data on 2° and =~ produc- 
tion in hydrogen at 960 Mev.** We therefore selected 
an energy as close to this one as we could for an explora- 
tory 2+ production experiment in a hydrogen chamber. 


II. APPARATUS AND PROCEDURE 
A. Beam Arrangement 


The w* beam for this experiment was obtained from 
a one inch wide polyethylene target placed in the 3-Bev 
external proton beam of the Cosmotron (Fig. 1). Pions 
were collected by a strong-focusing magnet at an angle 
of 7° to the incident beam and were doubly momentum 
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Fic. 1. Floor plan of beam arrangement used in this experiment. 
The same external beam was shared by four bubble chambers 


6 L. B. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 

7 Eisler, Plano, Prodell, Samios, Schwartz, Steinberger, Bassi, 
Borelli, Puppi, Tanaka, Waloschek, Zobol, Conversi, Franzini, 
Manelli, Santangelo, and Silvestrini, Nevis Cyclotron Report 
No. 70 (unpublished). 

8H. Bradner, University of California Radiation Laboratory 
Report UCRL-8054 (unpublished). 
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Fic. 2. Kinematics for observed coplanar reactions at 1.12- 
Bev/c incident momentum. Corresponding kinetic energies are 
shown. 

Note: The caption for D-r Production should read 530 Mev. 


analyzed before being focused at the bubble chamber. 
In contrast to previous 7° + beams used at the Cos- 
motron,’” our arrangement did not use tight collima- 
tion and thus allowed several experiments to operate 
simultaneously. 

The hydrogen bubble chamber was constructed by 
Adair and Leipuner and has been discussed in a recent 
article.* Its inside dimensions were 6 in. along the 
beamX3 in. highX2 in. deep. No magnetic field was 
used. 

Photography of the chamber employed dark field 
illumination and a stereo angle of approximately 15°. 
Measurements were made on the reprojected images by 
using drafting machines to determine distances and 
angles with respect to fiducial marks on the front 
chamber window. The data were processed with a 
digital computer, which reconstructed spatial coordi- 
nates, distances, and angles, and which also provided 
parameters for estimating coplanarity and the effect of 
measuring errors. 


B. Data Analysis 


Because of a large proton contamination in the at 
beam, four coplanar processes were observed in the 
chamber: 


ptp— p+P. 
pt+p— dtr, 
rt+p—attp, 
rit p—St+Ke. 


In a sample of 1600 events each of these was unam- 
biguously identified by the 1.12-Bev/c kinematics shown 
in Fig. 2, except for points of obvious overlap. Events 
in the vicinity of these points were separated statisti- 

® Cool, Cronin, and DeBenedetti, Cosmotron Internal Report 
CCD-1, Brookhaven National Laboratory, Sept. 11, 1956 (unpub- 
lished) ; Cool, Piccioni, Clark, Phys. Rev. 103, 1082 (1956). 

Vander Velde, Cronin, and Glaser, Proceedings of the Padua- 
Venice Conference on Mesons and Recently Discovered Particles, 
1957 (to be published), Vol. 1, p. 33 
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cally by drawing upon the available p-p data in this 
energy region.!! 

The p-p experiments have determined that the non- 
coplanar inelastic p-p events are 18% as abundant as 
p-p elastic events. Furthermore, an accurate correction 
can be made for the systematic scanning loss of small- 
angle scatterings. This information allowed the inelastic 
events to be assigned in the proper proportion to p-p or 
m*-p collisions. Thus the total number of x+-p events in 
the measured sample was established by direct classifi- 
cation of elastic events and a statistical division of the 
inelastic events.!? 

The ratio of protons to pions in the beam obtained 
with this procedure was 3.04-0.4. It differs considerably 
from the more favorable ones obtained in other experi- 
ments with this beam arrangement,*” and must be 
attributed mainly to the absence of a tightly colli- 
mating beam channel. The correctness of this ratio is 
supported by the fact that it can be used to determine 
an absolute 2+-p elastic cross section in the forward 
direction that agrees well with the dispersion relations. 


Ill. &+—Kt+t PRODUCTION CROSS SECTION 


Approximately 30 000 pictures of acceptable quality 
were scanned in both stereo views for all kinds of 
interactions. In a central volume of hydrogen, accessible 
through the thin “beam window” 2 in. high by 1} in. 
wide, the scanners located 5500 interactions including 
six definite production events in which the 2+ was 
observed to decay. An additional 2+ event was found 
outside the central region. 

Data on the six production events are listed in 
Table I. The moderation times and observed decay 
times give a =+ mean life of (0.7_0.4*°-*) XK 10-" second, 
in agreement with the average value of (0.83_o.05*?-"*) 
xX 10-" second given by Barkas and Rosenfeld.!* It was 


TABLE I. Data on 2*-K* production and decay. @y is the center- 
of-mass production angle for the 2+. The laboratory angle between 
the * and the charged decay product is small enough to be 
consistent with either 2+ — p+7° or 2+ — n+7* in every case 
but the first one listed. The last event in the table did not occur 
in the central volume of the chamber and was not used for cross- 
section calculations. 


Cos @y Laboratory 
c.m. decay ~* mean life 
system angle (seconds) 


Moderation 
time 


Event number (seconds) 


41.2X10- 
25.5X 10 
48.9X 10 
26.210 
42.110 


79.0° 
16.1° 
18.2° 
431° 
13.8° 
11.4° 


13.0X10™ 
6.9X 10! 
5.0 10™ 
2.5X 10-4 
4.3X10™™ 
4.6X 10 39.4X 107 
6.1X10™ 11.4X10- 


9057-3 291 —0.01 
9057-2 83 0.34 
9047-17 329 —0.22 
9057-5 301 0.82 
9057-2 395 0.22 
9047-8 156 —0.54 
9127-2 122 —0.09 


11 W. Hess, Revs. Modern Phys. 30, 368 (1958). 

12 The procedure indicated will be described in detail in a later 
paper on the analysis of the 1*-p elastic scatterings and the partial 
cross sections. 

13 W. Barkas and A. Rosenfeld, University of California Radi- 
ation Laboratory Report UCRL-8030 (unpublished). 
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not possible to distinguish the 2+ decay modes with 
complete certainty. 

The number of 2+ hyperons observed in the central 
volume was less than the number actually produced 
because of three effects. (1) Events in which the >* 
proceeds in nearly the same direction as the incident 
pion may be missed by the scanners. This loss can be 
estimated through a study of the d-r production 
[reaction (2) ] which is similar kinematically and whose 
differential cross section is well known. (2) >’s that 
decay too near the production vertex (<0.1 in.) cannot 
be positively identified. (3) Those >’s which travel out 
of the chamber before decaying also cannot be positively 
identified. These three losses amount to 4%, 7%, and 
14%, respectively. Thus the 6 =+-K+ productions 
observed imply 8.0_25**-7 expected events. Possible 
errors in the corrections are of little consequence com- 
pared to the statistical uncertainty. 

The number of all other events found had to be in- 
creased by 6.7% to correct for scanning losses. From 
the resulting total number of expected events, the 
number of w*+-p interactions, 1175129, was obtained 
using the proton-to-pion ratio determined above and 
the known" p-p and? xt-p total cross sections (31.7 mb 
and 23.5 mb, respectively). Normalized to the total 
mt-p cross section, our corrected =+ production cross 
section is 0.16_0.o6°°’ mb. The true cross section lies 
within the indicated limits with a } probability. 


IV. DISCUSSION 


The angular distribution of only six 2+-A* production 
events is not very meaningful. Since the triangular in- 
equalities apply at every angle, however, they must 
also apply to the total cross sections, and can be used in 
this way with a smaller amount of data. In order to 
compute the inequalities we make use of weighted 
averages for the 2° and =~ production cross sections in 


8 


liquid hydrogen obtained by other groups.°® 


o(2~)=0.21+0.03 mb (960 Mev), 
a(>°) =0.26+0.04 mb (960 Mev), 
o (Zt) =0.16_.067°-"8, mb (990 Mev). 


None of these are at the same center-of-mass mo- 
mentum of the 2. Therefore, before substitution in the 
inequalities the 2~ and >* 
corrected to the center-of-mass momentum of the >” 


cross sections have been 


cross section by arbitrarily assuming a linear mo- 
mentum dependence. Any error introduced in this way 
must be quite small compared to experimental un- 
certainties. 

Two of the inequalities imposed by charge inde- 
pendence are definitely satisfied. These are 


[o(2*) }}+[20(2°) }'—[o(2-) }} 


=0,61_0,;9t?!! mb!20, (1) 
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Fic. 3. o(2*)/o(2°) vs o(Z~)/o(Z°). For the simple case where 
the 7=} and the T=} production amplitudes are related by 
A,=Ne'*Aj, conservation of isotopic spin in production excludes 
points from the shaded region. The relative magnitude, NV, and 
phase angle, ¢, associated with cross-section ratios are mapped in 
the unshaded area. 


[o(D~) }'+[20(>°) ]}—[o (dt) |) 


J 
().83_0.191? " mb?20. (2) 


The only inequality which shows any indication that 
isotopic spin might not be conserved is 


[o(=+) }!4 [o(z ) }i— [20 (2°) }} 
=().12_9.10t?:!! mb?=0, (3) 


since the left-hand side has a 13% chance of being 
negative. Although this result is inconclusive, it does 
indicate the difficulty of obtaining a definitive answer 
about violation of charge independence. For example, 
to insure that the left-hand side of (3) is significantly 
greater than zero, one would prefer an error of +0.06 
or less. This requires relative total cross sections with 
an accuracy of around 10%. Since there appears to be 
little evidence for large anisotropy of production at this 
energy,’ the angular distributions may not provide a 
substantially more sensitive test than the total cross 
sections. 

Figure 3 is a plot used by Adair and Leipuner® to 
obtain the relative phase and magnitude of the T=} 
and T=} production amplitudes when the total cross 
sections are due predominantly to a single angular 
momentum state. In such a case one can write the 
T=} amplitude as a complex constant times the T= 3 
amplitude and use this fact to calculate values of 
a(S+)/o(>°) and a(Z-)/a(Z°) assuming charge inde- 
pendence. Allowed values of these ratios are mapped in 
the unshaded region of Fig. 3. The point shown uses 
the same data as the inequality (3). 
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Electron pair production by a very energetic photon in the field of a particle of arbitrary mass (in particular 
in the fields of an electron and a nucleus) is studied following the work of Borsellino. The distribution of 
recoil momenta g is calculated for g of order of the electron mass and it is shown that the recoil distribution 
is independent of the mass of the recoil particle if appropriate variables are used. It is also explicitly shown 
that the mass of the recoil particle does not make any difference in the recoil distribution for very small g 

of order gmin). The total cross section must therefore be independent of the mass of the recoil particle in the 

high-energy limit, as previously stated by Borsellino. The Wheeler-Lamb result for pair production in the 
field of a bound electron is also justified. The results also describe the electromagnetic production of any 
fermion pair if certain restrictions are satisfied. 


I and exchange terms in his calculation. The errors® 
caused by this procedure are presumably negligible 
at high photon energies because the probability of large 
momentum transfer, where the effect of y—e interaction 
and exchange is important, is negligibly small. 
Borsellino’s calculation should therefore be nearly 
correct at high incident photon energies, except for the 
unimportant case when the recoil momentum is of the 
same order as that of the incident photon. 

In this paper, the recoil distribution function for 
high incident photon energies is obtained from the 
previous calculation of Borsellino in a simple and 
tractable form. The recoil distribution function for 
electron pair production in the field of an electron is 


HE theory of electron pair production by a photon 
in the field of an electron has been studied in 
most detail by Votruba' and Borsellino,?* by using 
Dirac’s positron theory in Born approximation. Feyn- 
man diagrams of the process are given in Fig. 1 and four 
more diagrams, which are obtained by exchanging the 
two electrons in the final state, must be added. The 
processes corresponding to diagrams (c), (d) and their 
exchange diagrams are referred to as y—e interactions.‘ 
Votruba’s calculation is complete in that it involves all 
possible processes. His final expression, however, is so 
long and complicated that it is difficult to handle; 
consequently, in order to carry out a general analytic 
integration, approximations which may _ introduce 
errors are required. In particular, Votruba finds that 
the distribution of recoil momenta g over the region 
of order unity® is difficult to obtain and, therefore, in 
evaluating the total cross section, he does not include 
the contribution from this region correctly. Fic. 1. Feynman dia- 
Borsellino developed his theory for a particle of arbi- — ‘ani ~ pair 
trary mass M in whose field the electron pair is pro- tia eget Ic pds ” 
duced. Consequently he neglected the y—e interaction 


* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

1'V. Votruba, Bull. intern. acad. Tcheque sci. 49, 19 (1948) 

2 A. Borsellino, Nuovo cimento 4, 12 (1947). 

3 A. Borsellino, Rev. univ. nacl. Tucuman, A.6, 7 (1947). 

4 J. Joseph and F. Rohrlich, Revs. Modern Phys. 30, 354 (1958). 

5 We use the electron mass as a unit, and also set h=c=1 6 For a detailed discussion of the y—e interaction and exchange 
throughout. effects, see reference 4. 





RECOIL DISTRIBUTION IN 
compared with the corresponding distribution for that 
in the field of a particle of arbitrary mass M (in particu- 
lar when M is equal to the mass of a nucleus), and it is 
seen that the two agree exactly if appropriate variables 
are used. It is also explicitly shown that the mass of the 
recoil particle does not make any difference in the recoil 
distribution for very small g (of order gmin). When the 
recoil electron is originally bound in an atom, our 
result agrees with that of Wheeler and Lamb.’ The 
results also describe the electromagnetic production of 
any Fermion pair if certain restrictions are satisfied. 


II 


We will express the distribution of recoil momenta 
q for electron pair production in the field of a particle 
of mass M by an incident photon of energy & as 


da(k,q,M) dQ(k,g,M) 
———— = ary’ ——————-=areT (k,g,M). (1) 
dg dq 


Where a@ is the fine structure constant and ro is the 
classical electron radius. The general expression of 
I'(k,g,M) as given in reference 3 is very lengthy and 
complicated. It will, however, be shown in the following 
that it can be greatly simplified at high incident photon 
energies. 

The minimum value of g for a given energy of the 
pair electrons follows from the definition of g, plus the 
assumption that both pair electrons go in the forward 
direction: 


qmin({)=k—p_-— p+ =W (qin) -M+k/(2E_E,) (2) 
=k/(2E_E,)=W (qmin) -M+1/2k/(1—/), 


where {= E,/k and W (qmin) = (M?+qmin?)! is the energy 
of the recoil particle. Both &, and E_, which are the 
energies of the created positron and electron with 
momenta p; and p_, respectively, have been assumed 
large compared with unity. The smallest value of gmin 
is obtained by setting Ej =E_=k/2; for other energy 
distributions, gmin is larger; 


Qmin( f= })= Ymin= W (Qmin) -M+2 k, (3) 


The kinetic energy of the recoil particle, W (qmin) —M, 
is always negligible compared with the momentum 
Qmin, provided M21 (and k>1) which is necessarily 
true for production of electron pairs. If, however, a 
heavy pair (e.g., muons) is produced in the field of a 
lighter particle (e.g., an electron) and if we now denote 
by M the ratio of the mass of the field particle to that 
of the pair particle, then M <1; in this case the relation 
W (qmin) -M<Kmin is fulfilled only if 


kM>1 (4) 


7J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939). 
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in addition’ to k>>1. If this is fulfilled, or if M21, then 
(3) simplifies to 


min 2, k, (5) 
and (2) also simplifies correspondingly. 
(a) For k>1, g~Qmin. 


After a reasonably straightforward but rather lengthy 
calculation, we may reduce the distribution function to 
the following expression : 


4(2f, -2\'77 252 
r(b,q,M) =-| (:- )( icant ) 
q| 3 kq 6 6kq (kg)? 


1+(1—2/kq)! 
n 
1—(1—2/kq)! 


2 1—In(2kq) 4 
gy é 
kq (kg)? 3(kq)? 


2 1-+(1—2/kq)! 1—(1—2/kg)! 
a es ee ae 
(kg)? 2 2 


where L(y)= /o4{In(1—x) ]/xdx denotes the Spence 
function.’ To obtain formula (6), we have partly used 
expansions of Borsellino’s formulae which are valid 
only for }kg—1>>1/Mk. Since Mk>1 and since (6) 
vanishes at kg=2 as it should, this restriction is rather 
unimportant. 

It is interesting to note that the recoil mass M does 
not occur in expression (6). This is a formal proof of 
the theorem that the mass of the recoil particle does 
not make any difference for g1. The physical reason 
for this is that, for g1 (of order gmin), the field in 
which the pair is produced behaves as if it were a static 
one. This theorem permits us to use Bethe’s formula” 
for very small g (or order gmin) for electron pair produc- 
tion in the field of an electron, even though it was 
derived for the nuclear case. 

The factor 

(1-2 kq) (7) 
appears in every term of Eq. (6). This arises from the 
fact, mentioned in (2), that the minimum gq depends 
on /, the fraction of energy in the positron, and attains 
the value (5) only for f= 4. For a given g, the maximum 
and minimum / permissible are 


2\! 
- ) ’ (8) 
kq 
so that (7) simply represents the permissible interval 


of f. 
The formula (6) agrees exactly with that given in 


SkM>2 is actually a necessary condition for pair produc- 
tion in the field of a light particle of M<1, because gmin 
+M—W (qmin) <M whatever the value of gm. Therefore by 
high incident photon energy we mean k.\/>>1 in addition to k>1. 

9K. Mitchell, Phil. Mag. 40, 351 (1949). 


10H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 
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reference 4 which is derived from Votruba’s result 
(reference 1) for the same region." This is expected, 
because the cintribution from the y—e interaction and 
exchange terms is negligible in this region. T'(k,g,M) 
for g<1 depends on g through kg which is a charac- 
teristic of the distribution. 


2M q 
I'o(k,g,M) = 


where 


W = (M2+¢°)}, 


R(k,g,M) ={k(g—W+M)—M(W—M)}{k(q—-W+M)—M(W—M)—2}, 


V(k,q,M) 


In 


AND 


R(k,q,M)' 
5 amas ) 
3kW [M(W-—M)}\g-W+M [M(W-—M)]}!(M(W-M)42]! 
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(b) For A>1, gk, kg>>1. 


In this case '(k,g,M) can conveniently be expressed 
as a series of descending powers of k, viz., 


T'(k,g,M)=To(k,g,M)+k-11(k,g,M)++--; (9) 


I')(k,g,M) is given by 


k[1—2M(W—M)]N(k,g,M) 


(11) 


k(gq—W+M){M(W—M)+1}—M(W—M){M(W-—M)—2}—{M(W-—M)}}{M(W—M)+2}'R(k,g,M)! 


k(q—-W+M) 


The expressions (10) and (11) can be greatly simplified, 
as is shown in Appendix A, with the result 


ro(k,tLg,M ]) 


é+2)!]}, (12) 


where 


t=M(W-WM), 
and a general notation 


I (k,n,M) =dQ(k,n,M )/dn, (14) 


for any observable quantity n=g,W,é,--- etc., is 
used. Formula (12) will also be valid for the electro- 
magnetic production of any Fermion pair provided the 
conditions k>1, gk, and kg>1 and, in addition, 
kM>>1 are satisfied. The unit of mass in this case, as 
previously mentioned, is the mass of one particle of 
the produced pair, and M is the ratio of the mass of the 
recoil particle to that of the pair particle. 

When M> 1, as is the case for electron pair production 
in the field of a nucleus, we have 


f=¢/2, 
which is independent of M. This case was previously 
treated by Bethe, whose formula” for g>gmin reduces to 
81 | In[p'+ (p+1)!] 


I'(k,g,M) = | ~ 
3gl — p(p+1)! 


1 , | 
f- — - . ie 
p*(p+1)! 


“Formula (6) may also be derived from the article of Jost, 
Luttinger, and Slotnick, Phys. Rev. 80, 189 (1950) for the same 
region. 

1 Compare Eqs. (32), (38), (41), and (44) of reference 10 as 
applied to pair production. 


where p=g’/4. Using p=&/2, one can easily show that 
Bethe’s formula (15) is identical with our (12). 

The recoil distribution (12) in terms of the variable € 
is independent of the mass of the recoil particle.’ 
This is a very remarkable and rather unexpected result 
which should be useful experimentally. 


Ill 


In the following discussion, we will restrict ourselves 
to the case of electron pair production in the field of 
an electron. Here we have &=W—1 and £(&+2)!=g, 
and thus for (12), we can write 


? 


2W-—3 
[1+ int-+4) (16) 
q dl 


When W is much larger than 1, (16) can be simplified 
by a further approximation to give 


1'o(k,g,1) = (2/3g2)[1+2 In(2g) J. 


The first correction factor T',(,g,1) is reduced to the 
simpler approximate expression in Appendix B. It is 
clear that T'(k,g,1) as given in (16) is of order unity 
since it is independent of & and since gq is of order 1. 
In the same way I';(k,g,1) is seen to be of order Ink 
(+ a constant of order 1). 

Since k>1 and the recoil momentum g~1 is much 
smaller than the momenta of the created pair, the 
effects arising from the y—e interaction and exchange 
terms should not be large; they may partially compen- 
sate each other because they seem to have opposite 
signs. As discussed in reference 4, the contribution of 
the y—e interaction terms is expected to be of relative 
order g/k~1/k, while the contribution of the exchange 


‘8 This fact, that the recoil distribution in terms of the variable 
£ is independent of the mass of the recoil particle, is equally valid 
for the case of g~qmin. In this case we merely put g= (2é)! in 
Eq. (6). 


2 g 


I, k,g,1) = 
3 W(W-—1) 


(17) 
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terms should be of order g/E_ which, integrated over 
the (nearly uniform) energy spectrum of the negative 
pair electron, yields a result of order k-! Ink. We may 
therefore expect that (16) gives a good representation 
of the distribution of recoil momenta gq in the region 
where g is of order unity, the error probably being of 
relative order k~ Ink. 

The distribution function T'9(’,g,1) as given in (16) is 
plotted as a function of g in Fig. 2. The curves corrected 
for the term kT’; (k,g,1) in (9), using the formulas as 
given in Appendix B, are given in the same figure for 
k= 100, 400, and 1000. However, the corrections made 
there are not complete, because further modification 
for the y—e interaction and exchange terms should 
also be made. 

Since the recoil distribution in terms of the variable 
£ is the same for an electron as for a nucleus, the total 
cross section for pair production will be the same in 
both cases, if we (a) assume k>>1 and (b) neglect 
screening. This result was first obtained by Borsellino 
and should be correct except for terms of order k~ Ink, 
as pointed out by Borsellino. 

When gq is very small (¢1 but kg>>1), both (6) and 
(16) reduce to 


T'o(k,g,1) = 28/9g=Tvo(q), (18) 


as was shown by Bethe.” The result of the integration" 
of (16) over g from an arbitrary but small g=qo 
(Gminqo1) to infinity is 


, 2) 14 1 41 
f T'o(k,g,1)dq=- | - in(—)+ # ; 
i ae: qo 9 


q0 


(19) 


We may write this in the form 


? 


f I'o(k,g,1)dq -f Too(q)dq+ . 
a0 ra 


q0 


(20) 


The total cross section can thus be obtained by assum- 
ing the simple formula (18) to be valid up to g=1, and 
then adding 82/27 for the contribution of larger g. 
Votruba,!* who was not able to get a valid expression 
for q of order 1 or larger, estimated the total cross 
section to be simply given by the first term in (20) 
which is in error by the constant 82/27. Joseph and 
Rohrlich, in reference 4, accept Votruba’s total cross 
section even though they realize that he did not treat 
the important region g~1 correctly. 

Finally we consider the initial binding of the recoil 
electron in an atom. It was pointed out by Wheeler 
and Lamb’ that this binding affects only small gq, just 
as screening does for the pair production in the field 
of a nucleus. This is because, for large g (or order 1), 


14 The integral of Mo(k,g,1) of (16) is given as 


7 ee te oe he 
Jroitadde=a| amy Wi wri | na +4) 
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Fic. 2. The recoil momentum distribution function I'9(4,g,1) and 
the corrected values due to the lower order terms for k= 100, 400, 
and 1000, plotted as functions of the recoil momentum gq. 


the recoil electron receives sufficient energy to be con- 
sidered free. Now Wheeler and Lamb assumed that for 
large g (or order 1), the cross section was the same as 
for pair production in the field of a proton. Since we 
have proved in this paper that this assumption is 
correct, the Wheeler-Lamb calculation is thereby fully 
justified. : 
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APPENDIX A 


A close look at the expressions (10) and (11) shows 
that I'o(k,g,M) generally depends on the quantity 
M(W—M). We will therefore introduce a variable 


&£=M(W-—M), where W (M?+-q*)?. (13) 
rherefore 


W-—-M=£/M 
Since WdW = qdq, 


and 


Mq=é 


dé gdq 
= it (A.2) 


M 
16 Hart, Cocconi, Cocconi, and Sellen, following paper [Phys. 
Rev. 115, 678 (1959) ]; E. Malamud, this issue [Phys. Rev. 115, 


687 (1959) ]. 
16 See in particular Figs. (3) and (4) of Hart et al., reference 15. 
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Substitution of (13) into (11) yields 


R(k,é,M) ={(k/M)( 


N(k,§,M)=1n 


abbreviation 


+2M?)i—€}, 


If we further introduce the 
S=k(q—W+M) = (k/M) {ENE 
substitution of (A.4) into (A.3) yields 
R(k,§,M) 
V(k,é,M) 
S(E+1) — €3(E+2)'!R(Rk,E,M)!— E(E+2) 
In . (A6) 
*Y 


Expression (A.5) can be greatly simplified by noting 


that, under very general conditions, 


S>e+2. (A.7) 


To pote this we consider the two cases (a) K<M?, and 

(b) €2M*. The magnitude of M itse AE i is al int 

for the isn 
Case (a) &M?, 


Mg=t)(£+2M?) 


therefore gM. Then 


D>i~y?/2, 


Therefore 
S~kg, 


and (A.7) is satisfied provided 
(A.10) 
(A.11) 


qc k, 
kg>I1 ‘ 


(A.10) states simply that the recoil momentum is 
small compared with the total momentum as we have 
assumed throughout this paper. (A.11) implies that g 
is large compared with its minimum value, gmin=2/k 
as given in Eq. (5); smaller values of g were treated 
separately in -: (6). 

Case (b) £2 M?, therefore g2M. 


Sm 


Then 


i~qM, S~>kM. (A.12) 
(A.10), but to make S>2 we 


(4), i.e., 


S>£ follows by 
also relation 


From this . 
must require 


kM>1. (4) 


It was shown in Sec. (II) that this condition (4) must 


2 
I’, (k,g,1) 
W(W—1)? 


| (r—nar-s), +-g(2—W)-+- 


+(( W—2)(q—W+1)+— 


AND 


eE+2M?}!—£)—£}{ (k/M)( 
(k/M){£(E+2M*)'— 8} (E+1)—E(E+ 
(k/M){E4( 


H. 


£!(£+2M?)!—£)—£-2}, 
2)—£4(£+2)!R(k,E,M)? 

; : (A.3) 
(€+2M?)i—¢} 


always be fulfilled, even if the field particle has less 
mass than the pair particles, as is the case for the 
production of a muon pair in the field of an electron. 

If (A.10), (A.11), and (4) are satisfied, then (A.7) 
will be valid. We can then expand R(k,£,M)? in a power 
series, thus: 


R(k,—,M) (A.13) 


'=S§—(£+1)—1/2S—--- 


For most processes, this expression can be simplified 
by setting 


R(k,£,M) =S°. (A.14) 


For (A.6) we obtain, using the full (A.13) : 


SeN = S(¢+1)—#(E+ “MiLS— (41) 
€(E+2)+84(E4+2)1/28 
therefore 
eN==[1-+-§—Eh(E+ 
(A.16) 
Now we have 


<£+I, (A.17) 


and therefore, using (A.7), we see that the second square 
bracket in (A.16) may be replaced by unity. The last 
term in (A.16) may also be neglected which is seen by 
dividing this last term by the first bracket, and then 
using (A.17) and (A.7). Then 
N(k,E,M) = In[1+é—£3(&+2)!] 
= —Inf1+é+ 23(é+2)?]. 


(A.2), (A.4), (A.14), and (A.18) 


£3 (€+2)! 


(A.18) 


Substituting (13), 
into (10), we obtain 


T'o(k,é(g,M)) 
2 2&—1 


=— + Fee Eb tet het 2)'T 
321 &4(E+2) 


(A.19) 
which is identical with (12). 
APPENDIX B 


For the case of electron pair production in the field 
of an electron, we may write 


ee (k,g,1)! 
g—-W+1/ k(g—W+41) 


2(W—1)(q—W) 
inl —) ib) —2(W 11g) » (B.1) 
q-W+1 





RECOIL DISTRIBUTION IN 


where now 


ELECTRON 


PATR PRODUCTION 


R(k,g,1) = {k(g—W+1)— (W—1)} {k(qd—W+1)—(W+1)} 


L(k,g,1) =In— 


{k(q—W+1)—(W—1)}!+{k(gQ—-W+1)—(W+))}! 
v2 


k(q—W+1)W —g?—gR(k,q,1)! 


N(k,g,1) =In——— 
k(q—W+1) 


q 
I(k,g,1)= f F(k,q,1)dq, 


dmin 


When k>>1 and gk, with exception of the case where 


g is so small that kg~2, we can approximate R(k,q,1) 
and \(,q,1) in the following way: 


R(k,q,1)'~k(g—W+1)-W 
1 


—~k(g—W+1), (B.3) 


= ieee 
“k(q—W+1)—-W 


q 
V(bg.t)—n (=a) (1+ ———— ) pinar-o. 
k(qg—-W+1) 


Further simplifications can be made in the following 

two cases: 
(a) For 

approximate 


gK1 but kg>1, we may as above 


L(k,g,1)—~3 InLkg(2—gq) Jes In(2kg), 
' Minis — , (B.4) 
1(k,g,1)™~4 In?(2kg) — js’. 
We also make similar approximations in the coefficients 
of R(k,g,1)?, L(k,g,1), and 7(k,g,1) in (B.1). Then 
substitution of (B.3) and (B.4) into (B.1) yields the 


F(k,g,1)=— 
W 


1 )N(k,g,1) (W—q)L(k,g1) 
2 q—-W+1 


approximate expression 


4, /3 7 2 
I, (k,g,1)> -1) In(2kq) 


wa 
-4 In*(2kqg)+ . 
6 


(b) For g>1 but g<&<k, we can approximate 


L(k,q,1)—~5 In{2k(q—W+1)}~3 In(2k), 


I (k,g,1)~} In(2kg) In(k/2g)+4 In(2k)—zyP+1. (B.6) 


We also make similar approximations in the coefficients 
of R(k,g,1)*, L(k,g,1), and /(k,g,1) in B(1). Then 
substitution of (B.3) and (B.6) into (B.1) yields the 
approximate expression 


1, (k,g, I~ (1/97) { (8— 69) +9 (42?+4— In (2k) 


—In(2kq) In(k/2q))}.  (B.7) 


The correction term k“I’,(k,g,1) is negative and its 
absolute value is a decreasing function of &. 





PHYSICAL REVIEW VOLUME 


115, NUMBER 3 


AUGUST 


Electron Pair Production in the Field of the Proton and in the Field of 
the Electron by Photons of Energy from 10 Mev to 1 Bev* 
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Cornell University, Ithaca, New York 
(Received March 12, 1959) 


A 24-in. diffusion cloud chamber filled with hydrogen and located in a magnetic field has been placed in the 
hardened bremsstrahlung beam of the Cornell synchrotron to study electron pair production in the proton 
field (P.F. pairs) and in the electron field (E.F. pairs). The E.F. pairs could be detected with an average 
efficiency of ~85% and are about as abundant as the P.F. pairs. A total of 3065 pairs produced by photons 


with energy from 10 to 1040 Mev have been analyzed. 


The principal results are: 


(1) The recoil momentum distribution of the E.F. 


predicted by Suh and Bethe. 


pairs is in good agreement with the distribution 


(2) The cross section for E.F. pairs is consistent with that calculated by Wheeler and Lamb. 
(3) The distribution of the opening angle of P.F. and E.F. pairs is in general agreement with Borsellino’s 
calculations, at large angles. However, the peak appears at smaller angles than predicted 


I. INTRODUCTION 


“THE theory of the production of electron pairs in 
the field of the proton (hereafter called P.F. 
pairs) and in the field of the electron (hereafter called 
E.F. pairs) constitutes a conceptually well-established 
chapter of quantum electrodynamics. However, the 
formal complexity of the equations has often forced 
theorists to make simplifying assumptions or approxi- 
mations that limit the validity of their results, or has 
discouraged them from working out in detail the 
quantities suitable for comparison with experiments. 

One of the main difficulties in treating pair production 
in the light elements (in hydrogen in particular) is 
introduced by the screening correction. For photons 
between 20 Mev and 1 Bev one is in the region of 
intermediate screening (i.e., one can neither neglect it 
nor use the asymptotic approximations of complete 
screening). 

Originally, the total cross section for the production 
of P.F. pairs was computed by Bethe and Heitler 
with the screening correction based on the electron 
distribution of the Fermi-Thomas model. The 
calculation now available is that by Wheeler and Lamb,’ 
who have introduced the exact hydrogen wave functions 
to account for screening. 

The total cross section for E.F. pair production was 
similarly calculated by Wheeler and Lamb,’ again with 
the exact hydrogen wave functions. They assumed that 


best 


for small recoil momenta the cross section for E.F. 
pairs is equal to that for P.F. pairs, while for large 


* Work supported in part by the joint program of the Office oi 
Naval Research and the U. S. Atomic Energy Commission 

t This paper is based on a thesis submitted to the Graduate 
School of Cornell University in partial fulfillment of the require 
ments for a Ph.D. degree. 

t Now at the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

1H. A. Bethe and W. Heitler, Proc. Roy. Soc. London A146, 
83 (1934). 

2 J. A. Wheeler and W. E. Lamb, Phys. Rey 
and 101, 1836(E) (1956) 


55, 858 (1939), 


recoil momenta the electron can be considered as free. 
These assumptions have now been quantitatively 
justified by Suh and Bethe’ for photon energies larger 
than 100 Mev. 

Borsellino* has developed a general equation that 
describes the differential cross section for E.F. pair 
production as a function of all the parameters involved. 
This calculation does not contain the screening correc- 
tion and omits the exchange terms as well as the so- 
called y-e interaction terms.® The equation is therefore 
valid for all recoil momenta for which screening is not 
important, as long as the recoil energy is much smaller 
than the photon energy. Practically all the information 
useful for comparison with experiments on E.F. pairs 
is implicit in Borsellino’s equation, but its extraction 
requires painful calculations. 

One of the most interesting points of comparison 
between experiment and theory is the momentum 
distribution of the recoil electrons of the E.F. pairs. 
A detailed calculation of this distribution was made by 
Votruba,® who solved the problem for a free electron 
exactly, but with the condition that the recoil momenta 
be small compared with mc. His results are thus valid 
only for a very small range of recoil momenta between 
mc and some smaller value at which screening becomes 
important for the particular photon energy considered. 
In the accompanying paper, Suh and Bethe extract 
from Borsellino’s equation a distribution of the recoil 
momentum for photon energies above 100 Mev, which 
is valid over the much wider range of recoil momenta 
where Borsellino’s equation applies. 

Another theoretical result to be compared with 
experiments is the distribution of the opening angle 


3K. S. Suh and H. A. Bethe, preceding paper [Phys. Rev. 115, 
672 (1959) ]. 

‘A. Borsellino, Rev. univ. nacl. Tucuman Ser. A, 6, 7 (1947). 

5 See the review paper by J. Joseph and F. Rohrlich, Revs. 
Modern Phys. 30, 354 (1958). 

6 V. Votruba, Phys. Rev. 73, 1468 (1948). 
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between the members of the electron pairs. This has 
been computed for P.F. pairs by Borsellino.’ 

Experimental verification of the theoretical results is, 
so far, scanty, as only recently have photon sources of 
high energy been developed, as well as suitable hydrogen 
targets and detectors capable of distinguishing between 
P.F. pairs and E.F. pairs. 

Several measurements of the total cross sections for 
pair production at photon energies £,<300 Mev, and 
one at 2.5 Bev are reported in the literature. An 
experiment at £,=1 Bev is described in the accompany- 
ing paper by Malamud® (see that paper for a survey 
of the literature on this subject). In all these experiments 
the sum of the cross sections for P.F. and E.F. pair 
production was measured and the partial cross sections 
were deduced by assuming that P.F. pair production is 
correctly described by the Bethe-Heitler or the Wheeler 
and Lamb formulas. 

As far as other details of the processes are concerned, 
only very meager information is available for /y<300 
Mev and practically nothing at higher photon energies.° 

Presently, Anderson ef al.’ are studying P.F. and 
E.F. pair production in a 4-in. hydrogen bubble chamber 
using the 300-Mev electron synchrotron at Berkeley. 

The present work is a study of the processes of 
pair production both in the proton field and in the 
electron field by photons with energies between 10 Mev 
and 1 Bev, in the hydrogen gas of a diffusion cloud 
chamber. Measurements have been made of (1) the 
momentum distribution of the recoil electron of E.F. 
pairs, (2) the angular distribution of the recoil electron, 
(3) the P.F. and E.F. pair cross sections as a function 


7 A. Borsellino, Phys. Rev. 89, 1023 (1953). 
§ H. Malmud, following paper [Phys. Rev. 115, 687 (1959) ]. 


¥J. D. Anderson et al., private communication and Bull. Am. 
Phys. Soc. Ser. IT, 1, 376 (1956). 





of the photon energy, (4) the opening angle of both 
P.F. and E.F. pairs, and](5) the energy-sharing between 
the pair members. 

Hydrogen is used as a target to maximize the ratio of 
E.F. pairs to P.F. pairs. As this ratio is roughly equal 
to 1/Z, in He about as many E.F. pairs are produced as 
P.F. pairs. 

In order to study E.F. pairs, one has to detect and 
if possible measure the momentum of the recoil 
electron in whose field the pair was created. As the 
majority of these recoils have momenta smaller than 
mc, it is essential that the He target be such as to make 
the recoil range as long as possible. 

The diffusion cloud chamber with magnetic field 
meets the above requirement of providing a dilute H» 
target, and supplies detailed information on _ the 
kinematics of the individual events. Its usual drawback, 
the small depth of its sensitive layer, is of no concern 
here provided the photon beam is passed through the 
chamber at midheight of its sensitive region. The 
small opening angle characteristic of the electromagnetic 
processes confines the tracks to a region much shallower 
than the sensitive layer, allowing one to take advantage 
of the full size of the chamber when making curvature 
measurements. 

The proton recoil of P.F. pairs in general does not 
acquire sufficient momentum to make even a grain. 
In the ~1500 P.F. pairs analyzed only one proton 
recoil was observed, which is consistent 
theoretical predictions of Suh and Bethe. 


with the 


II. APPARATUS 


The bremsstrahlung beam of the Cornell synchrotron 
(peak energy 1040 Mev), hardened by ~2.6 radiation 
lengths of,lithium hydride and collimated to a ribbon 
7 in. wide and ;% in. high, was used as the photon source. 
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Fic. 2. Examples of events observed in the cloud chamber. The 


event in the upper half of the picture is a pair produced in the 
field of a proton by a photon of 97 Mev. The other event is a 
pair produced by a photon of 620 Mev in the field of an electron 
which recoils with a momenta of 9.8 Mev/c. 


The diffusion cloud chamber was filled with He at 
18 atmos, and operated in a magnetic field of 5.4 kilo- 
gauss. The sensitive layer (24 in. across, 3 in. high) 
was photographed by a stereoscopic camera (Fig. 1).!° 

The beam intensity was adjusted to produce in the 
chamber gas from 1 to 2 electron pairs per picture. 


Only events whose origin lay in a restricted region at 
the center of the chamber were considered. The track 
length of almost all pair members was greater than 
25 cm. Scanning efficiency was practically 100%. 
Contaminations due to the presence of the methyl 
alcohol vapor in the chamber introduced a correction of 


~1.5%. The correction for the possibility that a 
Compton electron originates close enough to a pair to 
simulate the recoil of an E.F. pair was found to be 
negligible (~0.1%). 

For the analysis, all events were reprojected in 
space to measure angles and momenta. The techniques 
used are described in the appropriate sections. 

Figure 2 shows an example of a P.F. pair and of an 
E.F. pair whose recoil electron has a momentum 
gr=9.8 Mev/c." 

As mentioned in the introduction, the critical point 
of any experiment of this kind is the distinction between 

The effect of the LiH hardener is discussed in the Appendix. 
A more detailed description of the apparatus may be found in 
Sellen, Cocconi, Cocconi and Hart, Phys. Rev. 113, 1323 (1959). 

1 Following the usual convention, the electron with the lower 
momentum is defined as the recoil. 
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P.F. pairs and E.F. pairs, which depends upon the 
detection of the recoil electron of the E.F. pairs. With 
decreasing recoil momentum, the recoil track appears 
as a tight helix, a blob, a grain, or not at all. 

In our chamber (He density at beam height 0.017 
g/cm*), an electron with recoil momentum gr=0.15 
Mev/c (25<-kev kinetic energy) has a range of 3 mm 
and is deflected by the magnetic field through an angle 
x. We define this to be our “minimum measurable 
momentum.” However, recoils with a momentum as 
low as 0.02 Mev/c (400 ev kinetic energy) still produce 
a recognizable grain at the origin, identifying the event 
as an E.F. pair. We define gr=0.02 Mev/c as our 
‘minimum detectable momentum.”’” 

Accordingly, we shall call “experimental triplets” 
all the E.F. pairs with detectable recoil (gz 20.02 
Mev/c), which constitute about 85% of all E.F. pairs 
(See Sec. 4). The other events, which include all the 
P.F. pairs plus that 15% of the E.F. pairs whose recoil 
is invisible, shall be called “‘experimental pairs.” 

A group of pictures fully analyzed yielded 1537 
experimental pairs and 1227 experimental triplets. To 
improve the statistics on E.F. pairs, 301 additional 
triplets with measurable momentum were extracted 
from another group of pictures in which the pairs were 
not measured. 


III. MOMENTUM DISTRIBUTION OF THE RECOIL 
ELECTRONS OF E.F. PAIRS 


Among the experimental triplets examined, 954 had 
recoil electrons of measurable momentum (gz 20.15 
Mev/c). For these events the recoil momentum was 
measured by using the following techniques: 

Recoil momenta between 0.15 and 0.20 Mev/c 
were determined from the track range, with an error 
<15%.: Momenta between 0.2 and 1.0 Mev/c were 
determined by measuring the pitch and diameter of 
the envelope of the helix described by the track and 
were checked by measuring the range whenever 
possible. Depending on the dip angle, the error in 
gr was between 5 and 10%. Recoils of higher momen- 
tum, which are generally emitted at small angles to 
the photon direction, could be fitted to templates and 
their momenta measured with an error <5%. 

The experimental momentum distributions are given 
in Fig. 3 for three photon energy intervals. The solid 
line in each figure is the distribution calculated by 
Suh and Bethe from Borsellino’s equation, normalized 
at gr=0.4 Mev/c. 

For E,>100 Mev the experimental distributions 
appear to be practically independent of photon energy, 

12 This value was estimated by counting the number of rec- 
ognizable 6-rays along tracks of positrons with energy greater 
than 100 Mev. An average of 0.7 6-rays/cm were found, which, 
according to Bhabha’s formula, indicates that electrons with 
momentum as low as 0.02 Mev/c can be detected. The number of 
E.F. pairs with recoil momentum between 0.15 Mev/c and 0.02 
Mev/c was decreased by 5% to compensate for the P.F. pairs 


which have a 6-ray close enough to the origin to make them 
appear as E.F. pairs. 
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as predicted by Suh and Bethe. The over-all agreement 
between experiment and theory is remarkably good. 

Although the approximations used in the theory be- 
come invalid as the photon energy falls below 100 Mev, 
the experimental results in the range 10</£,<100 
Mev are compared with the theoretical curve for 
ky=50 Mev. The experimental points fit the curve 
well up to gre™1 Mev/c, then seem to fall below by an 
increasing amount as the recoil momentum becomes 
larger. This can be attributed (a) to exchange effects, 
neglected in the theory, which become important in 
this region, and (b) to the increasing fraction of the 
available energy that must be given to the recoil. 

In the figure, only recoil momenta up to 10 Mev/c 
have been plotted. Actually 16 events were found with 
gx>10 Mev/c. The maximum recoil momentum 
observed was 139 Mev/c with a primary photon of 
760 Mev. 


IV. CROSS SECTION FOR E.F. PAIR PRODUCTION 


The knowledge of the total number of E.F. pairs 
with recoil momentum gz 2 gmin permits an estimate of 
the cross section for production of E.F. pairs with recoil 
momentum larger than that minimum, og.F.(¢r 2 Qmin)- 

Let p be the ratio of the observed number of experi- 
mental triplets with gz 2 qmin to the total number of 
events (pairs+triplets) observed in a given interval of 


10 0.1 0.2 


Gp (Mev /c) 


photon energy. Then 


TE.F.(GR 2 Qmin) p(on.r.top.r.), 


where ox.r, and op.r, are the average cross sections for 
the production of E.F. and P.F. pairs, respectively, in 
the photon energy interval considered. 

In Table I are given the experimental values of p 
for Qmin=0.02  Mev/c (the minimum 
momentum) and for gmin=0.15 Mev/c (the minimum 
measurable momentum). 

The two solid curves in Fig. + are the cross sections 


detectable 


ox.r. and op.r, (in units of ar’) as deduced from the 


equations of Wheeler and Lamb, and adjusted to take 
into account the effect of molecular binding in hydro- 
gen.'® With these curves and the values of p given in 


TABLE I. Values of the ratio p between the number of 
observed E.F. pairs with gz >gmin and the total number of events 
observed, for the indicated intervals of photon energies. The 
first row includes all events with gr 20.15 Mev/c, the minimum 
measurable momentum; the second, all events with gr >0.02 
Mev/c, the minimum detectable momentum. 


75 150 300 600 900 
0.462 0.465 0.425 0.391 0.424 
+0.035 +0,032 +0.031 +-0.032 +0.069 


0.244 0.233 0.197 0.198 0.246 
+0.026 +0.023 +0.022 +0.024 +0.054 


E, (Mev) 35 
p (0.02 Mev/. 0.512 
+0.038 


0.334 
+0.032 


p (0.15 Mev/c 


13), Bernstein and W. K. H. Panofsky, Phys. Rev. 102, 522 


(1956). 
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Fic. 4. The two sets of experimental points represent the energy 
dependence of the partial cross section for the production of E.F. 
pairs with recoil momentum greater than 0.02 and 0.15 Mev/c, 
respectively. The solid curves are the total cross sections op.¢ 
and orFr. ¢ alculated by Wheeler and Lamb. The experimental! 
points for ox F.(gr ° >0.15 Mev/c) are compared to the cross 
section calculated by ‘Suh and Bethe for the same range of recoil 
momenta (lower dashed curve). The points for ox. r.(qr >0.02 
Mev/c) are compared with the results (upper dashed curve) 
obtained by adding Suh and Bethe’s cross section for gr >0.05 
Mev/c to the cross section calculated by Votruba for 0.02< qx 

<0.05 Mev/c. All the cross sections are expressed in units of 
or? =5.793 X 10-8 cm’. 

the table, one obtains the two sets of points for 
o£.F.(Grx >Gmin) plotted in the figure. 

In the region 100 Mev<F,<1 Bev the results for 
or.¥.(gr 20.15 Mev/c) may be directly compared 
with the prediction of Suh and Bethe (lower dashed 
line in the figure). The agreement is satisfactory. 

The approximations introduced in Suh and Bethe’s 
calculation are not valid below gr™¥0.05 Mev/c. The 
points foror.r.(qr >0.02 Mev/c) are therefore compared 
with the cross section (upper dashed curve) obtained by 
adding to Suh and Bethe’s cross section for gr 20.05 
Mev/c the cross section given by Votruba® for 0.02 <qz 
<0.05 Mev/c. Once again, the agreement is reasonably 
good. 

Neither Votruba’s nor Suh and Bethe’s calculations 
take screening into account, but for the energies and 
recoil momenta considered here the screening correction 
is negligible. 

For photon energies £,<100 Mev there 
theories available, and the experimental points may 
be used to extend Suh and Bethe’s curve. 

It is worth pointing out that the experimental results 
on ¢x.r. indicate that practically all the E.F. pairs 
produced by photons with F,<50 Mev could be 
pairs in our chamber, and that 


are no 


distinguished from P.F. 
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for E,=1 Bev about 75% of the E.F. pairs could still 
be detected." It is aa that averaging over the 
range of photon energies from 10 Mev to 1 Bev, our 
efficiency for detecting recoil electrons was ~ 85%. 

In the region E,<100 Mev, where most of the E.F. 
pairs can be detected, the absolute value of ox.r. can 
be determined using only the assumption that P.F. 
pair production is correctly described by the Wheeler 
and Lamb cross section. The results obtained are the 
following: 

(a) For 10<E,<50 Mev, éz.¥,=4.1140.55 mb, to 
be compared with the Wheeler and Lamb value 
CE.F.= 4.06 mb. 

(b) For 50 Mev<E,<100 Mev, Grr 
mb while the theory gives ¢r.¥,=5.60. 


0.71 


= 4,554 


V. ANGULAR DISTRIBUTION OF THE RECOIL 
ELECTRONS OF E.F. PAIRS 


The emission angle, 6, of the recoil electron relative 
to the photon direction was determined for all 954 
triplets with measurable recoil momentum by measuring 
the projected emission angle and the dip angle of the 
recoil. The error in the determination of 6, is generally 
smaller than 5°. 

The scatter diagram of Fig. 5 gives the distribution 
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Fic. 5. Each dot in the figure corresponds to an E.F. pair 
whose recoil electron has momentum gp, and is emitted at an 
angle @r. All events are included, irrespective of the primary 
photon energy. The short straight line at the bottom of the figure 
is the distribution expected in first approximation for gr<mce. 
The two dashed lines are the 10th and 90th percentile of the data. 
The few events corresponding to negative values of cosOpr are 
justified in the text. 


4 The efficiency for detection of E.F. pair recoils increases 
with decreasing photon energy since the minimum possible recoil 
momentum is ~2mc(mc?/E,) 
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of the recoil angle, cos@, vs the recoil momentum gz. 
The events have been plotted irrespective of the photon 
energy since the recoil angular distribution, like the 
momentum distribution, appears to be independent of 
the photon energy. 

No detailed comparison with theory is possible here, 
as no one has yet ventured to extract this information 
from Borsellino’s equation. However, the general shape 
of the distribution is determined by the fact that the 
transverse momentum of the recoil is of the order of 
mc, hence high-momentum recoils are emitted mostly 
forwards while recoils of low momenta appear at large 
angles. 

From simple arguments of energy and momentum 
conservation, it can be shown that under the conditions 
gr<0.5 Mev/c and E,>me’, 


cose = gr/ 2mce. 


In Fig. 5, the dots appear to concentrate along the line 
that represents the above function. It is interesting to 
note the lacuna in the region of small angles and 
moderate momenta. 

The recoil electron cannot be emitted backwards if 
the pair is produced in the field of a free electron. 
However, a bound electron may occasionally recoil 
backwards when the momentum it acquires is small. 
Furthermore, scattering of the recoil electron by the 
protons of the molecule in which the pair was produced 


may account for some large backward emission angles. 
The scatter diagram contains 28 recoil electrons, all 
with low momenta, that have emission angles greater 
than 90°. For 12 cases 6g is larger than 100°. The 
measurement uncertainty can account only for some 
cases, Close to 90°. 


VI. ENERGY PARTITION BETWEEN THE ELECTRON 
AND POSITRON IN P.F. AND E.F. PAIRS 


The energy partition between the members of the 
created pair is generally expressed in terms of the 
energy imparted to the positron, /*, relative to the 
total energy of the pair, E*+ £7; i.e., 


fekt/(E*+E 


Several accurate determinations of the distribution 
of f have been published (for the literature see the 
accompanying paper by Malamud*) in the energy range 
E, < 300 Mev for target materials with Z> 13, hence for 
events that are in the great majority pairs produced in 
the field of the nucleus. All the available results indicate 
good agreement with the theory of Bethe and Heitler. 
The same general conclusion is reached by Malamud 
for pairs produced in Be by photons of 1 Bev. However, 
to our knowledge there is no direct verification of the 
theory in Hg, i.e., for pairs produced either in the_field 
of the proton or in the field of the electron. 

For the events observed in our pictures, the energy 
partition can be directly determined by measuring the 
momenta of the pair members. In general, the pair 
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members, being emitted with small dip angles (usually 
less than 5° for momenta greater than 10 Mev/c), lie 
in a plane practically normal to the magnetic field and 
their momenta can be measured with templates in 
that plane. The error is smaller than 5% for momenta 
from 10 Mev/c to 500 Mev/c (curvature ~3.5 m) and 
is 5 to 10% for higher momenta. For momenta smaller 
than a few Mev/c the techniques described in Sec. 3 
were used. 

On the left-hand side of Fig. 6 are plotted the 
f-distributions for the 1524 experimental triplets 
produced by photons with energy in the three indicated 
intervals. In each of these figures the scale of the ab- 
scissa is chosen to make the Wheeler and Lamb? f-distri- 
bution a horizontal line instead of the familiar “inverted 
w” of the plots with linear abscissas. 

Similar plots for the 1534 experimental pairs were 
found to agree reasonably well with the expected 
distributions. Since the theoretical predictions for the 
f-distributions for P.F. and E.F. pairs are almost 
identical, the two groups of experimental data have 
been plotted together to improve the statistics (right- 
hand side of Fig. 6). The agreement is reasonable. 


VII. OPENING ANGLE BETWEEN PAIR MEMBERS 
OF P.F. AND E.F. PAIRS 


The most probable opening angle of an electron- 
positron pair produced in the field of either a proton or 
an electron by a photon of energy F, is ~4mc?/E,, 
i.e., ~2° for E,=50 Mev, and ~3#° for E,=500 Mev. 

The projection of the opening angle on a plane normal 
to the magnetic field was measured for 1320 experi- 
mental triplets and 1051 experimental pairs. The 
technique used was the following: The two templates 
that match the curvature of the positron and the 
electron are superimposed on the tracks of the pair 
members so that they extend beyond the origin, and a 
circular protractor centered at the event origin is 
placed on top of the templates. The projected opening 
angle, w’, is then given by w’= (a1—az2)/2, where a; and 
a2 are the arcs intersected by the templates on the 
protractor, in front of and behind the event. The 
measurement error has been determined to be generally 
smaller than 4° 

For P.F. pairs, our results can be compared with 
Borsellino’s calculation.!® For E.F. pairs there is no 


15We take this opportunity to correct misprints in 
Borsellino’s paper (reference 7). 1. In Eq. (6), the expression fo 
F. should have the third term in the first parenthesis divided by 
2, and in the expression for F'; the exponents of the two Q’s must 
be interchanged. It should therefore read: 


1 1s a i 1 17 
fo= 2 a ae 2 
F2 (104 02 ao) i328 + oa) 


1/, 1\, 1/,,1 
Vom - _ 9+. 
Fy (4 oe (2+5)4. 


2. In the caption to Fig. 3 the statement after the last semicolon 
should be deleted. We thank Mr. R. M. Schectman of our labor 
atory for pointing out these misprints, and Dr. Borsellino for 
discussing them with us at length 
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theoretical prediction available, but it is reasonable that 
the opening angles should be much the same as for P.F. 
pairs, as long as the electron recoil energy is small. 

In order to compare Borsellino’s results with out 
data, we have (a) deduced from his formulas the 
distribution of the projected opening angle w’, and 
(b) folded in an angular resolution of +}°. 

No meaningful difference was observed in the 
results obtained for experimental pairs and triplets. 
All the events were therefore grouped together in the 
final plots. Figure 7 gives the results for two photon 
energy groups. Each group is subdivided into two sub- 
groups of roughly even, and uneven energy-sharing. 

Following Borsellino, the scale of the abscissa is 


TABLE II. Median values of the parameter x=w/wo, where w is 
the space opening angle of electron pairs, and w)=meE,/E*E-. 
The first and second columns give the experimental results 
obtained from the cloud chamber data and from the data of 
Baroni et al.* The third column’ gives the values deduced from 
Borsellino’s theory.» The two rows are for approximately even, 
and uneven energy-sharing between the pair members. 


Median x 
Baroni 
et al. 


“1.204012 — 


Borsellino's 

theory 
1.50 
1.10 


Cloud 
chamber 


1.3140.05 
1.00+0.05 


Even energy-sharing 
Uneven energy-sharing 


* See reference 16 


» See reference 7 


x’=w'/wo, where wo=mcE,/E+*E~. The spread in 2’ 


due to the }° angular resolution is indicated in each 
figure. Folding this resolution in the theoretical curves 
hardly modifies them, except at small 2’. 

The agreement between our data and the theory is 
satisfactory for «’>~1.5. As predicted by the theory, 
the x’ distributions for the events with uneven energy 
sharing are displaced toward smaller x’ relative to the 
distributions for the events with even sharing. 

For «’<~1.5, however, the experimental points 
appear to peak to the left of the theoretical curves for 
all the groups of events considered. A similar dis- 
crepancy was observed by Baroni ef a/.'® for 107 electron 
pairs produced in photographic emulsion by cosmic 
rays of mean energy E,=100 Mev, and_ having 
0.25< f<0.75. 

In Table II are given the median values of the 
parameter « for approximately even and uneven energy 
sharing, as deduced from our results, from the results of 
Baroni et al., and from Borsellino’s calculation. Here, x 
is a function of the true space opening angle w. The 
experimental results lie 10 to 20% below the theoretical 
values. 

A useful number for experimenters is the median 
value of the quantity ¢=wF,/4mc*, which allows an 


16 Baroni, Borsellino, Scarsi, and Vanderhaeghe, Nuovo cimento 
10, 1653 (1953). 
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Fic. 7. Distribution of the projected opening angle, w’, between the members of electron pairs, for two photon energy intervals 
and for two groups of events having roughly even and uneven sharing of the incoming energy. The solid curves are the theoretical 
distributions as deduced from Borsellino’s equations.’ An angular resolution of +}° is folded into the theoretical curves. On the 


abscissa is plotted x’=w’/wo, where w=m?E,/(E+E-). 


estimate of £,, given the opening angle w, when no 
information on f is available. 

Our data, grouped in two photon energy intervals, 
irrespective of the value of /, give the following results: 
Oiva= 1540.07 ; 

Qmed = 1.67+0.10. 


50<E,< 200 Mev, 
200< FE, <1040 Mev, 


Since @mea appears to be practically energy independent, 
a value @mea= 1.7 can be used well above 1 Bev. 


VIII. CONCLUSIONS AND ACKNOWLEDGMENTS 
Our results may be summarized as follows: 


(a) For E.F. pairs the shape of the momentum 
distribution of the recoil electron is in good agreement 
with the distribution predicted by Suh and Bethe in 
the region of validity of their calculations, i.e., E,> 
~100 Mev. For 10 <#,<100 Mev the results indicate 
that Suh and Bethe’s distribution still describe the 
data at least for gr<~1 Mev/c. 

(b) The partial cross sections ox.¥,.(gr 20.15 Mev/c) 
and ox.r.(qr 20.02 Mev/c) predicted by Suh and 
Bethe are consistent with the total cross section for 
E.P. pairs predicted by Wheeler and Lamb in the region 
100< FE, <1000 Mev. 


(c) The total cross section for E.F. pair production 
at photon energies between 10 Mev and 100 Mev is 
consistent with the Wheeler-Lamb calculation. 

(d) The energy partition between the electron and 
the positron for both E.F. and P.F. pairs is in agreement 
with the Bethe-Heitler theory. 

(e) The measured distribution of the opening angle 
between pair members of P.F. and E.F. pairs is in 
agreement with Borsellino’s theoretical results for 
x’>~1.5 but appears to be shifted toward lower 
values when x’ is small. The median values of x for 
the experimental distributions are 10 to 20% lower than 
those for the corresponding theoretical curves. 


Finally, information is provided on the angular 
distribution of the recoil electrons, for which there is 
no theoretical prediction. 

The diffusion cloud chamber has proved to be an 
excellent instrument for this type of research. For 
photon energies below a hundred Mev, the efficiency 
for detecting E.F. pairs is very close to 100%, and at 
1 Bev is still ~75%. 

We are indebted to Dr. Bethe, Dr. Borsellino, 
Dr. Rohrlich, Mr. Suh, and Mr. Malamud for several 
useful discussions. We want to thank Dr. K. Greisen 
and Dr. K. Rogers for collaboration in the early 
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developments of this experiment ; Mrs. Louise Van Nest 
for help in the measurements; and the Laboratory staff 
and synchrotron crew for assistance in the operation of 


the accelerator. 


IX. APPENDIX. EFFECT OF THE LiH HARDENER 
ON THE BREMSSTRAHLUNG BEAM 


lor experimental purposes it is of interest to examine 
the modifications undergone by a_ bremsstrahlung 
beam when passed through a LiH hardener. 

Our data refer to the photon beam produced by 
1040-Mev electrons striking a thin tungsten target, 
and to a hardener consisting of 2.65 radiation lengths 
(~4 meters) of LiH. The collimator in front of the 
chamber subtended an angle of ~1/100 rad at the end 
of the LiH pipe. 

The momentum measurements described in Sec. 6 
provide direct information on the number of pairs and 
triplets produced by the beam, as a function of the 
photon energy. A total of 3065 events were available 
for this analysis. 

The photon spectrum is deduced by assuming that 
both the P.F. and E.F. pair cross sections are described 
by the Wheeler and Lamb formulas. The histogram of 
Fig. 8 is obtained by dividing the number of events 
observed in each energy interval by the total cross 
section (op.r.top.p.) averaged over that interval. It 
represents the photon spectrum crossing the chamber. 
The solid curve is the theoretical thin-target brems- 
strahlung spectrum. The scales are chosen so that the 
number of photons in any interval between 1 Mev and 
1040 Mev is proportional to the area of that interval. 

In comparison to the thin-target spectrum, the 
essential features of the hardened beam are the 
following: 

1. The ratio of the number of photons between 100 
and 300 Mev to the number between 300 and 1040 Mev 
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Fic. 8. Effect of the LiH hardener on the bremsstrahlung 
spectrum. The solid line is the theoretical thin-target brems- 
strahlung spectrum. The histogram describes the spectrum 
hardened by 2.6 radiation lengths of LiH, i.e., the spectrum 
crossing the cloud chamber. The two curves are normalized so 
that, for equal total energy in the beam (equal Q’s), the ratio of 
the ordinates is equal to the ratio of the intensities, for any value 
of E,. 


is ~1.4, while it is ~1.1 for the thin-target spectrum. 
Possibly this ratio can be reduced by better collimation 
of the beam entering the detector, or by decreasing 
somewhat the length of the hardener. 

2. Photons with energies below 10 Mev are practically 
absent. This feature is essential for the use of a diffusion 
(or bubble) chamber as a target-detector in a brems- 
strahlung beam: without the hardener, the background 
caused by the photons at the low-energy end of the 
spectrum would be prohibitive. 
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The total cross section for the attenuation of high-energy gamma rays has been measured in various 
elements. The variation with atomic number, Z, has been observed by measuring the absorption of 1-Bev 
gamma rays in 12 different elements ranging from hydrogen to uranium. Additional measurements were 
made in copper at 400 and 700 Mev to show the energy dependence of the absorption processes. These 
results are then combined with those of other investigators at lower energies and show that the theory of 
pair production in the nuclear field correctly predicts the cross section as a function of atomic number and 
photon energy. The measurements in low-Z elements give information on pair production in the field of the 
electron. The results are in closer agreement to the calculations of Wheeler and Lamb than to the estimate 
of Joseph and Rohrlich. In addition a short experiment was performed to measure the symmetry of the 
energy distribution between the electron and positron members of the pair. The results show that the energy 


sharing curve is symmetrical as predicted by theory. 


I. INTRODUCTION 


Y measuring the transmission of photons through 

known thicknesses of various materials, an ab- 
sorption coefficient is obtained which is the sum of the 
absorption coefficients for the various interaction 
processes. Photons near the peak energy of the brems- 
strahlung beam from the Cornell synchrotron are used. 
High-energy gamma rays are absorbed almost entirely 
by Compton scattering and pair production with a 
small contribution from photonuclear effects. 

Pair production can occur in two ways: the pair can 
be produced in the field of the nucleus. This process is 
coherent pair production and will be called nuclear-field 
or N.F. pair production in this paper. On the other 
hand, a pair can be produced in the field of an atomic 
electron. This is incoherent pair production and will be 
called electron-field or E.F. pair production. 

Essentially then, this experiment is a study of the 
total cross section at high energy for nuclear-field pair 
production, electron-field pair production, and Compton 
scattering. The high-Z absorbers provide information 


Fic. 1. Experimental ar- 
rangement for the total ab- 
sorption measurements. 


on N.F. pair production. The well known breakdown 
of the Born approximation in high-Z materials can be 
observed, and the results checked against the exact 
theory of Davies, Bethe, and Maximon.' In this theory 
a Coulomb correction to the Born approximation result 
is calculated. 

In low-Z absorbers, E.F. pair production contributes 
an appreciable fraction of the total cross section. 
Measurements of sufficient accuracy in low-Z elements 
give information on the electron field pair production 
and can be compared with various predictions. 


II. EXPERIMENTAL ARRANGEMENT 
AND PROCEDURE 


The experimental arrangement is shown in Fig. 1. 
The bremsstrahlung beam from the Cornell synchrotron 
passes through the monitor, a thin ionization chamber 
which responds to photons of all energies and consists 
of eleven 35-in. thick aluminum plates spaced 3 in. 
apart. This chamber attenuates 1-Bev photons about 
8%. Alternate plates of the monitor are connected to 
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* Assisted by the joint program of the Office of Naval Research and the U. S. Atomic Energy Commission. _ 
+ Based on a thesis submitted to the Graduate School of Cornell University in partial fulfilment of the requirements for the Ph.D. 


degree. 
1 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 
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Fic, 2. Absorption curve for copper at 985 Mev. The straight line 
drawn was obtained by least-squares analysis of the data 


300 volts and to a condenser which integrates the 
charge. This charge is measured by an integrator 
circuit.? The unit of beam is the “sweep.” 

Shielding between the absorber and the monitor 
keeps back-scattered radiation out of the monitor. 

The defining collimator for the pair spectrometer is 
+ in. in diameter. It subtends an angle of about 2 
milliradians at the absorber. 

A broom magnet with a field of about 7000 gauss 
sweeps out the electrons and positrons made in the 
absorber and collimator. 

The pair spectrometer consists of a magnet with pole 
tips spaced 1 in. apart, a copper pair-producing radiator, 
and two }-in. thick plastic scintillation counters. These 
are sensitive to electrons and positrons of the same 
energy. 

The resolution function of the pair spectrometer is a 
triangle whose full width at half maximum, AF, is 4.7% 
of the photon energy. This fraction, AFF, is approxi- 
mately constant as the magnetic field in the pair 
spectrometer is varied. The total attenuation cross 
sections at high energy are slowly varying functions of 
the energy so that for this experiment the spectrometer 
can be considered a monochromatic detector. The 
energy was calibrated by the stretched wire technique 
and is known to an accuracy of £1%. 

Helium fills the space between the poles of the broom 
magnet and the pair spectrometer to reduce the back- 
ground. The background is also reduced by a secondary 
collimator following the broom magnet which is not 
“seen” by the beam. The background is measured by 
removing the copper pair producing radiator, and is 


~ 


<5% of the rate with it in place. 


2 R. Littauer, Rev. Sci. Instr. 25, 148 (1954 


The two counters are hooked in direct coincidence 
and also in delayed coincidence to monitor accidentals. 
The electronics are standard circuits and have a re- 
solving time of about 0.6 usec. If V is the number of 
real coincidences, A is the number of accidental coinci- 
dences, s is the number of “sweeps” all with the radiator 
in place, and M, B, and ¢ are the corresponding quanti- 
ties with the radiator removed, then the number of 
counts in a run, C, is given by 

N-A 


C=— — 
Ss t 


M—B 


From runs with absorber and without absorber the 
cross section can be obtained. In practice runs were 
made with absorbers of various thicknesses and the 
data plotted in the form InC vs x where x= thickness in 
g/cm’. The best straight line through the points is 
found by a least-squares analysis. The slope of the line 
is the mass absorption coefficient. 

The absorber thicknesses used ranged from 0.70 
mean free paths (m.f.p.) of lithium to copper absorbers 
of almost 4 m.f.p. The hydrogen measurement was done 
with carbon and polyethylene absorbers of about 2.8 
m.f.p. The hydrogen thickness was 0.26 m.f.p. When 
working with thick absorbers it is essential that the 
absorption occurs exponentially. The absorption in 
copper was measured with several different thicknesses 
and the result is shown in Fig. 2. 

Statistical errors were computed by two methods: 
from the statistical accuracy of each run (internal 
error), and also from the deviations of the measure- 
ments from the absorption curve found by least- 
squares analysis (external error). The larger of the two 
is the one quoted. In most cases these two errors agreed 
closely. 

The results of the experiment are shown in Table I. 


III. CORRECTIONS AND SYSTEMATIC ERRORS 


The transmission method is capable of quite high 
accuracy because only the ratio of counts in the two 
detectors is used to obtain the total cross section. 
Since it is not necessary to know detection efficiencies 
many of the usual uncertainties are absent. The 
systematic errors that are present are small and in 
many cases a correction can be calculated. Following 
is a summary of the corrections and errors that are 
important in this experiment. 


A. Corrections 


1. The method of taking data in this experiment 
was to vary the beam intensity for absorber in and out 
runs to keep roughly the same counting rate at the 
pair spectrometer. Thus it is essential that the monitor 
be independent of incident beam intensity. When the 
beam becomes too intense recombination of ions in the 
chamber will reduce the amount of charge collected. 
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TABLE I. Experimental total cross sections. 


Statistical 
error 
(%) 
2.9 
2.0 
1.0 


Corrected k 
(Mass abs. coeff.) 
cm?/g 
0.01160 
0.008666 
0.01117 
0.01697 
0.03044 
0.04632 
0.05322 
0.05535 
0.05622 
0.07638 
0.08298 
0.1067 
0.1143 
0.1200 


Energy 
Absorber (Mev) 


H (CH:-C) 1000 
Li 995 
Be 985 
C 995 

985 
1002 
412 
700 
985 
1002 
985 
1002 
1003 
1003 


eee 
—OCONW he O-% 


Boag* has worked out the theory of recombination in 
ion chambers in pulsed beams and verified this theory 
experimentally. He gives the following formula for the 
fraction of charge collected, /: 


— In(i+2) 
f=-—_ , 
u 

where u=ad?/Vo, d=spacing: of the plates in the 
chamber, Vo=voltage across the plates, and a is a 
constant that depends on the gas filling the chamber 
(air in this case), the beam area, and the beam intensity. 
The constant a was determined for three different beam 
intensities in an auxiliary experiment. This was done 
by measuring the fraction of charge collected as a 
function of voltage on the chamber, Vo. The correction 
to the cross sections was <0.1% in most cases. The 
maximum correction was 0.6% to the lithium result. 

2. Small corrections <1% are made in the data for 
drift and dead time in the electronic integrating circuit. 

3. The displacement of air from the beam path by 
the long absorbers, lithium, carbon, and polyethylene, 
caused a small correction of the order of 0.1%. The 
lithium target was placed in a long glass tube, filled 
with helium, with a 0.003-in. polyethylene window at 
each end, and the lithium correction includes the effect 
of the windows. 

4. All the absorbers have been analyzed spectro- 
graphically for impurities. In three cases it was neces- 
sary to reduce the measured cross sections by the 
following amounts: lithium, 0.2%; beryllium, 1.6%; 
aluminum, 0.6%. The chemical analyses will be dis- 
cussed in more detail in the next section. 


B. Other Errors 


1. The integrator circuit does not reset exactly to 
zero at the end of each sweep. This causes a small 
uncertainty in the cross section, not more than 0.1%. 

2. Radiation can be back-scattered from the absorber 
into the monitor, causing a systematic error. This effect 


3 J. W. Boag, Brit. J. Radiobiology 23, 601 (1950). 


Other 
errors 
(%) 


lotal cross section 
(per atom) 


19.4 
99.9 


+0.6 mb 
+2.3 mb 
167.1 +1.8 mb 
338.4 +3.1 mb 
1.363+0.018 barns 
3.683+0.052 barns 
5.614+0.051 barns 
5.839+0.181 barns 
5.930+0.083 barns 
12.17 +0.16 barns 
16.35 +0.13 barns 
32.04 +0.61 barns 
39.32 +0.39 barns 
47.43 +0.52 barns 


was checked by placing the absorber at different 
positions relative to the monitor, and causes less than 
0.1% error in the cross section. 

3. Second generation photons that can affect the 
measured cross section are caused by electrons and 
positrons created in the absorber, which in turn radiate 
photons that fall in the pair spectrometer energy 
“window.” Also Compton-scattered photons can enter 
this The number of degraded photons 
depends on the following parameters: 


“window.” 


(1) Absorber thickness. 

(2) Em—Eo, where E,, is the peak bremsstrahlung 
energy and Ep is the pair spectrometer energy. 

(3) The width of the pair spectrometer window, AL. 

(4) The angle subtended by the pair spectrometer at 
the absorber and the diameter of the beam traversing 
the absorber. 


Of the above, (2) and (4) are the most important. 
The pair spectrometer energy was set about 10% below 
the peak bremsstrahlung energy. Under such conditions 
a calculation of the number of degraded photons 
showed that the error in the cross section was less than 
0.5% in all cases.! 

4. The uncertainty in measuring the g/cm? in the 
absorber has been calculated for each absorber and 
ranges from 0.05% to 0.20% except for lithium and 
hydrogen. The lithium absorber consisted of ten 2-in. 
diameter rods, each 6 in. long. These rods were not very 
uniform in cross section and this caused a 1% un- 
certainty in the lithium thickness. The uncertainty in 
the hydrogen thickness is 0.36% but most of this is 
due to the uncertainty in the C:H ratio in the poly- 
ethylene rather than in the thickness of the absorbers. 
This ratio was determined from the average of the 
analyses on four separate pieces of polyethylene.° 

5. Chemical analysis of the absorbers was usually 


4T am grateful to Professor K. Greisen for his help with this 
calculation. 

5 The C:H ratio in the polyethylene absorbers was determined 
by the Schwarzkopf Microanalytical Laboratory, Woodside, New 
York 
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TABLE II. Theoretical cross sections and “‘experimental” electron-field pair cross sections for 1-Bev photons. 


Theoretical 

E.F. pairs 

(Wheeler- 
Lamb) 


Theoretical cross sections 
Compton Nuclear-field 
scattering pairs 
(mb/atom) mb/atom) 


Absorber 
and 
atomic 
number 


“Experimental” 


Experimental 
E.F. pairs 


cross section 
(mb/atom) 


Zorg F.(‘‘exp’’) 
Photomesons sceptics 


H 1 
Li 3 


19. 4+0.6 
09 942.3 
167.141.8 


8.70 
72. 


125.97 


(mb/atom) 


0.13 
0.27 
0.33 


(mb/atom) 


9.5+0.6 
24.342.3 
36.0+1.8 


(mb/atom) 


oy _y.(theor) 


1,090.07 
1.01-£0.09 
1.14+0.05 


Be 4 


c. 6 276.74 


338.4+3.1 


0.43 54.5+3.1 1.18+0.07 


TABLE IIT. Theoretical cross sections (in barns/atom) and experiment/theory ratios for 1-Bev photons. 


Nuclear-field pairs 
(Born approx.) 
(b/atom) 


Compton 
scattering 
(b/atom) 


0.0147 
0.025 
0.033 
0.047 
0.067 
0.08 
0.09 
0.10 


Absorber and 
atomic number 


J 13 
an oe 
Cu 29 
Mo 42 
Sn 50 
Ta 73 
Pb 82 
U 92 


0.0029 
0.025 
0.078 
0.349 
0.667 
2.69 
4.10 
6.14 


done in two steps. First a semiquantitative search was 
made; this gave upper limits on a large number of 
elements. Then if there were some impurities present 
that could affect the cross section by more than 0.1%, 
a quantitative analysis was performed on these alone. 
The correction described above was based on these 
major impurities. However, the small amounts of other 
elements present cause a small uncertainty in the cross 
section of about 0.1%.°® 

6. In calculating C, the number of counts/sweep, it 
was assumed that the efficiency of the real coincidence 
and accidental coincidence channels was identical. Their 
efficiencies were measured to be the same to within 10%. 
The pair spectrometer counting rate was kept low 
enough so that the accidental rate was <10% of the 
real rate. Under these conditions, assuming that the 
efficiencies are equal causes an uncertainty of a few 
tenths of a percent. 

The above six sources of error are independent and 
the total error is the root mean square of the above 
numbers, which is 1.1% for lithium and less for the 
other elements. 


IV. THEORETICAL CALCULATIONS 


Theoretical cross sections have been calculated as 
follows: Compton scattering was calculated using the 
Klein-Nishina formula. Nuclear-field pair production 
was calculated using the theory of Davies, Bethe, and 
Maximon.! In this theory the cross section is obtained 

6 The chemical analysis of the absorbers was done by the New 
England Spectrochemical Laboratories, Ipswich, Massachusetts, 
and the National Spectrographic Laboratories, Cleveland, Ohio. 
The analysis of the uranium absorbers was furnished by the 
Atomic 2nergy Commission, Oakridge, Tennessee. The beryllium 
absorber was obtained on loan by Professor B. D. McDaniel 
through the courtesy of the Division of Research of the Atomic 
Energy Commission. 


Coulomb 
correction 
(b/atom) 


Electron-field pairs 
Wheeler-Lamb) 
(b/atom) 


0.1114 
0.180 
0.230 
0.321 
0.375 
0.52 
0.58 
0.64 


Total cross ( Total exp.¢ ) 
section ~—---=- 
(b/atom) Total theor.¢ 
1.3615 1.001+0.013 
3.601 1.023+0.014 
6.017 0.986+0.014 
11.924 1.021+0.013 
16.401 0.997+0.008 
32.29 0.992+0.019 
39.61 0.993+0.010 
48.14 0.985+0.011 


by calculating the Born approximation result and 
subtracting a Coulomb correction from it. The Born 
approximation result is found by numerical integration 
of the Bethe-Heitler differential cross section’:* using 
the appropriate screening functions. The screening 
functions are based on the Thomas-Fermi statistical 
model of the atom except for hydrogen where exact 
wave functions have been used. Both the Thomas- 
Fermi and hydrogen screening functions are given in 
the article by Wheeler and Lamb.’ There is an empirical 
energy-dependent Coulomb correction which is very 
small at high energies. It has been calculated using 
constants based on low-energy experiments as given by 
Grodstein.”” 

Electron-field pair production was calculated using 
the formula derived by Wheeler and Lamb.’ This is 
based on the Born approximation and except for 
hydrogen the screening functions have been calculated 
from the Thomas-Fermi model. 

The electron field pair calculation of Joseph and 
Rohrlich" predicts a total cross section which differs 
from that of Wheeler and Lamb by a constant amount 
independent of screening and energy. Wheeler and 
Lamb neglect certain Feynman diagrams, and the 
difference between the two calculations is due to Joseph 
and Rohrlich’s estimate of the contribution of these 
diagrams. These terms are exchange diagrams and 
diagrams in which the atomic electron first absorbs the 
incident photon and then re-emits it, the re-emitted 


7H. A. Bethe and W. Heitler, Proc. Roy. Soc. London A146, 
83 (1934). 

8H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 

9 J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939) and 
Phys. Rev. 101, 1836 (1956). 

0G. W. Grodstein, National Bureau of Standards Circular No. 
583 (1957). 

MJ. Joseph and F. Rohrlich, Revs. Modern Phys. 30, 354 (1958). 
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TABLE LY. List of total absorption experiments above 40 Mev. 


Experimenters Source of photons 


Wyckoff and Koch* Betratron, U.S. Bur. of Standards 


Lawson? Betatron, General Electric 


Moffatt, Thresher, 
Weeks, and Wilson® 
Moffatt and Weeks? —} 


DeWire, Ashkin, and 
Beach® 

Anderson, Kenney, and } 
McDonald! 

Anderson, Kenney, { 
McDonald, and Post*} 


» Synchrotron, Oxford, England 


Synchrotron, Cornell 


Synchrotron, Berkeley 


Cooper” Synchrotron, Cal. Tech. 


This experiment Synchrotron, Cornell 


See reference 19 
1 See reference 20 


* See reference 17 
See reference 18. 


photon making a pair; however, these contributions 
should become relatively unimportant as the photon 
energy increases. At 1 Bev it is expected that the 
Wheeler-Lamb formula will give accurate predictions ; 
at 100 Mev the neglect of these other diagrams might 
become significant. Suh and Bethe have concluded that 
the Wheeler-Lamb calculation is accurate at high 
energy. They discuss these points in detail in their 
article.” 

Photonuclear effects are small and can be neglected 
for Z>13. Photodisintegration cross sections are taken 
as A times the cross section for photodisintegration of 
the deuteron. This is taken from Wilson’s phenomeno- 
logical theory which fits the experimental data up to 
400 Mev. Above this energy it is small and is neglected. 
At the high energies photoproduction of mesons is the 
dominant nonelectronic process. Meson photopro- 
duction cross sections in hydrogen are obtained from 
Bethe and de Hoffmann." At high energies where 
double, triple, and K-meson production also contribute 
the total meson photoproduction cross section is esti- 
mated using Wilson’s isobaric state model.!® The total 
meson photoproduction cross section in other elements 
is taken as 4! times the cross section in hydrogen. In 
beryllium, e.g., photodisintegration contributes ~0.2% 


122K. S. Suh and H. A. Bethe, this issue [Phys. Rev. 115, 672 
(1959) ]. Discussions with Professor Bethe and Mr. Suh have been 
very helpful to me. I am grateful to them for showing me their 
theoretical calculations prior to publication. 

13 R. R. Wilson, Phys. Rev. 104, 218 (1956). 

4H, A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, Illinois, 1955), Vol. 2. 

15 R, R. Wilson, Phys. Rev. 110, 1212 (1958). 


Pair spectrometer 88 


Biased liquid scin 
tillation counter 


Pair spectrometer 


Pair spectrometer 


Pair spectrometer 


Pair spectrometer 


* See reference 21. 
! See reference 22 


Number 
of 
measure- 
ments 


energy 


Detector (Mev) Absorbers 


Sodium iodide 
spectrometer 60 


CA 
$e, Al, Cu, Sn, Pb, | 


42.5, 68.5, H 
94.0 H (He and CH;-C), 
C, Cu, Ag, Pb, U 


280 Be, Al, Cu, Sn, Pb, U 


319 H, C, Be, Pb 


375-390 


C, Al, Cu, Sn, Pb 
400-410 Cc 
C 
C 


Al, Cu, Sn, Pb 
425-440 , Al, Cu, Sn, Pb 
450-405 , Al, Cu, Sn, Pb 


412 Cu 

700 Cu 

985-1005 H, Li, Be. C, Al, Ti, 
Cu, Mo, Sn, Ta, 
Pb, U 


« See reference 2 
» See reference 2 


3. 

4, 

of the total cross section at 100 Mev and ~0.1% at 
300 Mev. Photomesons contribute ~ 0.7% at 300 Mev 
and ~0.2% at 1 Bev. 


V. EXPERIMENTAL RESULTS 


It is interesting to take the results in low-Z absorbers 
and obtain an “experimental” electron-field pair pro- 
duction cross section by subtracting the theoretical 
Compton, nuclear-field pair, and photonuclear cross 
sections from the experimental total cross section. The 
results shown in Table II are compared with the 
theoretical cross section of Wheeler and Lamb. In 
addition the ratio Zop.¢./on.r, is calculated using the 
‘‘experimental” E.F. cross section and the theoretical 
N.F. cross section. For hydrogen, the Wheeler-Lamb 
formulas predict 1.09 for this ratio at 1 Bev; for the 
other elements (using the Thomas-Fermi model) the 
Wheeler-Lamb calculation predicts ratios around 1.18 
and the Joseph-Rohrlich calculation predicts ratios 
around 0.95 and 0.89 in hydrogen. Further evidence 
on the production of E.F. pairs has been obtained in a 
cloud chamber experiment by Hart, Cocconi, Cocconi, 
and Sellen, described in an accompanying paper.'® 

The theoretical calculations at 1 Bev for the heavier 
elements are tabulated in Table III. The ratios of the 
experimental to theoretical total cross sections are also 
shown. 

To get an over-all view of the experimental and 
theoretical situation at high energies, the results of 7 


6 Hart, Cocconi, Cocconi, and Sellen, preceding paper [Phys. 
Rev. 115, 678 (1959) ]. 
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Fic. 3. Total absorption cross section in hydrogen plotted as a 
function of energy. The two theoretical curves shown were ob 
tained using the two different calculations of electron-field pair 
production discussed in the text. The experimental results of 
various authors are shown and the absorbers used to obtain the 
hydrogen cross sections are noted. These results have not been 
corrected for the effect of molecular binding. 
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Fic. 4. Ratios of the experimental to theoretical total cross 
section plotted as a function of energy. These ratios have been 
computed using both theories of electron field pair production 
rhe different experiments in which these data were obtained are 
listed in Table TV 


accurate attenuation experiments above 40 Mev!*~* 
have been collected together and compared with theory. 
The experiments are listed in Table IV. There are 61 
experimental results altogether. Results quoted by the 


'7 J. M. Wyckoff and H. W. Koch, Bull. Am. Phys. Soc. Ser. IT, 
3, 174 (1958). 

18 J. L. Lawson, Phys. Rev. 75, 433 (1949). 

8 Moffatt, Thresher, Weeks, Wilson, Proc. Roy. Soc. 
A244, 245 (1958). 

%” J. Moffatt and G. C. Weeks, Proc. Phys. Soc. London 73, 114 
(1959). 

21 DeWire, Ashkin, and Beach, Phys. Rev. 83, 505 (1951). 

# Anderson, Kenney, and McDonald, Phys. Rev. 102, 
(1956). 

*3 Anderson, Kenney, McDonald, and Post, Phys. Rev. 102, 
1632 (1956). 

* TD). H. Cooper, thesis, California Institute of Technology, 1955 
(unpublished). : 


London 


1626 


authors in cm*/g have been converted to barns and 
probable errors have been converted to standard errors. 
The theoretical calculations in the various papers are 
not used. Instead independent calculations were made 
following the procedure outlined above. The results are 
shown in Figs. 3, 4, 5, and 6. Figure 3 is a plot of total 
cross section in hydrogen as a function of energy. The 
various measurements are shown. In Figs. 4, 5, and 6 
are plotted the ratio of experimental to theoretical cross 
section. Figure 4 shows the ratios for the light elements 
computed using both E.F. theories. Figures 5 and 6 
contain the experiment/theory ratios for medium and 
heavy elements. 


VI. ENERGY SHARING EXPERIMENT 


The Bethe-Heitler theory predicts that the differ- 
ential pair cross section, do/df, is symmetrical about 
f=0.5; f is the fraction of photon energy given to the 
positron. Small departures from symmetry can be 
caused by the breakdown of the Born approximation 
and by the Pauli exclusion principle in the electron-field 
case. The departures from symmetry will be significant 
only at low energy and very close to f=0 and f=1. 
The symmetry of the curve has been observed at lower 
energies.?°~*9 

This symmetry was experimentally confirmed above 
600 Mev by a short experiment using 3 counters placed 
in the pair spectrometer as shown in Fig. 7. One counter, 
X, has been added, and 4A and B have been moved 
slightly from the symmetrical position used in the total 
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Fic. 5. Ratios of the experimental to theoretical cross section 
for medium-Z elements plotted as a function of energy. 


25 W. B. Dayton, thesis, Cornell University, 1951 (unpublished). 
26. R. Gaertner and M. L. Yeater, Phys. Rev. 78, 621 (1950). 
27C. R. Emigh, Phys. Rev. 86, 1028 (1952). 

28 J. W. DeWire and L. A. Beach, Phys. Rev. 83, 476 (1951). 
*? Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951). 
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TABLE V. 
Fractional 
positron energy 
(field normal) 
f=0.44 
f=0.18 


Photon energy 
(Mev) 


968 
662 


Be radiator 


absorption measurements. The counters detect electrons 
of the following mean energies: A, 544 Mev; B, 424 
Mev; X, 118 Mev. Therefore A and B look at pairs 
with f=0.44 and A and X look at pairs with f=0.18. 
By reversing the magnetic field in the pair spectrometer 
the counters then looked at pairs with f=0.56 and 
f=0.82. Bias curves, variation of coincidence counting 
rate with discriminator setting, were taken for the 
counters with both signs of magnetic field. In all cases 
a wide plateau was found at about the same dis- 


1.10 


1.05 
2:73 Tontolum 
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Fic. 6. Ratios of the experimental to theoretical total cross section 
for high-Z elements plotted as a function of energy. 


criminator settings indicating that the photomultiplier 
gain was unchanged by reversing the field. Setting the 
discriminator in the middle of this plateau insured that 
all the pairs were counted. Beryllium and copper 
radiators, producing different relative amounts of 
electron and nuclear field pairs, were used. Table V 
gives the results of this experiment. The ratio of the 
results for the two radiators, Be and Cu, will be inde- 
pendent of any change in counter gain with magnetic 
field. This ratio is consistent with 1, thus implying no 
variation in the symmetry of the curve with Z. The 
errors shown are statistical. 
VII. CONCLUSION 

The over-all agreement between experiment and 
theory is strikingly good over the wide range considered : 
Z ranging from 1 to 92, energies from 40 Mev to 1 Bev, 
and total cross sections from 20 millibarns to almost 


1-BEV 


Ratio 
(field normal/field reversed) 


PHOTONS 


Results of energy-sharing experiment. 


Ratio 


Cu radiator (Be result/Cu result) 


0.971+0.044 
0.958+0.059 


0.957+0.025 
0.997+0.032 


0.986+0.053 
1.041+0.070 


50 barns. The measurements in medium- and high-Z 
elements confirm the nuclear-field pair production 
theory of Davies, Bethe, and Maximon. 

The measurements in beryllium and carbon clearly 
agree with the Wheeler-Lamb prediction and disagree 
with that of Joseph and Rohrlich. It is assumed in this 
discussion that the Klein-Nishina formula correctly 
predicts Compton scattering cross sections. A number 
of experiments have confirmed this.!*:7!.27-80.31 

The measurements in hydrogen and lithium are not 
conclusive. Nuclear-field pair production in lithium 
has been calculated using the Thomas-Fermi model 
which clearly is not a valid procedure. Although 
hydrogen cross sections were calculated using the 
correct atomic wave functions, they are complicated 
by the effects of molecular binding. A calculation of 
molecular binding in Hz has been made for high-energy 
bremsstrahlung (complete screening) by Bernstein and 
Panofsky.” If this correction is applied to the 1-Bev 
result (measured, however, in polyethylene) it will 
correct the experimental cross section to a value 
between the Joseph-Rohrlich and Wheeler-Lamb pre- 
dictions. The low-energy experiments in hydrogen fall 
below the Wheeler-Lamb curve. For photon energies 
~100 Mev, molecular binding effects are negligible 
and the measurements indicate that the Wheeler-Lamb 
calculation is not accurate at low photon energy. 

The experiments in general are of sufficient accuracy 
to warrant more precise theoretical calculations for 
both nuclear-field and electron-field pairs. More 
accurate screening functions, based on the Thomas- 
Fermi model and on exact atomic wave functions in the 
lighter elements are necessary. The effect of molecular 
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Fic. 7. Sketch showing the position of 
the counters used in the energy-sharing 
experiment. When the magnetic field in 
the pair spectrometer is ‘‘normal,” A 
zi electrons. When it is reversed, A 
“‘sees’’ positrons. 
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%# F, H. Coensgen, University of California Radiation Labora 
tory Report UCRL-2413, November, 1953 (unpublished). 

31 Kurnosova, Razorionov, and Cherenkov, Zhur. Eksptl. i 
Theoret. Fiz. U.S.S.R. 30, 690 (1956) [translation: Soviet Phys 
JETP 3, 546 (1956) ]. 

DP). Bernstein and W. K. H. Panofsky, Phys. Rev. 102, 522 
(1956). 
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binding on screening at various energies is needed in 
order to evaluate measurements in hydrogen. Con- 
duction electrons in metallic absorbers may also affect 
the screening. In considering measurements and calcu- 
lations with accuracy {1% it may be necessary to 
calculate the contribution of the second order diagrams 
in the perturbation theory. Until such calculations are 
made, no significance can be given to the slight devi- 
ations of experiment from theory seen in the graphs. 
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The theory of radiative muon capture is developed. The discussion includes both parity conserving and 
nonconserving effects. The Gell-Mann weak magnetic term and the induced pseudoscalar are included, 
along with comparable relativistic effects in the nucleons. The theory is applied to light nuclei and especially 


to the radiative Godfrey reaction h~ +¢.C” 
directly is proposed 


I. INTRODUCTION 


HE theory of radiative K capture has a long 

history. The first computation was made, at the 
suggestion of Oppenheimer, by Morrison and Schiff in 
1940.1 They found that the photon spectrum to be 
expected in allowed electron K capture, neglecting 
all relativistic and screening effects, is of the form 
(1—x)*x dx, where x is the photon energy in units of 
the maximum photon energy. This formula obtains for 
both Fermi and Gamow-Teller transitions and allows 
no distinction between them. The first experiments 
exhibiting this spectrum were done by Bradt et a/.? on 
the nucleus Fe*®. The theory for allowed transitions was 
refined by Jauch* and is most completely given by 
Glauber and Martin.‘ The latter authors consider 
relativistic, Coulombic, and screening corrections to the 
Morrison and Schiff computation and experiments by 
Lindquist and Wu! are in excellent agreement with 
their elaborate theoretical treatment. The net con- 
clusion of this work is that allowed electron radiative 


‘ P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

*H. Bradt et al., Helv. Phys. Acta 19, 222 (1946). 

§ J. M. Jauch, Oak Ridge National Laboratory Report ORNL- 
1102, 1957 (unpublished). 

*R. J. Glauber and P. C. Martin, J. phys. radium 16, 573 
(1955); Glauber, Martin, Lindquist, and Wu, Phys. Rev. 101, 
905 (1956); P. C. Martin and R. J. Glauber, Phys. Rev. 109, 1307 
(1958). 


»>v+y7+;B™. An experiment to detect the induced pseudoscalar 


K capture is well described by a four-fermion coupling 
with photon emission superimposed in the natural way. 

The shape of the photon spectrum is, of course, inde- 
pendent of parity conservation or nonconservation in 
the electron capture event. However, it was realized*® 
shortly after the discovery of parity nonconservation, 
that in a parity-nonconserving interaction the y’s 
coming from the inner bremsstrahlung of the electron 
undergoing capture could be circularly polarized, partial- 
ly or completely. In fact on the two-component theory 
for V and A the circular polarization is 100% right inde- 
pendent of any details of nuclear matrix elements. 
Recently Mann et al. have measured the circular 
polarization in K capture in Al*” and have obtained 
close agreement with this prediction of the V—A two- 
component theory. In general, in a given transition, 
the degree of circular polarization is a measure of the 
relative strengths of the covariants involved in the 
four-fermion coupling. We shall return to this point 
below when we discuss the “induced” pseudoscalar in 
radiative muon K capture. 

With the advent of intense muon beams’ one may 
contemplate the study of radiative muon A capture 
experimentally. We shall see later that the anticipated 


5 R. E. Cutkosky, Phys. Rev. 107, 330 (1957). 
®°L. G. Mann et al., Phys. Rev. Letters 1, 34 (1958). 


7 An intensity of 10° muons/cm? sec is now obtainable. 
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ratio of radiative to nonradiative muon capture rates 
is about 10~ and hence, as an example, in the Godfrey 
reaction,’ u-+.6C” — ;B”+ p, where the ordinary muon 
capture rate to the ground state is observed to be about 
10 sec—!,® we expect an absolute radiative rate of about 
one a second. An encouraging feature of the process is 
the relative abundance of high-energy gammas in the 
allowed spectrum, Fig. 1. This spectrum has its maxi- 
mum at «=}3 or about 30 Mev in the case of the 
Godfrey experiment where the maximum photon energy 
is 91.4 Mev—taking the muon mass as 103.8 Mev. 
However, it is clear from Fig. 1 that a considerable 
fraction of the y’s lie above 50 Mev which is approxi- 
mately the maximum photon energy emitted in external 
or internal bremsstrahlung during the process u~ — e 

+v+7; i.e., ordinary muon decay. The high-energy y’s 
also lie well above all of the background from nuclear 
transitions. Hence, if one observes such high-energy 
photons, E,>50 Mev, they must come from the muon 
capture process. Experiments are now under way to 
detect them.” 

The theory of radiative muon K capture is much more 
complex, and hence more interesting, than that of 
radiative electron capture. This has, of course, to do 
with the large ratio of muon to electron mass, ~ 208. 
Because of it the muon Bohr orbit is some two hundred 
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Fic. 1. The “allowed”’ photon spectrum. 


8T. N. K. Godfrey, Ph.D. thesis, Princeton University, 1954 
unpublished) ; and Phys. Rev. 92, 512 (1953). 

® Harrison, Argo, Kruse, and McGuire, Gatlinburg Conference on 
Weak Interactions, October, 1958 (unpublished); Burgman et al., 
Phys. Rev. Letters 1, 469 (1958) ; J. G. Fetkovich et al., Gatlinburg 
Conference on Weak Interactions, October, 1958 (Bull. Am. Phys 
Soc. Ser. IT, 4, 81 (1959) ]; W. Love et al., Gatlinburg Conference on 
Weak Interactions, October, 1958 [Bull. Am. Phys. Soc. Ser. II, 4, 
81 (1959) ]. The first reference is particularly impressive since this 
group observed the y’s coming from captures to excited states of 
5B!*, They show that 90% of the captures are to the ground state. 

10C, York (private communication); C. Rubbia (private com 
munication). 
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times smaller than the electron Bohr orbit, and the 
neutrino wavelength is comparable to or smaller than 
the nuclear radius. For carbon, vyR~2, where R is the 
nuclear radius and for heavier nuclei it is still larger. 
Thus the usual beta-decay expansion into degrees of 
forbiddeness is quite slowly convergent, even for carbon, 
and hence sizable departures from the allowed spectral 
shape, (1—.)?x dx, are to be expected for all nuclei. This 
clearly recognized by Cantwell" who, in 1956, gave the 
spectral shapes for radiative muon capture from various 
light nuclei. The case of carbon, the only example of 
muon capture to a particular final state which has been 
studied experimentally, was not considered by him and 
we shall give the spectral shape below. Cantwell also 
discussed corrections to radiative muon capture which 
arise when the nuclear extension and shape are taken 
into account in the wave function of the muon after it 
has radiated. In electron AK capture, from medium 
heavy nuclei, the intermediate wave function can be 
taken to be that of a Dirac electron in a point Coulomb 
field and this is what Glauber and Martin‘ do. In muon 
K capture, due to the small Bohr radius, the extension 
of the Coulomb field must be considered even for 
medium-heavy nuclei. For light nuclei, like carbon, we 
can with very little error ignore all Coulomb effects in 
the intermediate states and this is done in the calcu- 
lations below. We emphasize that these results are 
meant to apply to nuclei for which Za<1. Moreover, 
we shall replace the K-shell muon wave function by its 
value at the origin, an excellent approximation for 
carbon, but entirely inadmissible for heavy nuclei. 

An especially interesting feature of radiative muon 
capture, again springing from the large muon mass, is 
the presence of induced couplings in the S matrix for 
the process. If we begin with an underlying Hamiltonian 
which is V—A in the weak couplings, then, as is now 
well understood, there can appear terms in the S matrix 
which have other covariant forms. These terms are 
induced by the strong couplings of the capturing nu- 
cleons to pions. The effective pseudoscalar’ and the 
Gell-Mann weak magnetic term" are of this character. 
In the next section we describe the general formalism 
for taking such terms into account, and our formulas 
for the spectra include contributions from them and 
from other relativistic effects in the nucleon velocities 
of the same order of magnitude. 

Parity-nonconserving quantities in radiative muon 
capture were first discussed by Huang, Yang, and Lee." 
These authors consider the circular polarization of the 
y’s and the angular distribution of the y’s relative to 
the muon spin of a muon supposed 100% polarized. The 


1 R. M. Cantwell, Ph.D. thesis, Washington University, 1956 
(unpublished). 

12M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 355 
(1958); L. Wolfenstein, Nuovo cimento 8, 882 (1958). 

8R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); M. Gell-Mann, Phys. Rev. 111, 362 (1958); J. Bernstein 
and R. R. Lewis, Phys. Rev. 112, 232 (1958). 

4 Huang, Yang, and Lee, Phys. Rev. 108, 1348 (1957). 
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two quantities are, in fact, not independent, as we shall 
show later. It is apparent from the formulas of Huang 
et al. that the V--A theory, without induced couplings, 
predicts 100% right circularly polarized quanta for 
radiative muon as well as electron capture, irrespective 
of nuclear structure. One of the principal results of our 
work is the observation that the induced pseudoscalar 
term, by itself, yields quanta 100% left circularly 
polarized and hence that the over-all circular polariza- 
tion of photons in muon capture will be less than 100% 
and in this way the induced pseudoscalar may be 
detected directly. The actual circular polarization 
depends on the nuclear matrix elements, and below we 
give a prediction for the radiative Godfrey experiment 
based on an analysis by Fujii and Primakoff'® for the 
nonradiative Godfrey reaction. The computation of the 
induced pseudoscalar and Gell-Mann terms in radiative 
capture raises some points concerning gauge invariance 
which are discussed in Secs. III and IV. 

In all of this work we shall not consider the effect 
of the hyperfine interaction between muon and nuclear 
spins on capture rates, etc.'® It was felt that at the 
present stage of experiments this was an irrelevant 
complication, especially since our principal application 
was to ¢C’, a spin zero nucleus. It is an entirely straight- 
forward matter to amend the formulas to include the 
hyperfine coupling for nuclei with spin. 

Hence, in summary, the purpose of the present paper 
is to bring the study of radiative muon capture up to 
date by developing the consequences of the full V—A 
theory, including induced couplings and other rela- 
tivistic effects. The influence of these terms on the 
photon spectrum and circular polarization is computed 
with particular emphasis on the radiative Godfrey 
reaction uw~+,.C” > ;B?+vr+y7. 

With this introduction, we may now turn to Sec. II 
in which the details of the formalism are presented. 


Il. FORMALISM 


In this section we develop the formalism needed to 
compute nuclear radiative muon capture on the V—A 
two-component theory. 

The Hamiltonian for muon capture is written in the 
Feynman-Gell-Mann form as 


H=H)+Hut8'GJ,J,". (1) 


Here H, is the free Hamiltonian, 7. is the strong inter- 
action Hamiltonian, including electromagnetic couplings. 
The weak interaction is written as a current J, inter- 
acting with itself with the universal unrenormalized 
strength G. J, may be split into a vector and an axial 
vector part: 


T=JT NASA. 
16 A. Fujii and H. Primakoff (to be published). 


16 Bernstein, Lee, Yang, and Primakoff, Phys. Rev. 111, 313 
(1958). 
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We shall assume, with Feynman and Gell-Mann, 
that J,” obeys the differential conservation law 
0,J,”=0. For muon capture the part of J," which is 
relevant is 


Off V=yy,r' Wutilo.T' Ob2*—or*T 0,6, | 
+. (2) 


Thus written, J,” changes protons into neutrons. The 
pion current term guarantees the conservation law 
d,J,”=0. We shall ignore possible strange-particle 
effects on the current. 

The axial vector current does not obey a conservation 
law, and we shall not specify it explicitly. However, if 
we define the G conjugation operator in the usual way, 


G=Ce'*!2, (3) 


where C is the charge conjugation operation and I the 
total isotopic spin vector, then J,-" as written above 
satisfies 


GJ,-"G7=J,_". (4) 


We shall now assume that J,“ is composed of terms 
satisfying’? 


Gh, AGt=a—J,.4 (5) 


The conventional axial vector current Py (— iyy¥s)7‘OWn 
has this property. This restriction on the currents, plus 
Lorentz invariance, implies that the matrix elements 
of the currents between physical nucleons take the form 


(n|J,4| p)=t,.[A™ (¢°) (—tyuys)) t+ BY (P)quvslup, (6) 
and 
(n\ Jy | p)=6nLC™ (P)yp-tD™ (Pou ltp. (7) 


Here g,=(p—m),. The four functions A™, BM, C™, 
and D™ are discussed below. It is the G-conjugation 
symmetry which eliminates the other two possible 
covariants in the matrix element of the currents, which 
are allowed by Lorentz invariance; i.e., g, for the 
vector and y5o,.4, for the axial vector. 

As has been discussed in the literature,”!® in the 
universal Fermi theory A“)(0) is identified with the 
axial vector coupling constant of 8 decay. However, in 
radiative muon capture ¢.=”+A,—y,, so that g? can 
be the order of m’, where m is the muon mass. In any 
case there are strong theoretical arguments” to show 
that 4™ is a slowly varying function of g*. In fact 
Goldberger and Treiman” have indicated that 


A (H) (q*) 
sells" raed (8) 


A“) (0) nr 4M, 
On the strength of this we shall neglect the momentum 
dependence of A“ and identify GA“) with the renor- 
malized axial vector coupling constant of beta decay, 
ui”. 

17 For a discussion of other possible theories see S. Weinberg, 
Phys. Rev. (to be published). 
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Fic. 2. The principal Feyn 
man diagram for radiative muon 
capture by a proton. K is the 
photon momentum and yo and 
w’ are the initial and inter 
mediate muon momenta. 


The quantity mB“ (q’)G is shown to be an induced 
pseudoscalar coupling constant in ordinary muon 
capture where the momentum difference gq may be 
transferred to the lepton matrix element and the Dirac 
equation used to reduce it to pseudoscalar form. It has 
been shown” that mB“G= gp ~+8¢,%). The plus 
sign goes with the dispersion-theoretic calculation of gp 
and either sign is possible if B“™ is estimated by using 
the empirical  — u+yv decay rate. Evidence from the 
observed rate of the Godfrey reaction,*"® 


ut+eC? > sBY+y, 


seems to favor the dispersion-theoretic sign. 

The combination GC™(qg’?) is the vector coupling 
constant. Since the vector current is taken to be con- 
served, 


CM (ge?) /C (0) = Fi" (¢)/F 1" (0). (9) 


Here F;"(q’) is the isotopic vector part of the charge 
form factor of the proton as measured in electron-proton 
scattering.'® If we suppose that the otal charge form 
factor of the proton fF,“ =F,5+F," is approximately 
2F,", i.e., if we make use of the fact that the neutron 
has approximately zero charge radius, then the variation 
in the vector coupling constant as a function of mo- 
mentum transfer can be obtained from the formula 


PF," (q?) /F," (0) ~1—3¢7(r,”). (10) 
] YN x 


Even for g~m, Eq. (10) indicates that Fy" (g*)/F 1" (0) 
departs from unity by only three percent. Hence we 
shall ignore its variation over the photon spectrum and 


e” 1 1 


2 4 
pm z CC ;*N 0" 


> MaMst= 


Sy, Su 32K *m?y 27;+1 ra* mi,mf i, j=1 A,o=1 


x TrL (1 


The new notation introduced here is the following: €, 
is the photon polarization vector in the direction a; €q 
may be complex if the polarization is not linear; 
Ci=gv™, Co=ga™, O8= —tyan75, On? =a, I: is the 
total initial nuclear spin, m; and m,; are the components 
of the nuclear spins over which we are summing, and 
a is the muon Bohr radius. We have replaced the muon 
wave function by its value at the origin and have used 
the free-particle Dirac Green’s function for the muon 


18 See, for example, J. Bernstein and M. Goldberger, Revs. 
Modern Phys. 30, 465 (1958), for a discussion of these form 
factors, 
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take GC=gy®, the observed 6-decay coupling 
constant. The conservation of the vector current 
implies that C“™1, 

On the Feynman-Gell-Mann theory the function 
D™ is directly related to F2(qg?), the magnetic form 
factor of electron-nucleon scattering. Precisely speaking, 


D“™) (q?) F,) (q?) — F2™ (q’) Mp—HMn 
C) (q?) 


~ a = (11) 
Fi (q?)—F:™(q?) 2M 


In the last step we have replaced the experimental form 
factors by their value at zero momentum transfer.'* 

If the induced couplings are, for the moment, neg- 
lected then the Feynman diagram in Fig. 2 represents 
the dominant contribution to radiative K capture in the 
primitive process u-+p— n+v+y¥. We shall neglect, 
throughout this work, contributions to the photon emis- 
sion due to the radiation by the proton. The larger 
energy denominator makes these contributions an order 
of magnitude smaller and of the same order as the un- 
certainties in the nuclear matrix elements. When in- 
duced couplings are included, then other diagrams in- 
volving charged pions, which are responsible for the 
presence of the induced couplings, must be included. We 
shall discuss these in detail in the next two sections. In 
the present section we shall develop the consequences of 
the V—A theory with no induced couplings, but includ- 
ing relativistic corrections. This means we shall evaluate 
the matrix element associated with Fig. 2. Further, we 
shall make the assumption that nuclear AK capture is 
representable as the K capture of a muon by a collection 
of noninteracting physical protons. In other words we 
shall neglect meson exchange contributions to muon 
capture. Estimates in the literature indicate that these 
are also effects of about 10%." 

If a and @ are two directions of photon polarization 
then, under the assumptions discussed above, it is easy 
to show that the transition probability summed over 
muon and neutrino spins can be written as 


+ra)y-e8*yKysO00?' (1 +5) (—tyv)vsOn'V¥Kea ¥ ke (EZ) 
in the intermediate state. The nuclear matrix elements 
are contained in the quantity .V),"’; that is, 


j 


M,'M.: 


Ne 4 ef (13) 


where 


\ 
My fev foment 6(r—r,)*, 
i=l 


Xexpl—i(v+ K)- ry! JYaue'dn: + -dradr. (14) 
The J,‘ °*! are the effective vector and axial vector 


19 Blin-Stoyle, Gupta, and Primakoff (to be published) 
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currents. These are defined below and have been derived 
by transcribing the results of free proton capture under 
the assumption that the nuclear protons capture as if 
they were independent. We have retained in the J’s the 
leading relativistic corrections which are of order v/M 
or K/M and we have dropped terms involving P;/M, 
where P; is the initial proton momentum. The induced 
couplings will have a similar form but they will be 
larger since the induced coupling constants are greater 
than the vector and axial vector coupling constants. 
Under these assumptions, 

Ji *=ie-(v+K)/2M, (15a) 


J olf—g, 
and 


J? etf=i¢-(K+v)0/2M, J? °f=1. (15b) 


Using Eq. (12) we may study four quantities: 


(1) the y energy spectrum and the capture rate; 

(2) the y, vy angular correlation: 

(3) the circular polarization of the y’s; 

(4) for polarized muons, the angular distribution of 
the y’s relative to the muon spin direction. 


The first two quantities are evidently independent of 
parity conservation or nonconservation in the capture 
process, and the second two vanish if parity is con- 
served. In fact there is at present no experimental 
evidence that parity is not conserved in muon capture 
and so the observation of 3 or 4 is of some interest even 
apart from subtle details. 

We shall begin the general discussion by proving that 
a measurement of 3 is equivalent to a measurement of 
4 under the assumptions which lead to Eq. (12). 

To this end we define a quantity 8(K), the circular 
polarization of photons of energy K, as follows: 


8(K)=[(Nr(K)—N1i(K) \/[Ner(K)4+NVi(K)]. (16) 
Nr(K) is the number of right circularly polarized 
photons with energy K and likewise Nz is the number 
of left circularly polarized quanta. We may compute 
Nr from Eq. (12) by setting €¢=€s=er= (€1+7e2)/V2. 
The lepton trace in Eq. (12) can be rewritten by making 
use of the identity 
very tr =y-er*y-en=1—0-K/K, 
(17) 
y-en*y-e,=1+e-K/K, 


Y°eLy-e1"= 
where K/K is the unit photon momentum vector. Thus 
Trl (1+-y4) 7: €2*y¥Ks00" (1+75)(— iv) vsOr'rKen-Y J 


i—o-K/K —iyKys4 
wef 2-2 
) 2K 


KO," (1 +5) (—iyv)yal n| 
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Trl (1t+-ys)y-e1*yKysO.7t (1+75)(—ivv)vsOn'vKeL¥ ] 
it+oe-K/K\ /—iyKy: 
Pe 


X04 (14+75)(—t7 dor 


Written in this form, first suggested by Cutkosky,° Eq. 
(18) is identical to the lepton trace for the beta decay of 
a nucleus with emission of a zero-mass positron with a 
definite helicity characterized by the projection oper- 
ators 3(1+@-K/K). Thus we have the theorem that the 
circular polarization of a photon emitted in radiative 
K capture is identical to the helicity of a zero-mass 
positron emitted in beta decay. It is instructive to 
compare the lepton traces involved in Ve—Ny, and 
Nrt+N1. Using Eq. (18) and the identity e= —7ys77s, 
we have 


NetNi~ Trl (—iyKys)0.4* (1 t+ys) (—tyv)ysOn"], 
while 
Ve—Ni~Trlys(—iyKys)Oo"" (1+-y5) (—iyv)vsOx‘]. 


The two traces are identical except for a factor of y; 
in Nre—N,. Hence for a given covariant, B=+1 
depending on whether y; commutes or anticommutes 
with O,’. This is a familiar result from the usual dis- 
cussion of helicity in beta decay and establishes the 
fact that on the two-component V—A theory, without 
induced couplings, the photons are 100% right cir- 
cularly polarized in radiative K capture. The induced 
couplings must be examined more closely and we shall 
do so in the next sections. It is clear that photons with 
opposite circular polarization cannot interfere in the 
energy spectrum. 

We shall now show that the circular polarization 
determines the angular distribution, relative to the 
muon spin direction, of photons emitted in the radiative 
muon capture of polarized muons.” The essential point 
in the argument is that during the photon emission by 
the muon the proton behaves like a spectator as far as 
angular momentum balance goes. Thus the photon 
angular distribution relative to the muon spin will be 
of the form 1+ cos@ and for a 100% polarized muon 
we shall show that this 6 (which is here unity) is just 
the circular polarization discussed above. 

We shall consider a photon which is 100% right cir- 
cularly polarized and suppose that 6=z. This situation 
is shown in Fig. 3. The replacement of the muon wave 
function by its value at the origin is equivalent to 
neglecting the muon momentum in the K shell. Thus 
the intermediate muon will emerge at 6=0° in order to 
conserve energy-momentum. However, this configura- 

20 The line of argument which we follow was suggested to us by 
R. E. Cutkosky in a private communication for which we are 
grateful. 
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tion can never conserve angular momentum in the 
intermediate state since the initial angular momentum 
of 3 in the positive z direction cannot be matched after 
the photon emission. Thus the photon angular dis- 
tribution must be 1+cos@ and in general the correlation 
coefficient is the circular polarization @. It is clear that 
this argument is not more general than the assumptions 
which lead to Eq. (12). 

Of course, as the muon cascades into the K shell, it 
becomes depolarized even if it was originally 100% 
polarized by the m—>yw+v decay. Therefore the 
observed angular distribution will have the form 
(1+ P86 cos@), where P is the residual muon polarization. 
In practice one need not rely on theoretical estimates 
of P since the electron asymmetry in the competing 
process 4 — e+v+7 measures P directly. Empirically 
P is the order of 10 to 20% for spin-zero nuclei and is 
close to zero for nuclei with spin. 

We may now proceed by means of Eq. (12) to a com- 
putation of the photon spectrum. This is given by 


e e/' 1 1 
N(x)dx=——- — - : 
3294 m? ra® 27 ;+1 


“EE J foo 
mime i, j=1 AX,0=1 


[—— 


(1—~x)*x dx 


* Vy.'44 fib, 40,7’ (1+y¥5) 


— iyv) 
x ysOy' 1dQ,dQ,. (19) 


The notation is as before except that we have introduced 
the variable «= A/e;, where e; is the photon end-point 
energy and is given by e=m[1+ (Enuc,i— Enue,s)/m ], 
the Enue being the nuclear energies. We have neglected 
the muon K-shell binding energy. The neutrino mo- 
mentum is given by v=e,;(1—.«). For orientation we 
shall, for the moment, ignore the relativistic corrections 
to the nuclear matrix elements and consider the non- 
relativistic terms, which will be the leading terms in the 
theory. Making this assumption, we have 
e eI 1 


V(x)dx= (1—x)?xdx } 
32r' m* Tra’ 27 :+1 mim 


K v 
xf f gy [1+ | M;'* 
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K v Kv 
+} ga [Mat pt") 
: K 
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+! ga {1——-"]w-we| doe, (20) 
Kv 
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Fic. 3. The emission of a 
100% right circularly polar 
ized photon is shown for 
O=n. 


where, as a reminder, 


1 
M/Z= f. “ vue 6(r—r,)7; 


Xexpl—i(v+ K)-r]}oue'dni: -dradr, 


and 


M= fo f vw O(f— KT 


Xexpl—i(v+ K)- ro }Wnue'dri: --dradr. 


It is clear that any V—A interference term would 
involve the vectors K and y in the combination KX v. 
But if effects in the nucleon velocities are ignored, the 
matrix element M! can only depend on the vector K+ v 
times a suitable pseudoscalar function, since the initial 
and final spins are summed over. Hence there are no 
V —A interference terms in this approximation although 
there are such terms when nucleon velocity effects are 
included, as we show below. 

Now to obtain an explicit photon spectrum from Eq. 
(20), the nuclear matrix elements must be freed of their 
dependence on the photon momenta. This is done by 
expanding the plane wave exp[ —7(v+K)-r] into the 
spherical harmonic series 


L l 
exp[—i(v+K)-r]J=4r > DY (1)'ji(\v+K{r) 


l=) m l 


XVim(v+K)Vin(r). (21) 
The )’s are the spherical Bessel functions and the Y’s 
are spherical harmonics. This is not the usual beta- 
decay expansion into degrees of forbiddenness, which 
would be very slowly convergent since | v+K{|r>1 for 
all but the very lightest nuclei. To get a rough idea that 
Eq. (21) is a reasonably convergent expansion for muon 
capture we can replace 7;(x) by its value for small 
arguments, 
x! 
julx) + ——,, 
2-0 (2J-+-1)!! 


where (2/++-1)!!=13X5X---+X (2/+1). From this we 
see, that although x21, the double factorials cause 
rather rapid convergence of the series, especially since 
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angular momentum and parity considerations require 
that only every other order can contribute to a given 
transition. For very light nuclei A <10, it is a good 
approximation to use this asymptotic formula to 
evaluate spectra. In this case the product of any two 
matrix elements can be expressed as 


v+K| 
(21+-1)!!(20’+1)!! 
X Vim vt K) V* pm (v+- K)mi(lm)m,*(l'm’), 


M,'M,*=16r? > > (ijh" 


1,l’=0 m,m’ 


with 


i 
1 


x Vim* (3) Wn dT" eer dr he 


In this way the photon momentum dependence has 
been removed from the nuclear matrix elements and the 
usual angular momentum techniques can be used to 
evaluate any given spectrum. 

For somewhat heavier nuclei, like carbon, introducing 
the asymptotic expansion for 7;(«) involves an error of 
as much as 40%. On the other hand, we can drop higher 
terms in the Bessel function series without much error. 
Therefore we may expect the spectrum to be well repre- 
sented for such nuclei by 


V (x)dx=—— — —(1+-x)?x dx (21 +1) 
3294 m?* ra* 


Ps 1 ga 2 S jo >] dQ,dQ,. 


In Eq. (22) we have introduced the obvious shorthand, 


1 
fiom fo fruit ri 6(r—ri) 
1 


X jo(|v+K|r)O; Woue'dri- --, dradr, 


where O is any spin operator. To obtain Eq. (22) we 
have replaced the sum over initial and final spins by a 
spatial average. 

The explicit formulas for the spectra are buried in 
the / j)O since the argument of jo, | v+K|r, contains 
the angle between v and K which must be integrated 
over. For carbon it is quite accurate to take only the 
first two terms in the expansion of jo, i.e., we write 


jo(| v+ K|r)=1—3| v+ K|*r*. (23) 
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This has been shown in considerable detail by Fujii and 
Primakoff'® who find that 


for the transition between the ground state of 6C” and 
5B”. Both electron scattering data and nuclear shell 
model calculations give essentially the same answer. Of 
course, the principal effect of these terms is in inter- 
ference with the terms in fo. These interference terms 
are as large as 40% for carbon. For heavy nuclei any 
expansion of jo is very dangerous and one must make 
use of a different technique.”’ So long as Eq. (23) is a 
good approximation the theory will contain the nuclear 
matrix elements in the ratio 


Ra= be f or / fe 


for the axial vector, and 


Ry=te;? fe ifr 


for the vector. The angular integrations may be done, 
having introduced Eq. (23) into Eq. (22), and the 
resulting spectrum reads 


e> ¢«* 1 
—(1—-x)*x dx1(27;+1) 
23? m? ra* 
X {lev ]?| (1/1 —-2 Rv (42+3—42") ] 
gal*| fol? 
X [14+ (2/9)Ra(20x—20x?—9) }}. 


V(x)dx= 


(24) 


In the Godfrey transition, which is 0— 1 (no), there 
is no vector contribution in the approximation where 
relativistic effects are neglected. For this transition 
Sa|* may be obtained empirically from the rate of 
the reaction ;B’ — e~+%+¢6C" which is given by the 
equation 

1 

PF) =——| fg |? f| 94 | 2m ', 

2r* 

where 


Emax 
f= f F(Z,E)(Emax— E)?(F?—1)'dE 


1 


f is 5.625 X 10° for this transition.!® w® is known to be 
33.15 sec! and hence | fo|*? is known. In getting 
| fo|* from the beta decay rate we take advantage of 
the fact that corrections to the allowed approximation 

*! See H. Primakoff, Revs. Modern Phys. (to be published), for 


a discussion of the closure method as applied to muon capture in 
heavy nuclei. 
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are small. The absolute scale of the spectrum is prob- 
ably not of particular interest as opposed to the relative 
shape which depends on R, and must be taken from 

theory. 
According to Eq. (22), the gamma-neutrino angular 
correlation is given in the “allowed” approximation by 
K vj |gv|?| S1/?—$/g4|?| Sol? 


lev |?| 12+ | g4|2| Sol? 


Since this seems a somewhat academic quantity we shall 
not refine the theory for it further. We may mention 
that a measurement of the correlation between the 
decay beta and the inner bremsstrahlung gamma would 
be of interest in the radiative Godfrey experiment, but 
we shall not work out the theory here. 

It is important to know the relative rates of radiative 
to nonradiative muon capture. To this end we need a 
formula for the ordinary capture rate. This has been 
discussed frequently in the literature!®! and is given, 
in the notation already introduced, by 


aad 1 1 2 H 
———_ ¥ fxs ri 
Sar? wa? 27 +1 mi.my i, j=1 A,o=1 


—1yv 
xr +190-( )iatroo. fan, (26) 
Vv 


(25) 


As above, the leading terms in the rate are given by 
e” 1 
— 1(27;+1){ | gv |?| S jo)? + | gal? 


2m 1ra* 


S jo *, 
(27) 


To get a rough idea of the ratio of the radiative to 
the nonradiative rates, we can replace jo by unity in 
both Eq. (22) and Eq. (27) and take the ratio. In this 
case the nuclear matrix elements cancel and the integral 
over the photon spectrum is immediate. The ratio 


comes out to be 
a fe \? 
— }~2x«10—. 
127 \m 


This answer is well known from the theory of radiative 
electron A capture.! Empirically the rate for ordinary 
muon capture in the Godfrey experiments is between 


0.7X10* and 0.9X10* sec.’ Therefore we anticipate - 


an absolute radiative capture rate here of about one a 
second. In view of the very intense muon beams now 
available’ and of the large number of very-high-energy 
quanta in the spectrum, this is very likely a usable 
capture rate. 

With the machinery so far assembled it is straight- 
forward and only somewhat tedious to compute the 
leading relativistic corrections to the spectrum given by 
Eq. (20), again neglecting the induced couplings. We 
give these corrections, along with the main terms, in 
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the approximation that leads to Eq. (22). Thus 
e e;* 1 

— —(1—x)*xdx 

3221 m? ra* 
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For ¢C, where we can expand jy as before, we have 
the formula 


N(x)dx=- 


23? m? ra® 


X1(2rr+0)| So [Iss ’ 


) 
+—R 1 20x— 20x? oe !) 
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% 
ir (gagv*+gvga*) (x—}4) ; (29) 
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An interesting new feature brought in by the rela- 
tivistic corrections are the V—A interference terms in 
the spectrum. We shall see in Sec. IV that the Gell- 
Mann weak magnetic terms are of this character and 
are the dominant relativistic corrections. 

It is very instructive to specialize Eq. (28) to the 
case of radiative muon capture by a free proton and 
then to compare the answer with the apparently unre- 
lated electron spectrum in the beta decay of the free 
neutron also including relativistic effects. For con- 
sistency, in this calculation, we have included contri- 
butions to the spectrum which arise when one corrects 
the neutrino momentum for nuclear recoil. Such terms 
are neglected by writing v/es=(1—x). This approxi- 
mation is entirely reasonable for a nucleus as heavy as 
carbon. The leading corrections, for the protons, are 
given by 


9 


p* & K v & (¢+(1—2) 
e MKv M (1-++x) 
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Seok 


Therefore in the reaction u-+p — n+v+7, the photon 
spectrum is given by 
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Fic. 4. This diagram illus- 
trates the origin of the induced 
pseudoscalar in muon capture. 
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while the electron spectrum in the beta decay of the 


neutron is given by 
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M\ 6 2 2eEx 
with Ex=(m2+ K?)}. 
} It is clear from Eq. (30b) that the relative electron 
spectrum in the beta decay of the neutron is identical 
to the photon spectrum in the process u-+ p > n+v+y7 
if we set m.=0 and change the sign of the last term. 
This is as it should be since we have previously shown 
that radiative K capture and nuclear positron beta 
decay for zero-mass positrons have identical leptonic 
traces. The change of sign in the V—A_ interference 
term for the electron beta decay of the neutron is a con- 
sequence of the well-known fact that under charge 
conjugation 


Vrw= —Ww, 
vy (=~ iy uy) = v ( fins iy u7s)¥- 


while 
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This is as far as we shall carry the theory without 
induced couplings. In the next section we consider the 
induced pseudoscalar and in Sec. IV we shall discuss 
the Gell-Mann weak magnetic term. 


Ill. THE INDUCED PSEUDOSCALAR 


In the previous section, contact between strong and 
weak interactions was made only indirectly through 
the nuclear matrix elements. In this section and the 
next, the strong interactions enter directly and hence 
there is the additional element of uncertainty in the 
conclusions that we draw which arises when one deals 
with strong interactions by Feynman diagrams and 
perturbation theory. However, we believe that the 
theory which we give isolates the dominant effects. 

The induced pseudoscalar in muon capture is gene- 
rated by the process depicted in Fig. 4." A calculation 
of this diagram shows, in the notation of Sec. II, that 
mB) (m?)G= ge —~+8¢4). The plus sign goes with 
a calculation of the black box in Fig. 4 that includes 
only nucleon-antinucleon pairs, for example the dis- 
persion-theory computation of Goldberger and Trei- 
man," and the minus sign is a possibility if the empirical 
a — y+» lifetime, which depends on the square of the 
relevant matrix element, is used to evaluate the loop, 
as Wolfenstein has done.” Preliminary data on the 
nonradiative Godfrey process,? when compared with 
the detailed theory of Fujii and Primakoff,!® seem to 
rule out the minus sign as a possibility. In the theory 
which we develop below, the pseudoscalar is incoherent 
with the other contributions of the V—A theory in 
radiative capture effects so that this sign ambiguity 
is irrelevant. 

Let us begin by replacing the nonlocalities of the loop 
in Fig. 4 by an effective local Lagrangian /,, i.e., we 
shrink the loop to a point. Then 


fa (q’) Oo, s 


L,=ga—— Wy (—iyrv5)Wy- 
Mm, OX) 


(31) 


To the extent that this procedure is justifiable we 
have two contributing diagrams to radiative muon 
capture via the induced pseudoscalar as shown in Fig. 5. 
The second of these diagrams—the ‘‘catastrophic”’ term 


Fic. 5. These diagrams 
are the “local” approxima- 
tion to the induced pseudo- 
scalar contribution to radi- 
ative muon capture. Fig. 
5(b) is the “catastrophic” 
term. 
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—comes from making the replacement (0/0x,) > 
(0/dx,)—eA, in Eq. (31). Such a procedure has been 
made familiar by the analysis of Treiman and Wyld” 
of radiative pion decay of real, as opposed to virtual, 
‘pions. The lepton matrix elements corresponding to 
these diagrams are, after setting g=K-+v—yo, where 
Mo is the energy-momentum of the initial muon, and 
using the Dirac equation to eliminate the neutrino 
momentum, 


1 
| ~ in Kw) ore & rere (32) 
iy (uo—K)+m 


’ 


The second term in Eq. (32) is the “‘catastrophic’ 
term. Equation (32) may easily be rewritten as 


1 
a(—m ao ir aaa re) (33) 
iy(uo—K)+m 


Hence, in the local approximation, the induced pseudo- 
scalar term reduces to a local four-fermion “intrinsic” 
ys coupling with the coupling constant gp defined above. 
It is clear from the remarks of Sec. II that this coupling 
by itself produces internal bremsstrahlung quanta that 
are 100% left circularly polarized. Therefore all effects 
computed with Eq. (33) add incoherently to the rest 
of the theory. The corrections to the local theory are 
shown in Fig. 6. It is easy, after Treiman and Wyld, to 
exhibit the general structure in momentum space of 
these graphs. The above authors show that for real 
pion radiative decay, when the electron mass is ne- 
glected, the entire set of diagrams can be reduced to the 
local ys form. This is no longer so for virtual pion decay 
into muons since we can use neither e-P,=0 nor m0, 
which are essential conditions for their proof. Nonethe- 
less, it can be seen that the nonlocal contributions will 
be at most of order m/M compared to the leading terms. 
It may be worthwhile, at some future time, to try a 
more detailed theory for these, but in this first estimate, 
we shall simply drop them. On the other hand the 


N i J N K Y 
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Fic. 6. These diagrams are typical nonlocal contributions to radi 
ative muon capture via the induced pseudoscalar. 


22S. Treiman and W. Wyld, Phys. Rev. 101, 1552 (1956). We 
are very grateful to C. N. Yang for questioning the gauge invari- 
ance of a preliminary calculation of the induced pseudoscalar and 
pointing out the relevance of the paper quoted above. 
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catastrophic term must be kept since it is of the same 
order of magnitude as the muon emission term, and is 
necessary for the gauge invariance of the calculation. 
As a parenthetical remark we note that, by the 
above arguments, y rays emitted in the real process 
x—utv+y must be 100% left circularly polarized if 
the universal Fermi theory of this decay is accepted. 
This will also be true of y’s in the process K > p+v+y. 
Unfortunately the sense of y circular polarization is the 
same for a scalar or a pseudoscalar K particle so that 
¥ circular polarization experiments will not distinguish 
between these. At the end of the next section we give a 
formula for 6(x), the circular polarization as a function 
of photon momentum which is to be expected in the 
radiative Godfrey experiment on the basis of the theory 
developed in this paper. Making the approximation 
vs— (0-K+v)/2M 
in the nuclear matrix elements and using Eq. (33) for 
the lepton matrix, we may derive the following ex- 
pression for the photon spectrum due to the induced 


pseudoscalar: 


ce et 1 |gp|? 
Np(x)dx=—— — —- ———(1—x)? xd——— 
3221 m? wa 27 ;+1 4M? 


Ef fll four 


A 
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i=l 


XWaue'dry ites dr,drX ( K+) 


Since Eq. (34) represents a correction to the principal 
contributions to the spectrum we can, with sufficient 
accuracy, set the plane wave equal to unity, i.e., make 
the allowed approximation, and derive, after integration 
over the neutrino and photon angles, 
e e/' 1 167? €/” 
Np(x)dx=—— — — 1(27,+1)(1—2)*x dx—— —— 
3224 m* ra’ 9 4M? 
X | gp|?| fo |?{8x?—8x+3}. (35) 


The scale of these corrections is evidently (m?/4M?) 
X | ge|*-+20%. We shall now turn to the weak magnetic 
terms. 


IV. WEAK MAGNETISM 


As we have remarked in Sec. II, the presence in Eq. 
(2) of the term 


iforT-0,6,*-—O2"T -0,0¢ | 
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Fic. 7. These diagrams show the “weak magnetic’ contributions 
to muon capture. 


enables us to impose the conservation condition 
0,J,"=0 on the vector current. It is clear that this 
term, when multiplied into the suitable lepton matrix 
element, allows the direct decay mode r- — °+e—+3 
with a known rate that has been given by Feynman and 
Gell-Mann." In muon capture we may have the virtual 
events mt-+yu> — w+ and r°+y- — r+» intervene 
in the capture process as is shown in Fig. 7. The totality 
of such diagrams yields the function D™ (g*), discussed 
before. We do not, however, have to resort to any per- 
turbation-theoretic arguments to evaluate D™). Rather 
we can take advantage of the fact that /,—-" and J,.", 
the isotopic vector current operator of electromagnetic 
theory, are isotopic rotations of each other and thereby 
use empirical electromagnetic data to evaluate D™’. 
This was done in obtaining Eq. (11) of Sec. II. In 
calculating the weak magnetic contributions to radi- 
ative muon capture we must again consider both muon 
emission terms, such as Fig. 8(a), and catastrophic and 
nonlocal terms such as Figs. 8(c) and 8(e). One can 
convince oneself that, owing to charge independence, 


ig. 
bb 


Fic. 8. These diagrams show possible “weak magnetic’ con- 
tributions to radiative muon capture. The “catastrophic” terms 
8(c) and 8(d) cancel each other. 
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the catastrophic terms cancel each other: typically, the 
two terms in Fig. 8(c) and 8(d) cancel. As before we 
shall neglect the nonlocal terms like Fig. 8(e). Under 
these conditions the matrix element for the weak mag- 
netic contribution to radiative K capture is written as 


up—un f —y ) 
gv} Jeo | Youe*LD 8(r— 1) iO 
2M at 
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where, as usual, g.=»,+K,—«,. The dominant con- 
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Fic. 9. The spectrum to be expected in the reaction 
uw +C? — B?+y+7 on the full V—A theory. 


tribution to Eq. (36) is obtained by making the replace- 
ment 


10 pQy — 10 X (w+ K) 


in the nuclear matrix element. We have used energy- 
momentum conservation and neglected the K-shell 
muon momentum. The phase of the nuclear matrix 
element has been defined in such a way that when the 
matrix is specialized to a single proton and then iso- 
topically rotated, the proton’s anomalous magnetic 
moment comes out positive. It is easy to see that 
photons emitted by Eq. (36) alone are 100% polarized 
right, that is, in the same sense as the usual V—A 
terms. In fact, as Eq. (37) below makes clear, the effect 
of Eq. (36) on the photon spectrum is to replace unity, 
the ordinary Dirac moment in units of e/M, by the full 
isotopic vector anomalous moment 1+y,—yz, in the 
relativistic corrections to the allowed vector terms. The 
fact that the single-particle moments enter here is a 
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consequence of our earlier assumption that nuclear 
muon capture can be described as the capture of a 
muon by an ensemble of noninteracting ‘“dressed” 
protons. Since 4,—u»c~3.7, the weak magnetic V—A 
interference term yields the dominant relativistic cor- 
rection in radiative muon capture. Putting the entire 
theory together, we obtain for the photon spectrum in 
the approximation where only the allowed terms are 
kept in the relativistic corrections, and in which the 
first two terms in the expansion of 7) are kept in the 
nonrelativistic quantities, 
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In Fig. 9 we have plotted the relative photon spec- 
trum which we expect in the radiative Godfrey experi- 
ment. Since this is an allowed Gamow-Teller transition, 
the terms in |gy|? vanish. We have also plotted the 
allowed specimen, (1—.)’x. The coupling constants gu 
and gy have been taken as real. The circular polarization 
as a function of photon frequency, 8(x), for the Godfrey 
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experiment is given by 
1 €f 2 
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Deviations from unity in # can only reflect the 
presence of the induced pseudoscalar. In fact, these 
come to about 20% at the high-energy end of the 
spectrum and may not be beyond present experimental 
techniques. 

Then, in summary, corrections to the allowed terms 
in radiative muon capture are evidently of great theo- 
retical interest and may, in the near future, be sus- 
ceptible to measurement.” 
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Haag’s theorem is proved. This theorem states—essentially—that a given relativistic field which, at a 
fixed time, is related by a unitary transformation to the free field, is completely equivalent to the free field 
throughout all space-time. Previously it had been proved that the vacuum expectation values of the given 
field equal the free-field ones up to and including the fourfold vacuum expectation value. A corollary to 
Haag’s theorem is derived. The corollary shows that a certain type of relativistic, clothed operator is equiva- 


lent to the free field everywhere. 


1. INTRODUCTION 

WE denote by Haag’s theorem'* the statement 

that any quantum field theory which has the 
following four properties : I—relativistic transformation 
properties, II—unique, normalizable, invariant, vacuum 
state Vo and no negative-energy states or states of 
spacelike momenta,’ III—canonical commutation rela- 
tions at equal times, and IV—being related to the 
free-field theory‘ at a given time by a unitary transfor- 
mation, is completely equivalent to the free-field 
theory. Haag! first stated the essential physical ideas 
of this theorem. The theorem was later more precisely 
discussed and generalized, but not completely proved, 
by Hall and Wightman.? In this paper, we will complete 
the proof of Haag’s theorem in the (ungeneralized) 
form stated above. We will also prove a corollary to 
this theorem; namely that a theory in which the field 
satisfies I, II, and, at a given time, has an expansion in 
terms of annihilation and creation operators belonging 
to the no-particle representation of the (momentum 
space) canonical commutation rules, is completely 
equivalent to the free-field theory. Finally we note that 
for a clothed theory of the type discussed previously,° 
the requirement that the field transform relativistically 
places the theory under the assumptions of the corol- 
lary, and thus forces the equivalence of such theories 
to the free-field theory. 

In Sec. 2 we give precise statements of properties I 
through IV, and summarize the relevant results of 
references 1 and 2. Section 3 contains the proof of 
Haag’s theorem. Section 4 proves a corollary to Haag’s 
theorem, and notes the application to clothed operators. 
Finally, Sec. 5 contains a remark about clothed oper- 
ators. 


1R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
29, No. 12 (1955). 

2D. W. Hall and A. S. Wightman, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 31, No. 5 (1957). 

8A. S. Wightman, Phys. Rev. 101, 860 (1956). 

4 A.S. Wightman and S. S. Schweber, Phys. Rev. 98, 812 (1955). 

5Q. W. Greenberg and S. S. Schweber, Nuovo cimento 8, 378 
(1958). 


2. ASSUMPTIONS OF HAAG’S THEOREM, AND 
RESULTS OF HAAG, AND HALL 
AND WIGHTMAN 


Property I requires that fields A ;(«) (7=0, 1 through- 
out) transform under the corresponding unitary repre- 
sentation of the inhomogeneous Lorentz group, U;(a,A), 
where a is a space-time translation, and AeL,* (the 
orthochronous group of Lorentz transformations of 
determinant one), as a scalar field 


U ;(a,A)A ;(x)U ;(a,A)1'= A ;(Ax+a). (1) 
Property II requires that 


U ;(a,A)Voj;=Vo;, (2a) 


PV, =0, (2b) 


where Wo; is the unique, invariant, normalizable, 
vacuum state of each theory, and P;* is the energy- 
momentum operator of each theory. In addition the 
spectrum of P,;® must be bounded from below by zero. 
Property III requires (a) the existence of canonically 
conjugate fields 7;(x,r) at a given time + (7 is always 
fixed), which have Euclidean transformation properties : 


U ;(a,R)x ;(x,r)U ;(a,R) = 7;(Rx+a, 7), (3) 
where a is a space translation and R a proper space 
rotation; and (b) that one of the pairs of conjugate 
fields satisfy the equal-time, canonical commutation 
relations 


(4a) 
(4b) 


[A o(x,7),o(y,7) ]=15(x—y), 

[A o(x,7),Ao(y,7) ]=[ao0(x,7),70(y,7) J=0. 
The other conjugate pair satisfies (4a) and (4b) by 
virtue of property IV. The operators A ;(x,7),1; (x,7) 
are assumed to form an irreducible set for each theory, 
which we take to mean that 4A ;(x,7), 7;(x,r) give a 
complete description of each theory. Property IV 
requires that there be a unitary operator V such that 


(5a) 
(Sb) 


Ay(x,r) = VAo(x,7) V>, 


41(x,7) = Varo(x,7)V—. 
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For simplicity, it is assumed that the fields are neutral :* 
A ;(x) =A ;(x)*, (6a) 
m j(X,7) =7;(x,7)*. (6b) 


For a theory with the properties I through IV, three 
results were proved!: first, that the vacuum states of 
each theory are related’ by V, 


Vo= VV 00; (7) 


secondly, that the equal-time vacuum expectation 
values of the canonical operators are equal for all n, 


(V01,A 1(X1,7)* + *A1(Xn,7)Vo1) 
= (V0, { 0(X1,7) 70°A 0(Xn,7)Wo0), (8) 


and similar equations when any number of the A; are 
replaced on both sides of (9) by the corresponding 7;; 
and, finally, that the vacuum expectation values F‘” 
of the two theories are identical throughout all space- 
time for n <4, where 


F™ (€1,€2,° + En—-1) 
= (Vo;,A j(x1)A j(x2)-+-Aj(%n)Vo;), (9) 


and §=2,—2441 throughout this paper. 
Two additional facts which we will need are the 
Lorentz invariance? of the F;‘”, 


Fj (&1,£9,° ++ En—1) 


=F (Ag, Ags, as ~NEn—1) AeLy “ (10) 


and the fact that the F;‘ are determined uniquely 
throughout all space-time by their values in the 
neighborhood of one set of vectors, (p1,p2,°**pn—1), 
which we call a Jost point, which have the property 
that the convex set of vectors generated from them are 
all space-like,?.* 


(11) 


n—1 2 n—1 
(= sw) <0, A,;20, > A =1. 
i=l 


i=l 


The references cited discuss the analytic continuation 
arguments upon which this last fact is based. 

The results of Hall and Wightman are valid regardless 
of whether either of the fields A; is the free field. As 
mentioned in Sec. 1, we will discuss only the (ungeneral- 
ized) case where one of the fields is a free field‘ of some 
given mass m. Until further notice we take Ao to be 
this free field, call its vacuum state ®o, and we drop 
the subscript from the other field theory. Now we are 


6 The assumptions that a single pair of canonical operators is 
an irreducible set, that the fields A;(x) transform as scalar 
(rather than as spin-3, etc.) fields and that the fields are neutral 
can all be removed straightforwardly; all statements in this 
paper remain true for theories with a finite number of charged 
or neutral fields transforming as scalar, spinor, vector, etc., fields. 

7 The constant of modulus one which can appear on the right- 
hand side of (7) has been absorbed in V with no loss of generality. 

®R. Jost, Helv. Phys. Acta 30, 409 (1957). 
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ready to prove Haag’s theorem as stated in Sec. 1, 
with properties I through IV as defined in Sec. 2. 


3. PROOF OF HAAG’S THEOREM 


Theorem.—Any relativistic theory with properties I 
through IV of Sec. 2 is equivalent to the free-field 
theory. 

Proof—We give an inductive proof in which two 
more vacuum expectation values of the theory of the 
A field are proved equal to the free-field vacuum 
expectation values in each cycle of the argument. We 
first give the argument? for the case where we know 
that F™=F 9, n<2; and then proceed to the mth 
step of the induction, where it has been proved that 
FO=F™, ng 2m. 

Define the operator’ A,(x), which satisfies the 
Klein-Gordon equation, and extrapolates the operator 
A («) off the surface «°=r: 


Sd 


0 
J #y(40)—a0-y), (12) 
0 C ry 


or 


A,(x) 


where iA(x—y)= [A 0(x),A0(y) ] is the mass-m free-field 
commutator, and 
<> 
0 OB OA 
A—B=A— — —B. 


Ox Ox Ox 
We will show that 


A,(x)Wo=A(x)Vo, all x. 


Consider the norm 


| fas f(x)(A,(x)—A Yo 


= f aradty J) {OM AL(2) A )¥O) 


— (W%,A +(x)A (y)Wo)— (%,A (x)A r(y)Wo) 


+(%,A (x)A(y)Wo)}, (14) 
where f(x) is any testing function in C®, the set of 
functions with an infinite number of continuous deriva- 
tives, for which 


if Foyao- x) f(x)d*xdty<o, 


All four of the vacuum expectation values in (14) are 
equal to Fo®(«—y), because replacing an operator 


® This case is chosen to shorten the formulas; we could have 
started with the case n< 4. 

1 For a general field A(x) the operator A,(x) might not exist. 
However, provided it is first integrated with suitable testing 
functions as indicated below Eqs. (14) and (18), A, will exist 
here on the domain of A. 
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A(x;) by A,(x,;) in any vacuum expectation value F“ 
equal to the free-field one Fo just reproduces the 
Fo. This statement is equivalent to the formula 


- 


0 
Ao(x)=Ao,(x) = f iy(. 15(y)—A(x -»), 
( oy 


u T 


which we will use explicitly below in proving (23). 
Next we show that 


r(x,7r)Wo=A (x,7)Wo. (16) 


We will prove (16) by a method which will carry over 
to the general case in the induction, rather than giving 
a shorter argument which will not apply to the general 
case. The next paragraph develops the method to be 
used in proving (16). 

Consider the set of vectors {X,}, 


Xn(X1,°°*Xnj 7)=A(X1,7)°--A (Xn,7) Vo, 


and construct the set {V,}, where WV, is a linear combi- 
nation of X, for k<n, 


W(X1,-°*Xn3 7) = (n!)-(A (x1,7)- + +A (Xn,7) 
— a A (X},7)+ ++ A(Xn,7))Vo, 


all factor pairings 


where the factor pairing!! of A(x,,r) and A(x;,7) is 


defined to be 


(Wo, A (X;,7) A (Xj,7) Vo) = 14% 


(x;—x;) x0 =x; 
The unitary relations (5a) and (7) imply that 


W,,(x1,°° -Xn; 7) = VO, (X1,-* -Xn; 7), 


where ®, is constructed from Ao and p in analogy to 
V,,. Because Ao is the free field, 


®,,(X1,°* *Xn3 7) = (n!)2 Ag (x,7)- - - Ao (Xn,7) Po, 


where Ao™ is the negative-frequency part of Ao, 


cond 


0 
Ag = f ity (Au) AS ay), 
0 ) oy 


y°=2r 


—1A— (x— y) =(B9,A oly) A o(x) Po). 

The vectors ®, (a) are orthogonal for different values 
of n, (b) span the Hilbert space of the free field theory 
at time 7, and (c) obey the completeness identity 


n 
y 2 d®x,- - -d®x,d*y,- - “dy, (X1,° gee eg } 
n=O) 


KA, ‘*"(k1,° **Xn;Yi1,°° “yn (®,(y1,° ; ‘Yn37) = i (17) 


iF. J. Dyson, Phys. Rev. 82, 428 (1951). 
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where 


A, (x, ° ‘Kas Yi,° ° Yn) 


n oe 
= |] [si _A(e,-9,) | 
x79 =yj =r 


i=1L Ox;dy;° 


Because of their unitary relation to the ®,, the set 

{¥V,,} have the analogous three properties for the theory 

of the field A (x,r) at time r. Now we can prove Eq. (16). 
Consider the norm 


2 


foxi x)(x(x,7)— Alan) Wo 


J exdy 00 (9) Qeom(a2)e(¥,0¥0) 


(Wom (x,7) A ( y,7) Vo) —(%o, A (x,7)a(y,7)WVo) 
+(%,A (x,r)A(y,7)o)}, (18) 
where f(x) is any function in C*, for which 


. 0? | 
fi y)} ——iA™ (y—x)| 
4 dxdy 


z’=mny =f 


f(x)d*xBPy< x, 


The first and last matrix elements in (18) can be 


evaluated simply. For the first, 

(Wom (x,7)4(y,7) Vo) = (Bo, A 0(x,7) A 0 ¥,7)®o) 
by (8); for the last, 

(Wo,A (x,7) A (y,7) Wo) = (Ho, A 0(x,7) A o(¥,7)#o), 


because F™=F,)” for n<2. The remaining two 
matrix elements can be evaluated using the identity 
(17), 


(Wor(x,7)A(y,7)Wo)= ¥ I d?xy’-- -d?x,/d8y,'--- 


k=0 
Xd y,/(Vo,3( x,7)V;, (xy’, ees i: T) 
KAL (xr), xR; yi’, +x’) 


XMily yy; r),A( y,7) Wo). (19) 


Now the unitary relations (5a, 6) and (7) imply that” 
(Vom (x,7)Vx(x1’,- : xi; T)) 


= (Bo, A 0(X,7)Px(X1',- + Xx; 7))=0, RDI. (20) 


Thus the sum in (19) goes only from 0 to 1 (in the 
general case it would go from 0 to m). Since V;, by 


2 The vanishing of the matrix elements in (20) follows if we 
use the expansion of the free field in annihilation and creation 
operators. Then Apo is linear in the annihilation operators, and 
since the state #; has the form of & creation operators acting on 
po, the matrix element vanishes for k>1. If the matrix element 
in (20) had m Ap operators, then this product would contain at 
most m annihilation operators and the matrix element would 
vanish for k>m. 
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construction, involves at most k A (x,7) operators acting 
on Vo, we can evaluate the matrix elements involving 
A in the sum )o! in (19) (in general, in the sum } 0"). 
These matrix elements equal the corresponding free- 
field matrix elements because the PF“ =F 9 for n<2 
(in general, there will be m operators A, and F™ = Fo, 
for n< 2m), 


(Vilyy'; “ 7),A 


Now we replace the matrix elements in (19) by the 
free-field ones according to (20) and (21), and we can 
restore the sum to }-o” since the terms from 2 to « 
(in general, from m+1 to ~) vanish. Thus 


(y, T) Wo) = (®,(yy',7 Rg ) Aol y,T )Po). (21) 


d®x,'- . dx, dy’ - ia 


W=¥ 


k=0 


(Wo,r(x,7) A (y,7) 


Xd y;/(o,A of X,7) Pz (x1, a xX,’ : T)) 


KAM (xs Kes ya's ve’) 


XK (®:(y1',- - Yk ; r),A ol y,7)Po) 


=(40,A o(x,r) Ao(y,7)®o), (22) 
where the final line of (22) again makes use of the 
identity (17) (in the general case, (22) would involve 
m x and m A operators on the left and 2m Ao operators 
on the right). A similar discussion proves that the 
remaining matrix element also equals the corresponding 
free field one. Thus the four matrix elements in (18) 
are equal and cancel, the norm (18) vanishes, and we 
have completed the proof of (16). 

Using (13), (12), (16), (5a, b), (7 


), and (15), we find 


= 


0 
A (t= Arla o= f d’ r(. 1 (y)— -(-y) 
0 oy® 


y=t 


F) 
f i'y( A(y)—A 
as ay? 


y= 


(x—y)—a(y)A(x—y) \v 


<-> 


= 5 fi (. Ada aaa ») =VA 0( x) Py, 


for all x. (23) 


Now we consider, 


F® (£1,£2)=(A (1) Wo,A (X2,7) A (x3) Vo) 
= (VA 0(%1)®o, VA 0(X2,7) VV A 0 (x3) Bo) = Fo (£1, £2), 
for all £1, &s. (24) 


Thus (23) immediately implies F® =F). Equation 


(23) also implies 


FY (£1,£0,3) = Fo (E1,2,E3),  &2°=0, 


otherwise &, arbitrary. (25) 
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But (10) allows the equality in (25) to be extended to 
all & for which <0. In particular, this region includes 
all the Jost points, and thus suffices to prove the 
equality (25) everywhere.** (The neighborhood of any 
Jost point is actually sufficient for this purpose.) Thus 
we have completed a chain of arguments which increases 
by two the number of vacuum expectation values 
which are equal everywhere. The argument now pro- 
ceeds by induction from the case where F(” = Fy, 
n& 2m, following these steps: 
1—Prove that 


A, (a1)+ ++ Ae (4m) Vo= A (41)- + +A (Xm) Vo 


in analogy to (13) and the remarks following it. 
2—Prove that 


r(X1,7)* +4 (Xm,7)Wo= A (x,,7):--A (Xm,7)Vo, 


and similar equalities where one or more of the 2(x;,7) 
and the corresponding A (x;,r) are replaced by A (x;,7) 
on both sides, in analogy to (16) and the paragraphs 
following it. 

3—Prove that 


A (x1)- ° -A (Xm) Vo = VA 0(x)- . -Ao(Xm)WVo, 


in analogy to (23). 
4—Note that step 3 implies immediately that 


‘ £om) = Fg 2m! (&1,° > bom), 
5—Note that step 3 implies immediately that 


2m+ 1) = Fo? pial » (1° _ 
ri £,9=0 


FOm+t) (£,, 


for all £;. 


(9m+2 
Femt) (€,, -£o ts 1); 


and otherwise £; arbitrary, 


that Lorentz invariance (10) extends this region to 
£,°<0, and that analytic continuation allows the 
extension to all &,, and thus the complete equality 
Femt?) — Fy@mt2), Therefore, by induction, F™=Fy™, 
for all », and by a theorem of Wightman® the two 
theories are completely equivalent. 


4. COROLLARY TO HAAG’S THEOREM AND 
APPLICATION TO CLOTHED OPERATORS 


Corollary.—A field theory which has the properties 
I, II, and a further property V (given below) is equiva- 
lent to the free-field theory throughout all space-time. 
Property V requires that, at a fixed time, the field 


A (x,7), where 
an) f ak, 2k)! 


X(a(k,r)e 


A(x,r) = 


(26) 
ika+ g*(k,r)e'*=], 


ko = (k?-+-m?)$ 


=r, 


has annihilation and creation operators, a(k,r) and 
a*(k,r), which belong to the no-particle representation 
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of the commutation relations, 

[a(k,r),a*(k’,7) ]=5(k—k’), (27a) 

[a*(k,r),a*(k’,r) ]=[a(k,r),a(k’,r) ]=0, (27b) 

a(k,7)¥o=0, (28) 

and have Euclidean transformation properties at a 

fixed time, 

U (a,R)a(k,r)U (a,R) = e'®*-*a(Rk,7), 

U (a,R)a*(k,r)U (a,R) = e~*®*-*q* (Rk, 7). 


(29a) 
(29b) 
Proof.—Define 


a(X,7T)= (2n)-i f are(w/2) 


x [—a(k,r)e~**+-a*(k,r)e**]. (30) 
Then A(x,r) and z(k,r) satisfy the commutation 
relations (4a) and (4b), and w has the Euclidean 
transformation properties (3). Further, the free field 
Ao(k,r) and its canonical conjugate Ao(k,r) have an 
expansion in terms of annihilation and creation oper- 
ators ao(k) and ao*(k) analogous to (26) and (30) (for 
the free-field a) and ao* are time independent) ; and ap 
and do* belong to the no-particle representation of the 
commutation relations (27a, b) and (28), where in (28) 
we understand that the free-field vacuum 9 replaces 
Wo. Now the work of Garding and Wightman" on the 
irreducible representations of the canonical commu- 
tation relations includes the theorem that the no- 
particle representation is unique up to a unitary 
transformation. Thus @ and a* must be related to ao 
and a o* by a unitary transformation, and A and 7 must 
be related by the same transformation to Ao and Ao. 
But now we have shown that A and 7 satisfy all the 
conditions of Haag’s theorem and thus A(x) must be 
equivalent to the free field. 

The corollary applies directly to clothed operators of 


13 7,, G&rding and A. S. Wightman, Proc. Natl. Acad. Sci. 
U. S. 40, 622 (1954). 
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the type discussed previously,“ provided the require- 
ments I, of relativistic invariance and, II, of no negative 
energy states are added to the clothing properties. 
These clothing properties are equivalent to V, that the 
theory belongs to the no-particle representation of the 
canonical commutation rules, together with the require- 
ment that the creation operators create the physical 
one-particle state from the vacuum, 


Ha*(k,{)Wo= E(k)a* (k,t) Wo, (31) 


where H is the total Hamiltonian and E(k) the energy 
of a single particle of momentum k. Because of the 
corollary, this type of relativistic, clothed theory must 
be identical to the free-field theory even without 
requiring (31). 


5. REMARKS ABOUT CLOTHED OPERATORS 


It is our opinion that the trivial nature of the rela- 
tivistic (no-particle representation), canonical, clothed 
operators discussed in Sec. 4 was to be expected, and 
is not discouraging for the use of some notion of clothing 
in the relativistic theory of interacting fields. We are 
presently investigating, in collaboration with S. S. 
Schweber, relativistic theories in which properties III 
and IV are dropped, and replaced by the requirement 
of local commutativity, 


[A (x),A (y)J=0, 
and (31) is dropped and replaced by" 
A (x)Vo= Ainout(y) Wo, 


(x—y)?<0, 
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The advantages of the exponential form of the transformation function are exploited. It is shown how 
to define the representation in which all effects of the self-field of physical particles on themselves are 
eliminated while the remainder is presented in the form of an effective velocity-dependent potential among 
them. One can speak of the transformation function which transforms eigenfunctions of the free-particle 
Hamiltonian into eigenfunctions of the total Hamiltonian: the paradox, which has been pointed out by 
Van Hove and further studied by Haag with regard to the existence of such a transformation function in 
quantum field theory, can be circumvented by considering the exponent as its representative. This exponent 
has a Lorentz-invariant representation. The exponent of the S matrix is related in a very simple manner 
to the exponent of the transformation function over a finite interval of time. The asymptotic condition 
as used in the quantum field theory is also analyzed from our viewpoint. 


1. INTRODUCTION 


N this paper we present a formal theory of scattering 

in a version profitable to apply to quantum field 
theory. One of the motivations for the following 
investigation is to obtain a formula which is useful in 
the inversion problem, that is, the problem of deter- 
mining the Hamiltonian or the Lagrangian when the S 
matrix is known, and yet is general enough to include 
the case where inelastic processes take place. The 
construction of the local potential which reproduces a 
given scattering phase shift has been discussed by 
several authors.! On the other hand, Gourdin and 
Martin and others have discussed the construction of 
the nonlocal separable potential which has the same 
effect.2 The transformation function determines the 
Hamiltonian uniquely, while the S matrix does not 
determine the transformation function uniquely but 
gives rise to a condition to be satisfied by the transfor- 
mation function. We shall exhibit a straightforward 
relationship [see Eqs. (1.1)-(1.4) below], existing be- 
tween the exponent of the S matrix and the exponent 
of the transformation function. This relationship is 
helpful in understanding the principles involved in the 
inversion problem. 

The relationship to be established is the following. 
Let us put the transformation function, which trans- 
forms the eigenfunctions of the unperturbed Hamil- 
tonian into the eigenfunctions of the total Hamiltonian 
under the standing-wave boundary condition, into the 

* Research sponsored by the U. S. Atomic Energy Commission. 

+ On leave of absence from Tokyo University of Education, 
Tokyo, Japan. 

1R, Jost and W. Kohn, Phys. Rev. 88, 382 (1952), Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd 27, No. 9 (1953); I. M. 
Gel’fand and B. M. Levitan, Izvest. Akad. Nauk S.S.S.R. Ser. 
Mat. 15, 309 (1951) [American Mathematical Society Translation 
Ser. 2, 1, 253 (1955) ]; R. G. Newton and T. Fulton, Phys. Rev. 
107, 1103 (1957), discusses the application to the n-p force. See 
the above references for further literature in this field. 

2M. Gourdin and A. Martin, Nuovo cimento 8, 699 (1958) ; 
6, 757 (1957). Y. Yamaguchi and Y. Yamaguchi, Phys. Rev. 
95, 1625, 1638 (1954). 
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form 


U=exp[iG ], (1.1) 


where the matrix element of the exponent with regard 
to the unperturbed states f and 7 is given by 


—(f| F |i). (1.2) 


“f 


(f|G |i) =iP 
E 


Here (f| |i) means the matrix element of a certain 
Hermitian operator F, P means to take the principal 
value, and Ey and £; mean the unperturbed energy in 
the state f and i, respectively. The S matrix can now 
be put in the form 

S=exp[ —2in], (1.3) 
where the matrix element of 7 is given by 


(f|n|t)=2b(E,;—E;)(f| F | 0), (1.4) 
with the use of the same F as in (1.2). 

The second motivation for our investigation lies in 
its relationship to an approximation method to be used 
in high-energy physics. At high energies the Born 
approximations are relatively reliable. When one is 
concerned with the unitarity of the S matrix, one can 
put the phase shift obtained by the Born approximation 
in each partial wave into the exponential function in 
order to insure the unitarity of the S matrix. The 
following investigation is related to the generalization 
of this idea to cases where various inelastic processes 
take place. In this connection, the definition of such a 
representation is of interest as all effects of the self- 
interaction are eliminated and only the effects of 
mutual interaction among physical particles are retained 
in the equation of motion. This problem is academic 
by itself, but is essential to make clear the situation 
which is involved in an approximation of the nature 
described above. 

The problem mentioned just above has been studied 
by many authors. In this paper we work with the 
Hamiltonian formalism. The relativistic covariance of 
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the transformation function can eventually be shown 
to be preserved. The defect of this kind of approach is 
that it lacks the clear-cut prospect with regard to 
renormalization which is a feature of the alternate 
approach.’ Divergences in our approach must be 
subtracted by means of the counter terms, which can 
only formally be represented in terms of the renormal- 
ized quantities. With regard to this point, our situation 
is the same as found by Greenberg and Schweber,' but 
we have shown that the relationship given in Eqs. 
(1.1)-(1.4) does offer a clue for circumventing the 
difficulty coming from the explicit calculation of the 
amplitude of the state vector for a physical particle. 
Haag has pointed out® that the asymptotic condition 
for the scattering of physical particles can be formulated 
in a way similar to the ordinary potential scattering if 
it is considered in the representation where all self- 
interactions are eliminated. Our method gives a practi- 
cal prescription for constructing such a representation. 

Section 2 gives some preliminary remarks pertaining 
to the assumptions we make in this paper. Section 3 
deals with the structure of the exponent of the transfor- 
mation function as appearing in (1.1). Section 4 deals 
with the time-dependent theory and the proof of Eqs. 
(1.1)-(1.4). Section 5 deals with the representation in 
which all self-interaction is eliminated. Section 6 deals 
with the discussion of the adiabatic condition, which is 
included to allow comparison of various representations. 
Section 7 gives the discussion of the relationship of our 
formalism with the Lagrangian formalism. Section 8 is 
devoted to the concluding remarks, especially to the 
discussions of advantages and disadvantages of the 
exponential formulation. 


2. PRELIMINARY 


It is in order to begin with a remark on the paradox 
which has been pointed out by Van Hove‘ and further 
studied by Haag’ with regard to the existence of a 
transformation function in quantum field theory. In 
most of examples we meet a peculiar situation which 
may be described as follows: an arbitrary operator is 
transformed according to a well-defined rule, even 


though it is not possible to show the existence of the 
transformation function itself. This difficulty can be 
circumvented to a substantial degree by considering the 


> F. E. Low, Phys. Rev. 97, 1392 (1955). Lehmann, Symanzik, 
and Zimmermann, Nuovo cimento 1, 205 (1955); 6, 319 (1957). 
D. Hall and A. S. Wightman, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 31, No. 5 (1957); see also literature for the 
dispersion relation, e.g., Bremermann, Oehme, and Taylor, Phys. 
Rev. 109, 2178 (1958). 

‘O. W. Greenberg and S. S. Schweber, Nuovo cimento 8, 378 
(1957). See also L. Van Hove, Physica 21, 901 (1955); 22, 343 
(1956). H. Ekstein, Nuovo cimento 4, 1017 (1956). 

5 R. Haag, Phys. Rev. 112, 669 (1958); see also K. Nishijima, 
Phys. Rev. 111, 995 (1958); Progr. Theoret. Phys. (Kyoto) 17, 
765 (1957). W. Zimmermann, Nuovo cimento 10, 597 (1958). 

®L. Van Hove, Physica 18, 145 (1952). 

7’ R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
29, No. 12 (1955). 
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exponent of a transformation function as its represen- 
tative. With the use of a certain Hermitian operator G, 
we obtain the transformation rule for an arbitrary 
operator A in the form 


A — A’=exp[—iG]A exp[iG]=A+[A,iG] 
+4[[AiG|iGH 


The point is that in many cases (2.1) is valid, while 
the norm of the matrix element of exp[iG], 


(a| exp[iG]] 8), 


turns out to be infinitesimally small on any set of 
normalizable states, a and 8. From the practical point 
of view, this does not disturb us so long as the exponent 
iG can be well defined. The example of the neutral 
scalar meson interacting with a static point source is a 
case where the above statement can be well justified. 
In other examples where scattering processes take 
place, the situation is more complicated as will be 
discussed in Sec. 6. 

Let us explain more specifically the problem we are 
going to deal with. We suppose that the total Hamil- 
tonian H, to begin with, consists of the bare particle 
Hamiltonian Hz and the interaction Hamiltonian H,: 


H=Het+Hy. (2.2) 


We assume that the eigenfunctions of Hg form a 
complete set. In this paper we treat a simplified problem 
in which either a bound or an unstable particle is 
excluded. 

In the choice of a complete set of eigenstates of the 
total Hamiltonian there may or there may not exist 
some freedom in regard to a boundary condition. If 
there is such a freedom, we should be able to classify 
the states according to the number and sort of particles 
in the asymptotic region. We assume that the number 
of particles in the asymptotic region can be described 
by means of a set of creation and annihilation operators 
with the same mathematical structure as used for 
describing bare particles. The situation is described by 
stating that the eigenvalue of the total Hamiltonian is 
given by the eigenvalue of 


Hy=Hp+W (Hz), 


(2.1) 


(2.3) 


in the corresponding state of bare particles. In (2.3), 
the shift of energy W(Hz) is expressed in terms of 
number operators of bare particles. We shall call Ho 
the free-particle Hamiltonian. 

Remarks are in order at this point with regard to the 
use of singular functions. We make use of a principal 
value and a delta function of energy difference to define 
some matrix elements; furthermore, we have to make 
use of their products. It would be better to start from 


8 We can generalize the form of W(Hz) a little further and 
include any term which is bilinear in creation and annihilation 
operators of a particle of the same kind. The process of diagonal- 
izing Ho in such a case, however, does not affect the discussion of 
a scattering process at all. 
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wave packets to secure mathematically transparent 
proof of the procedures for dealing with singular 
functions. However we shall circumvent that kind of 
problem; if necessary, we consider a result of operating 
with a single singular function in an elementary way, 
and we follow the steps of multiple operation one by 
one. From the beginning we take for granted that the 
following equation has a well-defined meaning: 


re 


1 
f expliEt |dt=+76(E)+iP—, 
0 E 


(2.4) 


1 
exp[7Et jdt=expLiET | (+ 15 (E)+ ir—) , (2.4) 
E 


f 


for an arbitrary but finite 7. 


3. EXPONENT OF THE TRANSFORMATION FUNC- 
TION IN THE TIME-INDEPENDENT THEORY 


Here we study the transformation function which 
transforms eigenfunctions of the free-particle Hamil- 
tonian into eigenfunctions of the total Hamiltonian. 
We denote it by U. U must satisfy the equation 


HU=(Hpt+H1)U=U(Het+W)=UHo. (3.1) 


First it is to be noted that the operator U’ cannot be 
determined uniquely by Eq. (3.1) alone, because there 
appears a continuum of eigenvalues of Ho. Let U be a 
solution of (3.1), and let U’ be a nontrivial and unitary 
transformation function which keeps Ho invariant; 
then the product UU’ also satisfies (3.1). The arbi- 
trariness, however, will be removed after we choose 
appropriate boundary conditions. 

If we put U in the exponential form 


U=exp[iG], (3.2) 


the Hermitian operator G must satisfy the equation 
—[HiG]=F=H,—-W-}(H,—W, iG] 
(—1)*B, 
———[H-W,iG®")], (3.3) 
i=1 (2n)! 


where B, means the mth Bernouilli number and [A,B ] 
is the abbreviation for the m-fold multiple commutator 


(A,B ]=[[---[[4,B],B]---],B]. 


If we set aside the divergence difficulty in the present 
local field theory, (3.3) ought to be solved at least 
formally by expanding in powers of a coupling constant 
which appears in the interaction Hamiltonian. Here we 
mean that if the coupling constant is large the power 
series may not converge, but the formal power series 
can be re-interpreted in some way to give the right 
answer. We denote F, G, and W of jth order by Fj, 
G;, and W;, respectively. Suppose G and W are known 
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to the (k—1)th order. Fy, given by the right-hand side 
of (3.3), is then known except for Wy. We define W, 
by the condition that F;, when well ordered, does not 
have any term which is bilinear in the creation and 
annihilation operators of a single sort of particle: thus 
both F; and W;, are defined uniquely. Next, G, should 
be determined by solution of 


[H,iG, |= F, e 


We denote the eigenvalue of Ho in the states i and f 
by EZ; and Ey, respectively. Taking into account the 
interpretation to be given to the renormalization, we 
assume that the eigenvalue of Ho is known without 
recourse to the expansion of W in a power series of the 
coupling constant.® 

A solution of (3.4) which is Hermitian has a matrix 
element of the form 


(3.4) 


, 4 
(f|G,|i) ={ -P——— —6,5(E,— E,) }(f| F, 4), 
i E—~E, 


(3.5) 


where 8; may be an arbitrary real number in order to 
satisfy (3.3). This arbitrariness of 8, is of a similar 
nature as the arbitrariness of a solution of (3.1). A 
choice of 6; at a lower order will affect the form of F; 
and consequently the form of G; at a higher order. 

Now, we define G® by setting all 8, equal to zero. 
G® is unique in that it is invariant against time 
reversal. The time-reversal operation T on an oper- 
ator is here defined as follows: (i) reverse the 
order of operators which appear in a product, (ii) inter- 
change a creation operator with an annihilation oper- 
ator,!° and (iii) keep fixed the c-number coefficients and, 
of course, the state vector. As for a transformation func- 
tion U, it must be replaced by (U~')’. This means that 
G must be replaced by —G’. Actually G defined above 
changes its sign by virtue of the T operation 


(G)T=—G, (3.6) 


The proof is given as follows: The interchange of 
creation and annihilation operators is tantamount to a 
change in sign of the energy difference (Z,—,) in 
(3.5). On the other hand, F as calculated by (3.3) is 
invariant against 7, when we make use of G™ for G. 
The latter statement is proved by first observing 


[AiG ]?=[ (iG), (A)? ]=[ (A)? iG], 


and next applying induction, wherein we assume the 
T invariance of the Hamiltonian. The argument may 
look circular, but is not actually so when G and F 
are expanded in powers of the coupling constant. 


(3.7) 


*The mass renormalization is taken care of by the proper 
choice of W (/7z). The charge renormalization is taken care of by 
giving the interaction 7; as a formal power series in the renormal- 
ized coupling constant. 

10 More strictly speaking, an annihilation operator must be 
interchanged with a creation operator of the particle of the same 
sort but with the linear momentum in the opposite direction and 
of the same magnitude. 
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A choice of 8; corresponds to a choice of a boundary 
condition. On physical grounds we expect that the 
solution invariant against T is the solution under the 
standing-wave boundary condition. This can be con- 
firmed directly, if we expand the exponential function 
in a power series in the coupling constant." For a 
discussion of the time dependence of operators in the 
Heisenberg representation, it is just enough to know 
G® because we come to the same expression when we 
make use of a solution under another boundary con- 
dition [see (7.11) ]. Incidentally, it is not hard to see 
that the transformation function U™ (U@), which 
transforms eigenfunctions of Ho into eigenfunctions of 
the total Hamiltonian under the outgoing (ingoing) 

wave boundary condition, is given by 
U® =exp[iG ] exp[Fin], (3.8) 


where 7 is defined in (1.4) and further discussed in the 
next section. 


4. TRANSFORMATION FUNCTION IN THE 
TIME-INDEPENDENT THEORY 


We study in this section the time dependence of 
Heisenberg operators, and give the proof of Eqs. 
(1.1)-(1.4). We introduce the following operators 
corresponding to G® and F of the preceding section :” 

G (t)=exp[iH of JG expl[—iHot], (4.1) 
F (t)=exp[tH ot JF exp[—iHot]. (4.2) 


Remembering the relation between G® and F, given 
by (3.5) with 8,=0, we can rewrite G(t) as follows: 


cons f e(t,t')F (t’)dt' 


1 t 
=f roryar— f 
2L/_ t 


oe 


x 


Poyat|, (4.3) 


where we have made use of the formula (2.4) concerning 
singular functions, and ¢(t,t’) is a step function, 
e(t,t/)=+4 >t’ 
=—} ter. 


for 
for (4.4) 

The operator G(¢) as a single factor is well defined 
for all ¢. Its limit as !—> + is given by 


GO (F wo )=+7. (4.5) 


Here 7 is defined by 
n= f F (t)dt; 


11 See the discussions in Sec. 8 for more specific description of 
the usage of the singular functions. Except for the normalization 
factor cosy, exp[iG] is equivalent to the set of the standing 
solutions discussed by Goldberger [M. L. Goldberger, Phys. Rev. 
84, 926 (1951) ], which, however, is put into the matrix form here. 

12 F js the operator F which is defined by (3.3) in which G 
is made use of. 


(4.6) 
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consequently its matrix element is given by 
(f|n|i)=96(E,—E;)(f| F |1). (4.7) 


The limit of exp[—iG(t)]A exp[iG (t)] may be 
ambiguous: different definitions of the limit may happen 
to give different results. In the following we use two 
definitions. (i) We call the one given below “the 
operator limit” of exp[—iG(t)]A exp[iG(#)] as 
t— 0; 


exp[in ]A exp[—in]. (4.8) 


In obtaining the limit (4.8) we take the limit of G (¢) 
before exp[+iG (t)] operates on another factor. (ii) 
We call the one given below ‘‘the series limit” of 
exp[ —iG (t) JA exp[iG (t)] ast @: 


lim{ A+[A iG (1) ]+43[A iG (#)P1J4+---}. (4.9) 
t+ 


In this definition we calculate the series at a finite ¢ and 
then take the limit t— ©. The difference between 
(4.8) and (4.9) becomes significant when we compare 
the asymptotic conditions which hold in various 
representations in Sec. 6. 

Now, turning to the discussion of the transformation 
function in the time-dependent theory, it is straight- 
forward to see that 

U (t)=expLiG (t) ] (4.10) 
is a solution of the equation of motion of the state 
vector in the interaction representation, 

idU (t)/dt=H(t)U (t), 
where H(‘) is the Hamiltonian in the interaction 
representation 


H(t) =exp[iH ot ](H— Ho) exp[ —iH ot]. 


(4.11) 


(4.12) 


It is not very meaningful to speak of the initial condition 
satisfied by the solution U(t) given by (4.10), but we 
can construct a transformation function for any time 
interval by combination of the U(¢). The transformation 
function U(T,7’), in an interval of time between T 
and 7”, is given by 
U(T,T’!)=U(T)U(T’). (4.13) 
We obtain the S matrix by taking the operator limit 
of U(T,T’): 
S= U(T,T’)=exp[_—2in]. 


lim (4.14) 


T-0 ,T’-—w 


This establishes Eqs. (1.1)—(1.4) given in Sec. 1. 


5. REPRESENTATION IN WHICH ALL SELF- 
INTERACTION IS ELIMINATED 


G® and F can be divided into two parts according 
to whether it is or is not possible to conserve energy in 
transitions corresponding to them. They comprise many 
terms to each of which there is attached a well-ordered 
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product of a certain number of creation and annihilation 
operators. Creation operators will create either outgoing 
particles or particles in an intermediate state which 
will be annihilated by annihilation operators attached 
to another term. In this sense each term in G (or F) 
defines a type of elementary transition; any transition 
of the system under consideration, however complicated 
it may be, will be described in terms of a definite 
combination of these elementary transitions. Now, all 
transitions which lead to either the vacuum or the 
one-particle state cannot conserve energy-momentum 
under any condition. Thus a term which has only one 
or none of either the creation or the annihilation 
operator of any kind of particle is classified as the term 
which belongs to Gy (or Fy), where the suffix V 
stands for the virtual processes; while the remainder is 
classified as Gr (or Fx), which is concerned with 
transitions where in both initial and final states there 
appears more than one particle, and the suffix R stands 
for the real processes. Actually in the latter type of 
transition, it is always possible to conserve energy 
when particles with energy above the reaction threshold 
collide with each other. Evidently we have 


G (t)}=GR ()+Gy (), 
GR (F 0) = =, 


(5.1) 


and Gy®(+#«)=0. (5.2) 


Now we can construct an interesting representation, 
in which all effects of the self-field of physical particles 
on themselves are eliminated and the remaining effects 
are given in the form of many-body forces acting 
between different particles. First, let us talk of the 
new representation in the time-independent theory. 
The vacuum and the one-particle states in the new 
representation must be the same as the vacuum and 
the one-particle eigenstates, respectively, of the total 
Hamiltonian. The free-particle Hamiltonian of the new 
representation must take just the same form Ho as the 
total Hamiltonian when it is diagonalized. We denote 
the interaction Hamiltonian of the new representation 
by Hp [which is different from H;—W(Hz,) that we 
have been considering so far ]. The suffix P here stands 
for the physical particles. Hp has nondiagonal matrix 
elements between states where more than one particle 
is present, while it has a vanishing matrix element 
between the vacuum or one-particle state and any other 
state. Here we speak of the vacuum, one-particle, and 
other states as such as are given by the respective 
eigenstates of the free-particle Hamiltonian of the new 
representation. 

Actually we can define the Hamiltonian Ho+Hp 
with the properties stated above by means of the 
equation 


expliGr® JHo exp — iGR ]= Hot+ Hp. (5.3) 


To see that this is a satisfactory definition, suppose 
that we are going to diagonalize the total Hamiltonian 
starting with eigenfunctions of the free-particle Hamil- 
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tonian of the new representation. We can proceed in 
just the same way as we have done in the foregoing 
sections, and obtain a transformation function of the 
form exp[iG] where G’ has the same property as Gp 
insofar as its matrix element vanishes when it is oper- 
ating on the vacuum or the one-particle state; thus we 
can identify G’ with Ge to define the desired repre- 
sentation. Hp in (5.3) defines the effective many-body 
force (velocity-dependent potential) between physical 
particles. As for the state vector, the vacuum states, 
for instance, of the three representations appearing so 
far are formally connected with each other by a unitary 
transformation. Let Wo, Xo, and @p denote, respectively, 
the vacuum eigenstate of the total Hamiltonian, of H» 
in the newly defined representation, and of the free- 
particle Hamiltonian in the original representation. 
We have, then, 


Vo= expliGe ]Xo= exp[i(Gr +Gy) Mo. 


And we have corresponding equations for all other 
states, understanding that we take the standing-wave 
boundary condition on the eigenstate of the total 
Hamiltonian. 

Starting with the time-independent theory of the 
new representation, we can discuss the time develop- 
ment of the system in just the same way as we have 
done with the original representation of the Hamiltonian 
in the last section. In this way we are led into a repre- 
sentation such that an operator A (¢) given at the time 
t is transformed into an operator A (¢’) at another time 
t’ according to the rule 


A(t')=Up 7 (t' A(HDU P(t), 
where U p(t,t') is defined by 
U p(t,’)=Up()u p(t’) 
=exp[iGpe (t) | expl—iGr® (t’) ]. 
We shall call this representation the physical particle 


representation. We have the same S matrix as before. 
If we differentiate U p(t) with respect to /, we shall have 


idU p(t)/dt=Hp(t)U p(d), (5.7) 


(5.4) 


(5.5) 


(5.6) 


where H p(t) is given by 


H p(t) = exp[tHot JH p exp —iH 0]. (5.8) 


H p(t) vanishes when it operates on either the vacuum 
or the one-particle state, denoted, respectively, by Xo 
and Xx, 

H p(t)Xo=0, H p(t)X,=0. (5.9) 


and 


If the operator Gr(é) is given in terms of finite 
quantities, we do not have to worry about renormal- 
ization."* Many aspects of the formal theory of scat- 
tering which are familiar in the case of a potential 
scattering survive in such a representation. Further 


13 More strictly speaking, renormalization as the means to get 
rid of divergences. 
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discussions pertaining to the comparison of different 
representations are given in the next section where the 
asymptotic condition in various representations is 
discussed. 


6. ASYMPTOTIC CONDITION, AND THE 
CHARACTERISTIC OF THE PHYSICAL 
PARTICLE REPRESENTATION 

We shall investigate the asymptotic condition here. 
We first compare a Heisenberg operator given by 


An (t)=expliHt]A expl—iHt], (6.1) 


with a free-particle operator, which corresponds to it, 
A p(t)=U— expliHot JA exp[—iHo]U, (6.2) 


in the limit /—+ +, and study what is the form of 
the transformation U that makes the relation between 
Ay and Ayr meaningful. In (6.2) the unitary transfor- 
mation function U is independent of space-time 
coordinates. Consequently the change of representation 
introduced by U does not change either the equation 
of motion or the commutation relations among free 
field operators. 

Let us take an example of scalar boson with mass m. 
We denote by ®(x) the field operator which is obtained 
from (6.2) by substituting for A the field operator in 
the Schrédinger representation. It satisfies the Klein- 
Gordon equation 


(O—m?)®(x)=0, (6.3) 


and the commutation relation of the free-field operator 


[b(x),b(x’) ]=iD(x—x’), (6.4) 


no matter what the choice of U may be. 
Ay (t) can be transformed as 


1 (t)=expLiG® ] exp[iH ot] expl—iG® JA 
XexpliG ] exp[ —iH oft] exp[—7G ] 
=expliG ] expl—iG (1) ] expliH ot JA 
Xexp[ —iHot ] expliG (t)] expl[—iG ]. (6.5) 


Consequently the proper choice of U turns out to be 
exp[ tin] exp[—iG ] when Eq. (6.1) is compared 
with Eq. (6.2). If we take the “operator limit” ¢—> + 
of (6.5), we have the asymptotic condition of the form 


for t—> +, (6.6) 


W’,An(OW=W’,A*OY) 
where y and y’ are any normalizable state vector. We 
hae to be careful in making an assertion like (6.6), 
since there are infinitely rapidly oscillating factors on 
both sides. The precise meaning of (6.6) is the following: 
We eliminate a rapidly oscillating factor from the 
right-hand side, and the same phase factor is eliminated 
from the left-hand side by multiplying by the inverse 
of that factor before we take the limit. In (6.6), A+(¢) 
is a sort of free-particle operator defined by 


A+(t)=exp[iG ] exp[+in] exp[iHot JA 


Xexp[ — 7H ot] exp[Fin] expl[—iG ]. (6.7) 
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There is a relation between At(¢) and A~(t) given by 
At(t)=‘S-1A-(0)'S, (6.8) 


where ‘S is the S matrix given in a different represen- 
tation," 
‘S=exp[iG ]S exp[—iG ]. (6.8’) 
The above formulas are valid for potential scattering 
under the appropriate condition for the form of the 
potential. However, the situation in the field theory is 
tricky so that the asymptotic condition defined by 
taking the “operator limit” is not enough for the 
discussion of the subject; the “‘series limit” of the same 
expression gives a different result. If we calculate the 
series for ®y(x), the Heisenberg field operator for a 
scalar meson, we obtain 


Py (x)= expliG ] expl —iG© (t) }®(x) 
XexpLiG (t) ] expl—iG® } 
= exp[ iG ]{Z(x)+ coe } exp[ — iG ], 


where Z is a number smaller than unity, and the 
remainder in the parenthesis in the last statement is 
represented by a sum of normal products of more than 
one field operators. On the other hand we have 


expliG® ] exp[ in }®(«) exp[ Fin] exp[—iG ] 
= expliG ]{@(x)+---} expl[—71G ]. 


Thus we have a result in contradiction to (6.6) if we 
take the limit t+ of (6.9) afterwards. The 
appearance of the factor Z is due to virtual processes 
which start with a one-particle state and end, after a 
number of intermediate steps, in the same state. The 
matrix element which is responsible for this kind of 
virtual process exists in G (¢), while it disappears from 
n as has been discussed in the last section. 

If we renormalize @y(x) by multiplying it by Z—, 
we have, instead of (6.9), 


by" (x)= expliG ]{@(x)+---} expl[—iG ]. 


(6.9) 


(6.9’) 


(6.10) 
Thus we have the asymptotic condition 


WY’ bu (xp) = ®*(x)y)_ for 


understanding that the “series limit” should be taken 
with proper care being paid with regard to rapidly 
oscillating factors. (6.11) is essentially the relation 
adopted by Lehmann, Symanzik, and Zimmermann,'® 
and here we can expect only the weak convergence as 
has been discussed by Haag.’® 


t—++0, (6.11) 


‘The use of the true vacuum as the reference state in Eqs. 
(6.6), (6.11), and (6.14) is quite practical. It is given by (5.4). 
The results of applying the operators discussed in this section to 
the true vacuum is tantamount to dropping exp[—iG] as the 
terminating factor from the definitions of operators, and applying 
the remainder to the bare-particle vacuum, which is simple as 
far as the mathematics is concerned. 

15 See Lehmann, Symanzik, and Zimmermann, reference 3. 

16 See Haag, reference 5. 
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An operator of the physical particle representation 
introduced in the preceding section is quite normal in 
regard to its behavior in the asymptotic condition. It 
is defined by 


A p(t) = U* exp[ —iGr® (t) ] expliHot JA 
Xexp[ —iH ot] expliGr® (0) JU 
= U- exp[iH ot ] exp[—iGr© JA 
XexpliGr® | expl—iH of ]U 
=U expl[—iGr ] exp[i pt JA 
Xexp[—7H pt] exp[iGr® JU, (6.12) 
where A is an operator in the Schrédinger represen- 
tation, and Hp is the interaction Hamiltonian defined 
by (5.3). If we calculate the series for a finite time, 
we have for ®p(x) 


®p(x)= U expl—iGr (t) }®(x) expLiGe (t) JU 

= U-{(x4)+---)U, (6.13) 
where use has been made of the property of H p(t) or 
Gr(t) that its matrix element vanishes when it 
operates on either the vacuum or the one-particle state. 
Consequently the ‘‘series limit” gives the same result 
as the “operator limit.” The asymptotic condition 
given by 

(Wy Pp(x)\p)=( ,©*(x)y) for t+ (6.14) 
obtains when we define p(x) by putting U 
=exp[—iG] in (6.13). The asymptotic condition 
(6.14) is expected to be valid on the same footing with 
the asymptotic condition in potential scattering, or in 
other words, the strong convergence is expected to 
hold here as has been di ed by Haag.'® We have 
the asymptotic condition not only for a single field 
operator like @p(x) but also for their product, for 
instance, ®p(«)®p(x’), a result to be expected when we 
take the ‘operator limit.” 


7. CONNECTION WITH THE LAGRANGIAN 
FORMALISM 
As for the Lorentz covariance of the formulation 
discussed so far, we can show that F is Lorentz 
invariant when we deal with a covariant field theory. 
The energy denominator as appearing in (3.5), namely 
in the matrix element of G and hence of F, does not 
look Lorentz invariant by itself. But we can combine 
single terms with such a factor into a pair, in which 
the sum of the inverse of energy difference shows up 
the manifest covariance. The sum is nothing but the 
Fourier transform of a certain D function. It is a little 
awkward to go into detail along this line, and we 
would rather like to point out the close relationship of 
F© with the Lagrangian function. 
The transformation function U/(7,7") in the interval 


of time between 7 and 7” is given by'” 


T 


U(T,T) =P exp|i f Lr(a)'| 
r 


‘ 
-Pexp|—if Hai} (7.1) 
- 


where P means Dyson’s chronological ordering symbol 
and H(¢) is the Hamiltonian of the interaction repre- 
sentation, (4.12); Z7(x) is the interaction part of the 
Lagrangian function.'® It is evident that U has the 
property 
U(T,T')U(T'»,T")=U(T,T"). (7.2) 
We want to remove the P symbol from the expression 
for U(T,T’), because we are interested only in the rela- 
tion of operators at T with those at 7” but are not 
interested in following what happens in the intervening 
interval. Actually there have been two ways of expres- 
sing U(T,T’) without use of the P symbol in the 
current theory. (i) One is to make use of U(t,T’), which 
is unity at ‘= 7” and satisfies the equation of motion 


idU (t,T’)/dt=H(t)U (t,T"), (7.3) 


and to put t=T to define U(7,T"). (ii) The other is 
to make use of U(7,t), which is unity at ‘=T and 
satisfies the equation of motion 


-idU (T,t)/dt= U(T DH (0), (7.4) 


and to put ‘=7” to define U(T,T’). Explicitly written 
down, U(T,T") is given as 


1 r 
U(T,T') =1+- i H(é)dt 
i Ie 


1\2 . t 
(=) f aH) f at H()+--- (7.5.3) 
1 T’ _ 
1 7 
1+- f Hid 
dy i 


1 2 a 7 
(-) f ar dt H(t)H(t')+---, (7.5.ii) 
1 T’ tv’ 


according to the definitions (i) and (ii), respectively. 
Both (7.5.1) and (7.5.ii) suffer some disadvantages. 
First, it is not quite evident that U(7,7’) defined in 
(7.5) has the property (7.2), although it can be shown 
after some manipulation. Second, in (7.5), T and T’ do 
not appear so symmetrically as they do in the original 

‘7 Here we assume, just for simplicity, that L;(x) does not 
contain any time derivative. But we can readily generalize such 
a condition, if we modify the P symbol. See Z. Koba, Progr. 
Theoret. Phys. (Kyoto) 5, 696 (1950). 

'8 Here we assume that the renormalization counter term is 
properly included in the interaction Lagrangian. 
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definition (7.1), although this may be corrected after 
some manipulation. 

To improve on the mentioned disadvantages we 
consider a solution U(t) of the equation of motion 


idU (t)/dt=H(t)U (0), (7.3) 
which is independent of T’. It is evident that with use 
of only one such factor we cannot discuss the initial 
condition. Thus we make use of two such factors to 
express U(T,T’): 

U(T,T’)=U(T)U(T’)-. (7.6) 
From the definition of U(t), the following equation for 


U(t) automatically follows: 


—idU (t)7/dt= U (t)“H (2) (7.4) 


Now, in general U(#) is given by 


U,(t)=P exp| =i +e) f Hae | 


xP* exp ida) f Hat | (7.7) 
t 


with use of the P symbols, where P* is the antichrono- 
logical-ordering operator and a is a parameter. (7.7) 
can be transformed as 


U_(t)=Uo(t) exp[—2ian ], 


where U(t) is defined by 


i pt 
U(j=P exp| - , f Hat | 
1 a“ 
xe" exp| f Hir)at | 
24: 
and 7 is defined by 


exp[ —2in ]=P exp| -if H (a 


(7.8) 


(7.9) 


(7.10) 


By differentiating with regard to ¢, it can be shown 
that U,(t) defined in (7.7) satisfies the equation of 
motion (7.3), and by taking the limit of either — ~ 
or t—> —, (7.8) can be shown to be valid in the 
limit. Consequently both sides of (7.8) are solutions of 
the same equation of motion under the same initial 
condition, and they must be equal. From its definition 
(7.9), we see gh U (t) is the time-reversal “yee 
solution of (7.3). Since the factor exp[—2ian] in (7.8 
drops from (7. 6), we have 


U(T,T’)=U,(T)U.(T’)“*=U(T)U(T’), (7.11) 


and it is sufficient to make use of Uo(t). The above 
considerations establish the usefulness of Uo(t). 

In dealing with U o(t), which is established as the 
time-reversal invariant solution of the equation of 
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motion and which depends only on /, it is profitable to 
put it in the exponential form 


a) =exnLic())}=exn| f cus) Po( ayer] (7.12) 


This is because we can avoid the contribution coming 
from disconnected Feynman diagrams. We can draw a 
Feynman diagram corresponding to each term in G® (t) 
according to the number of creation and annihilation 
operators attached to it. In the exponential form only 
the commutator with G(t) is relevant, and the 
commutation operation automatically eliminates the 
contribution of disconnected diagrams. The operator 
F (x), when written down in the Tomonaga-Schwinger 
formalism of field theory, turns out to be parametrized 
in terms of coordinates of only one point in space-time, 
although it is not a local function of field operators. 
This follows from the fact that in the definition of 
F© (x) only commutators appear: 


F(x) =H(x)—3[H (2) iG (4) J 
— 


n=1 


— tH), iG(t)21], (7.13) 


and the fact that the commutator of field operators at 
a space-like separation vanishes. It can be readily seen 
that F(x) is Lorentz invariant. The above consider- 
ations establish that, when the usefulness of Uo(t) is 
combined with the characteristic of the exponential 
formulation, namely, the exclusive use of commutators 
in it, it is useful to introduce the quantities F (x) and 
G©(t). In F(x) there is defined an elementary set of 
transitions in a Lorentz-invariant way so that all 
relevant transitions in the theory may be represented 
by combinations of them. The Hamiltonian H(x) or 
equivalently the interaction part of the Lagrangian 
—Iy;(x), which is used in (7.9), is replaced by F(x) 
in (7.12), just because the P symbols are removed 
from (7.12). 


8. CONCLUDING REMARKS 


The validity of the formulas (1.1)-(1.4) has been 
checked in the case of potential scattering. If we 
denote the matrix element of the potential by (k| V|k’), 
the first and the second terms in the Born series for F 
are given by 
(k| F,|k’)= 


(R’’| V | R’) 
ki — Liye 


(k| F: |e) = if at (| shea’ OR 


«K (k| VIR’ )P. 8.1’ 
|V| -S (8.1’) 


_ 


—(k"|V Ry}, 
E 


Uk’? 


respectively. On the other hand, the Born series for U’ 
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is given by 
(k| U|k’) 
= (k|1|k)+(k| iG, | k’) 
+ (k]iG2 | R')+3(k| GG PR) }+--- 


1 
= (k|1|k’)-+P——(k| V |’) 


14 — EF, 


1 1 
+|P—— favre jin ws (k’”| V |k’) 
Lee Ek y 


oat F, a 


—$[8(R) (RAR) f+, (8.2) 


where 6,(k) means the phase shift in the first Born 
approximation for the state k. In going from the second 
to the last statement in (8.2), use has been made of a 
formula pertaining to a product of two principal value 
factors, 


1 1 1 1 
p——_p——_+ p—__p—__ 
F,— EF, E;— EF. E;-—E, E3;— Eo 


1 


1 
=P. P———+7°6(F,— F2)6(F;—F,). (8.3) 


ky = FE, E3- FE, 


As for the usage of singular functions, integrations must 
be successively made in the calculation of (k| F | k’) 
to give a regular function of the arguments at each step 
of the calculation. The matrix element of F thus 
obtained as a regular function of both & and k’ is then 
divided by (E,-—E,) to yield the matrix element of 
iG, (k}G|k’). When we are interested in the ex- 
panded form of U=exp[iG ], use must be made of 
the formula (8.3) and its generalization pertaining to a 
product of more than two factors in order to give the 
factor cos[6(k’) ], which is the correct normalization 
factor for the solution under the standing-wave bound- 
ary condition. The last term in the parenthesis of the 
last statement in (8.2) is the second term of the expan- 
sion of cos[6(k’) ]. 

The matrix F® is different from V because the 
effects of multiple scattering are taken into account in 
the former. Under the requirement that the potential 
is not of a long range and that its singularity is moderate 
(around the origin of coordinates), it has been shown 
that the Born approximation is valid at high energies.'° 
Correspondingly it has been observed that 


(k| F|k’)=(k| VR’), &, k’>>(unit energy), (8.4) 


for a potential of the normal form like the square-well 
potential, when both & and k’ are states of high energy, 


19 See, for instance, C. Zemach and A. Klein, Nuovo cimento 
10, 1078 (1958). 
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the unit of energy being given in terms of the inverse 
of the force range of the potential. Incidentally if the 
decomposition into partial waves is made, (k| F|k’) 
is a real and symmetric function of & and k’ in each 
angular momentum state. 

Now, the scattering amplitude in general is quite 
asymmetrical with regard to the energies of the initial 
and the final states. This can be seen from the fact that 
in the familiar perturbation formula the energy differ- 
ence (E;—Ey) appears instead of (Ei—Ey) in the 
amplitude of some intermediate step of a multiple 
scattering process, which takes place from the state I 
into the state II. (£; means the energy of the initial 
state.) On the other hand, the Hermiticity of F gives 
rise to a kind of symmetry between the terminal states, 
which is carried into G®. This kind of symmetry in 
the exponent is convenient according to the circum- 
stances, but in some cases there is indication that the 
exponential form exp[iG®] is impractical for the 
calculation of the scattering amplitude.” The depend- 
ence on the initial energy of the amplitude in an 
intermediate state is explicitly shown in the Lippmann- 
Schwinger and the Brueckner-Watson theory, as well 
as in Low’s formulation of scattering in quantum field 
theory." The inconvenience of the exponential formu- 
lation is really aggravated when we deal with the 
separable potential or the Lee model in field theory. 
It is awkward to calculate # which is a symmetrical 
but complicated function of the argument in order to 
derive the scattering amplitude which is obtainable 
straightforwardly in the current theory. Thus the 
exponential formulation looks inferior to Low’s formu- 
lation under the circumstance where only the scattering 
is relevant. Moreover, Low’s scattering theory can give 
a clear-cut prospect in regard to the renormalization 
for the boson-fermion two-body scattering. 

On the other hand, at high energies many inelastic 
channels are opened for the system. Several energy- 
conserving inelastic processes can be combined “in 
cascade” to give the final state. Under such a circum- 
stance it may be tolerable to insert the results of Born 
approximation of suitable order for individual channels. 
It is one of the advantages of the exponential formu- 
lation that the unitarity of the S matrix is automatically 
guaranteed even if we put some approximation in the 
place of the exact #. This is not the case with the 
summation over the intermediate states in Low’s 
scattering theory. In this sense the characteristics of 
the two formulations seem to be complementary to 
each other. 

We have not touched on the fundamental difficulties 
inherent in the present local field theory. Rather we 


20 One can see in (8.2) an example of the situation mentioned here. 
(k|[1G, ]}2| k’) = fdk’’ (k| VR") (kV R’) /(E” — Ex) (Ex — Ex) 
must be combined with some part of iG, to give fdk’’(k| V|k’’) 
«(RY | VR) / (Ee — Ex) (Ex — Ex). Note the difference in the 
first factor of the energy denominator. 

21 See Low, reference 3. 
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have discussed how to circumvent them and still obtain 
a practically meaningful result. It remains for future 
work to establish those conditions required on the form 
of the interaction between physical particles to secure 
the validity of the scattering theory, which correspond 
to the conditions of similar nature required on the form 
of potential acting on a nonrelativistic particle. It is 
to be noted that within such a restriction the validity 
of the Born approximation at high energies would be 
guaranteed even if the interaction is strong. 

Finally we remark on the inversion problem of the 
potential scattering. For the sake of simplicity, let us 
deal with only the S wave. The matrix element of the 
potential, which is a real symmetric function of k and 
k’, assumes the following form when the potential is a 
local potential : 


(k| V\k’)=3Lf(R+k')— f(k—k’) ], (8.5) 


where f(x) is an even function of the argument x. On 
the other hand, if we assume that the potential is 
simply separable and nonlocal, it ought to assume the 


form 


k| V\k')=g(k)g(k’). (8.6) 


Now the phase shift of the first Born approximation is 


5:(k) = — (w/2k)(k| VR), (8.7) 
where we have put the nonrelativistic energy of the 
particle as 


in a suitable unit of energy. It is straightforward to 
derive f(x) or g(x) when 6,(k) is given. Hence the 
inversion problem can be solved when we can filter 
the first Born approximation 6,(k) out of the given 
phase shift 6(k). We can set up an approximation 
procedure by which one starts with the given total 
phase shift 6(k) and approaches to 6,(k) at the end. 
If one puts first 
6:(k)=6(k), 


one can have a crude approximation V, for the real 
potential. One then calculates the second Born approxi- 
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mation due to V, and subtracts it from the total phase 
shift. This gives an improved approximation for 6,(k) 
at intermediate energies. [At high energies 5,(k) ~6(k). ] 
This process can be repeated to give 6;(&) which is 
valid at low energies. 

The above considerations help us to understand the 
principles involved in the inversion problem, although 
the actual calculation for the local potential may be 
more efficiently performed with the use of the more 
sophisticated method due to Gel’fand and Levitan and 
others,” and in the case of simply separable potential 
one may be better off to follow the method due to 
Gourdin and Martin and others.** One can clearly see 
in the above example that some other principle than the 
Lorentz invariance, the existence of the physical 
vacuum and one-particle states, the unitarity of the S$ 
matrix, and the microcausality, is involved in the 
inversion problem in general. Crudely speaking, it is 
an assumption on the species of the interaction. 

We have excluded any bound state in the discussions 
made in this paper. When there are a number of S-wave 
bound states, Eq. (8.5) contradicts the fact that 
6(0)=nm and 6(*)=0, where n is the number of the 
bound state, because (8.5) predicts 6(0)=0 in any case. 
It will be shown in a separate paper that the orthogo- 
nality of the scattering states to the bound states gives 
rise to some “orthogonality phase shift” which is equal 
to nm at zero energy, and that the remainder of the 
phase shift starts with zero at zero energy and goes 
back to zero at extreme high energies. The validity of 
(8.5) is thus restored when the orthogonality phase 
shift is subtracted from the given phase shift, where 
the former is determined from the wave function of 
the bound state. 
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Quantum electrodynamics is transcribed into a Euclidean 
metric. A review is presented of the quantum action-principle ap- 
proach to quantization, with its automatic emphasis on the 
dynamical variables associated with the physical degrees of 
freedom. Green’s functions of the radiation gauge are defined, and 
then characterized by differential equations and boundary condi- 
tions. These Green’s functions are of direct physical significance 
but involve a distinguished time-like direction. A gauge trans- 
formation is then performed to eliminate this dependence, intro- 
ducing thereby the Green’s functions of the Lorentz gauge, which 
lack immediate physical interpretation. The latter functions are 
now primarily defined by differential equations and boundary 
conditions, and form the basis for the analytic extension which is 


INTRODUCTION 


N a recent note! the author has remarked on the 

possibility of establishing a correspondence between 
the quantum theory of fields in space-time, and a 
mathematical structure that employs a four-dimensional 
Euclidean coordinate manifold. In that note the sim- 
plifying fiction was adopted, for the purposes of exposi- 
tion, that all field components are kinematically inde- 
pendent in the standard form of the action principle 
that produces first order differential field equations. 
While this is true of the only known kind of F.D. 
(Fermi-Dirac) field, with spin 3, there is no B.E. (Bose- 
Einstein) field of this type. Accordingly, we must supply 
some assurance that the discussion applies to real 
systems, and the Maxwell field is naturally indicated as 
an example of more than routine interest. Thus the 
content of this paper is the detailed transcription of 
quantum electrodynamics into the Euclidean for- 
mulation. 

THE ACTION PRINCIPLE 

We shall need to review some aspects of the develop- 
ment of quantum electrodynamics from the action 
principle. (Perhaps one should record at this point the 
author’s opinion that the currently popular indefinite- 
metric quantization of the electromagnetic field is 
unphysical and unnecessary.) The Lagrange function 
for the system of Maxwell and Dirac fields is 


L= —}F*"(0,Ay— A pb EP OP wt By Ow 
+dimppy —riepBy"qa ,, 


where symmetrized or antisymmetrized multiplication 
is to be understood for B.E. and F.D. terms, respec- 
tively. The electric current operator formed from the 


* This paper was largely written during the summer of 1958 at 
the University of Wisconsin, Madison. The hospitality of the 
Department of Physics is gratefully acknowledged. 

1 J. Schwinger, Proc. Nat. Acad. Sci. U. S. 44, 956 (1958) ; and 
1958 Annual International Conference on High-Energy Physics at 
CERN, edited by B. Ferretti (CERN, Geneva, 1958). 


the change from space-time to Euclidean metric. Some properties 
of anticommuting matrices are discussed in relation to this metric 
transformation. Real Euclidean Green’s functions are defined by 
correspondence with the Lorentz gauge functions and the ap- 
propriate differential equations obtained. Invariance properties of 
the Euclidean functions are discussed. The individual Euclidean 
Green’s functions are given an operator construction and then 
combined into a generating Green’s functional which is interpreted 
as the wave function, in a canonical field representation, of a state 
characterized by the Euclidean action operator. Differential 
operator realizations and some other benefits of a canonical 
variable description are exhibited. 


Hermitian field y, 

jt=—yieppy"qy, 
is a B.E. quantity in the latter context. The Dirac 
matrices y* have the algebraic property 

ee ee, 

pMaa=]. gttaptl 
while 
B=1y° 
is a real, antisymmetrical matrix and the matrices py“ 
are symmetrical and imaginary. The imaginary, anti 
symmetrical charge matrix qg possesses integer eigen- 
values. This way of defining the charge characteristics 
of the y field is designed to emphasize that the coupling 
constant é¢ is primarily a property of the electromagnetic 
field. Indeed, by a suitable scale change of the fields, e 
is removed from the coupling term to reappear only in 
the field strength term: 
er F ... 


With the latter field definition, the gauge invariance of 
the theory refers to the purely kinematical trans- 
formation 
yer, 
Ay— A,y+9,. 

The application of the stationary action principle 
extracts from the Lagrange function the field equations 
F,,=0,A,—90,A,, 0,F "= 7*, 
[y4(—i0,—egA,)+m y=0, 
in which the product Ay is to be symmetrized, and the 

infinitesimal generator 


c= do, — F“'6A,+ 3 yBy"by | 


o 


f dol — FSA , + 4ipay |, 
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where the second form refers to the special coordinate 
system that identifies m,, the unit time-like vector 
normal to the surface a, with the time axis. To facilitate 
the interpretation of this generator it should be noted 
that, while all components of y obey explicit equations 
of motion, the only Maxwell field equations of that type 
are 


OoF "= jk—a,F*!, 


OoA t= Op { ot Fo, . 
the remaining equations, 
Fy.=0,A1— 901A ky 0 fF = 7°, 


containing no time derivatives. Thus the magnetic field 
(in this coordinate system) is not an independent 
dynamical quantity, and the longitudinal part of the 
electric field is an explicit function of the Dirac field 
through the charge density, as given by 


LF0k (x) = — 9! f (ara c~2) fiz’), 


where 
— [+ (nd)? ]D(x—x’) = —0*d, D(x—2x’) =6(x—2’). 
From the longitudinal component of the equation of 


motion for Ax, we learn that 


LA ,(x)=0,A(x), 


Ao(a)= f (de) 900-2); (x")+AoA(x), 


in which A(x) must remain arbitrary to express the 
freedom of gauge transformations. Hence it is only the 
gauge-invariant transverse vector potential 7A,, to- 
gether with the complementary variables — 7F°*, that 
qualify as the independent dynamical variables of the 
electromagnetic field. 

Since a variation of the longitudinal part of the vector 
potential is a gauge transformation 


6,4A,.=0,6A, 


we remove from éy the corresponding infinitesimal gauge 
transformation 


baw = 1egdAy, 


and observe that these contributions to the infinitesimal 
generator are 


faol—Paoa— hevqvin]= ff doLa.Fo'— ppA=0 


Thus the generator of independent variations of the 
dynamical variables at a given time is 


G= f dol —T FSA , 4+ }ipoy] 
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where the 67A, and dy possess the properties of com- 
mutativity or anticommutativity characteristic of the 
field statistics. Only one set of complementary variables 
for the Maxwell field is changed in this form and the 
interpretation of the generator? appropriate to that 
circumstance yields for the nonvanishing commutators 


1 
8(x°—2”)-[ 7 Ax (x), —TF*'(x’) J 
1 ’ 


=7(§,'5(x—x’))=6,'6(x—2") — 0,0" D(x—2’), 


while the treatment of all components of ¥ on the same 
footing implies that 


5(x°— x") {yp (x), W(x")} =8(a—2’). 


Various additional commutation properties which can 
be derived from these fundamental ones will be stated as 
they are needed. 


GREEN’S FUNCTIONS 


We now proceed to the Green’s functions of the 
Maxwell-Dirac system. Although the definitions and 
relevant properties of these functions are most naturally 
and compactly obtained from the device of external 
sources used in conjunction with the action principle, 
that procedure may not provide, for some, the convic- 
tion that accompanies the following explicit considera- 
tions. The Green’s functions are symmetrical functions 
of B.E. coordinates, £;---,, and antisymmetrical func- 
tions of F.D. coordinates, x1: --x2n, defined as vacuum 
expectation values of time ordered products: 


Ga(x1° . *Xon,&1° ° - &,) 


=((W(x)- ° “W(xon)A (€1)+ . -A(é,))4)e4 (a). 


The vacuum referred to here is the lowest-energy state 
of the fully interacting system*—no use is made of the 
device of adiabatic decoupling. Positive or negative 
time ordering is the assignment of multiplication order 
in conformity with the sequence of projections on a 
time-like vector m,, the positive sense of multiplication 
being from right to left. The quantities 


€, (41° 4 *Xo,)= €_(Xon° . *%), 


are antisymmetrical functions of the F.D. coordinates 
that assume the value +1 when the time-ordered 
arrangement coincides with the written order. The 
symbols 


A,()= Ay(@)-ingn, f (ae) 9(E- t’)6/5A,(’) 


are used to give a compact expression to a sum of terms. 


2 J. Schwinger, Phil. Mag. 44, 1171 (1953). 

3 Thus there are no apparent difficulties of physical interpreta- 
tion, such as P.A.M. Dirac [Quantum Mechanics (Clarendon 
Press, Oxford, 1958), fourth edition, ] believes exist, which arise 
from an unwarranted physical identification of states that do not 
include the effects of interaction. 





EUCLIDEAN QUANTUM 


The simplest example is 
G4, (E1&2) wime=((A wi (E1) A uo (Ee) 4) timmy D(E1— Ea). 


The operators A,(é) are defined, in the special coordi- 
nate system when the unit time-like vector m, coincides 
with the time axis, by assigning the value zero to the 
arbitrary gauge function A(é). Thus A® is the instan- 
taneous Coulomb potential of the charges, and Ax is 
entirely transverse, which properties characterize the 
radiation gauge. The property of transversality is de- 
scribed more generally by 


0,A“= 0A =0, 
0,.=0,+n,n'd,, 
which also applies to the symbolic quantities A, since 


nd=0. 
Hence 
a=1---p 


(@)gaGs (x,£)=0, 
distinguishes the Green’s functions of the radiation 
gauge, G‘*), 

The two classes of Green’s functions are complex 
conjugate, 
G_=G,"*, 
and, in the simplest case of two points, the real functions 
formed by addition of G, and G_ become definite 
functions on removing the alternating sign factor, 


G4 (£1&2) +G_™ (£1£) =({ A(&),A(&2)}) 20, 
€y (#1%2)[G (a1%2) +G_” (axe) J=({P (x1), (x2)})>0. 
The differential equations obeyed by the Green’s 
functions combine the field equations and the commuta- 
tion relations, the latter appearing to characterize the 
discontinuities encountered at equal times. In applying 
the Maxwell field equations the following commutators 
are required: 
6(2°— x" )i[ F(x), A, (x) ] 
= (6,4-+-n4n,)b(x— x’) + 048, D(x—2x’) 
= [6,4-+n#n,— 040, (8) ]6(x—2’), 
and 
6(x°— x) [ F(x) W(x’) ]= — 0D (a—2x’ egy (x’), 
which express the operator properties of the transverse 
and longitudinal electric field, respectively. The latter 
result has been derived from, and in turn implies, the 
charge density commutator 
8 (2! —2!")[ 7°(x) W(x") = —6(«—2" egy (2’). 
The Maxwell differential equations for the Green’s 
functions G,“” emerge as 


(00—0*) 4G, (x,£) 
= (1— 80( 8)" Jer (1/2)5(£1— £2) G (x, £3- ++) +--- 
$((8))er E 6(E—aedegaCy ™ (x89 +) 


+ trZiByeqG,” (21+ - -Xonkiéi,é2° +), 
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where the dots following the first right-hand term signify 
the yv—2 similar ones containing 6(f:—£.), a==3+++y. 
These terms are produced partly by the transverse field 
commutation properties, and partly by the differential 
operator contained in A, with the aid of the relation 


(00—0?)nn( 0) = —nn+ 0(d—90) (#)—. 
The last term of this equation is the Green’s function 
expression for 

(WW (a1) + + -W(xen) J (EDA (E2)- + + 4 e4 (2), 


which is obtained on writing 
j(%) = — Fiep (x) Byqy (x) = tripyeqy (x)p (x) 
=lim tr3iByeq(y (x) (x’))pe4(xx’). 


a'r 
The limiting approach of x’ to x can be performed 
symmetrically from the past and the future. 
In consequence of the conservation, and of the opera- 
tor properties, of the current vector we have 


(O,y)é triBy"eqG,\*) (- . * Xon€1&1,&2° -+) 


=— DF 5(E:— xa)egaG,” (x,&2- ++), 
a=1 


which enables the Maxwell differential equations for the 
Green’s functions to be presented as 
(00—0?)G, (x,£) 
= (1—00(8)— Jail (1/1)6 (1 — &2)G,™ (a, &5- + +) 
++ eee +tr}iByeqG,” (- ee £1&1,&2° ee )}. 
‘These equations still need to be supplemented by the 
condition of transversality characteristic of the radia- 
tion gauge. This requirement is explicitly satisfied in the 
following form of the Maxwell equations, 
(—0)eG, (x,£) 
=[(1—90(#)*)(1— 00(#)*) Jes 
X([(1/1)6 (E1— &2) G4 (x, &3- - -) 
+--+ tr}iByeqG,” (-- + E1£1,E2° ++) J. 
Complex conjugation produces the analogous differential 
equation for G_, 
(— 0?) 1G (x,€) 
=((1—90(#)") (1— 00(@)*) Jer 
X [16 (1— &2)G_ (a, 5° -) 
+ eee — tr}iByeqG_™ (- °  €1£1,&2° ee )) 


The Dirac equations for the Green’s functions are 


(By (1/1)0-+- mB) 21G4 (x,&) — (Byeq):1Gs. («,x181- ++) 
=6(41—%2)G4” (x3---,€)—-+-, 
where the dots indicate the 2n—2 similar terms con- 


taining (—1)%5(%1:—x_), a=3---2n. Involved here are 
the Dirac field commutation properties and the relation 


5(x°— x") (x), Ay (x’) |= n,n, D(x— x’ )iegBy’p (x). 
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The latter is the source of the additional terms necessary 
to convert 


(GEA (221) (01) WW (a2) - - -A (En) > =» yee (x) 


into the Green’s function G4” (41- - - %en,%181° + * &,). 
The Green’s functions are also characterized by their 

spectral properties. When all time coordinates are 

distinct, the Green’s functions assume the general form! 


((x(21)x (ze) > + * aes, 


where x(z) refers either to the B.E. field A(€) or to the 
F.D. field y(x). Hence G,“™ contains no negative fre- 
quencies in its dependence upon the differences of the 
consecutive time coordinates, while G_‘” contains no 
positive frequencies. The connection between the spec- 
tral characteristics of the two types of Green’s functions 
is expressed by complex conjugation, and also by the 
analytic continuation! 


G_‘® (z)= (—1)"G,” (—e-F ‘z). 


The verification of the latter involves more than the 
comparison of the two time-ordered forms at distinct 
times since the Green’s functions also contain delta 
functions of the time differences. The differential equa- 
tions take account of these terms and we observe that 
the operation —e~*‘, which reverses the sign of all delta 
functions, together with the factor (— 1)", produces the 
G_ differential equations from those for G,. 


THE LORENTZ GAUGE 


We now begin the task of subjecting the radiation- 
gauge Green’s functions to a gauge transformation that 
is designed to remove the explicit dependence upon the 
unit time-like vector m, and thereby introduce the 
Green’s functions of the Lorentz gauge. The preliminary 
transformation, 


G® (x,£)= [] (1—00(8?)).G(x,£), 
a=! 

exhibits radiation-gauge functions in terms of new 
functions which, in their dependence upon each variable 
£., remain arbitrary to the extent of added gradients. If 
the latter functions are restricted by the differential 
equations, 

(— 0) eG, (x,€) 

= —16(£1— &2)Gs(x,§3---)+--- 

+ (1—00(8) Jer tr}iByeqG,(- + + E1k1,F2°- +), 
the radiation-gauge differential equations will be repro- 
duced. To present the analogous Dirac field equations 
most conveniently, we introduce the symbol @(é), 


which is defined by 


(t(€)G(x,8)- + -&,) =G(x, bb + - &,). 
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According to the resulting product 
Q(E)@(2’)G(x,f1- + +.) =G(x,E8'Er- - - E>), 
and the symmetry of the Green’s functions in B.E. 
coordinates, these symbols are commutative (we are 
now imitating the external source procedure). The Dirac 
differential equations for the functions then appear as 
(By (1/1)0+6m) 1G, (x,€)— (Byeq)1Gy.(x,%181 “*) 
+ (Byeqd0(#)"'@)iG, (x, £) 
=6(x1—2X2)G, (x3: 2°, E)— ees, 


which indicates the Dirac field gauge transformation 
implied by that of the Maxwell field, 


G,.(x,€) = Il exp[ — ieg.0(0*)' @ (xa) |G, (x,€). 
a=1l 


The utility of the @ symbols is clearly shown in this 
result which constructs the G functions by means of an 
infinite series of G‘ functions, with increasing numbers 
of B.E. coordinates. The new Green’s functions obey the 
Dirac equation 
(By (1/1)0+- mB) 1G, (%,£)— (Byeq) G4 (x,a181- - +) 
=§(41—%2)G, (a3---,E)— +--+, 
and the same form applies to the complex conjugate 
functions G_‘ (x,£). 

Before obtaining the Maxwell field differential equa- 
tions obeyed by the G‘, which are the desired Lorentz- 
gauge functions, we must notice another aspect of the 
symbols @(£). If we compare the differential equa- 
tion characterizing G,(x,f---é,) with the one for 
G(x, £1- + -€€)= @(£)G,(x,£1- - + £,), we recognize that 

[(—6)e1, @(E) ]@ ($1) = —16(E— £1). 


The required form of this property is 


fexo] - f apngate) |(—%e 
xexp| f aen(evae)|- (a. face —ind(&,), 


where we choose 
—id(E)=Do a €ga0(8)— 5 (E—x,). 


Accordingly, the insertion of 


G, -ex| faonoaw fem 


into the Maxwell differential equations yields a similar 
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set for the G,“ that contains in the left-hand member 
the additional term —i\(é) XG,“ («,é-++). But in 
view of the relation that follows directly from the Dirac 
Green’s function equation (in contrast with the deduc- 
tion of the identical radiation gauge result from operator 
properties), 


(O,)é1 tr3iBy"eqG, ( +++ EE) Eo -) 


2n 


=— DY 6(f:—xa)eqgaGy™ (x,£2: ++), 
a=l 


this additional term finds an exact counterpart already 
present, and 


(— 0) Ga (x, £) = Fi6 (E1— £o)G4™ (x, £3- +) es 
+ trpipyeqG,. (xbib1,£2° + +) 


is the desired set of Maxwell differential equations for 
the Green’s functions of the Lorentz gauge. To these 
equations must be added boundary conditions that will 
reproduce the spectral characteristics of the radiation- 
gauge functions. We specify the Lorentz gauge com- 
pletely by requiring that the G,‘™ contain no negative 
frequencies and the G_™ no positive frequencies in their 
dependence upon the differences of consecutive time 
coordinates. The two classes of Lorentz-gauge functions 
are then connected by complex conjugation and by the 
analytic continuation 


G_) (zg) = ( 1)” 74/4) (—e Tig). 


We have now shown‘ that the radiation-gauge Green’s 
functions, which have a direct operator definition and 
corresponding physical interpretation, but involve a 
distinguished time-like direction, can be constructed 
from Lorentz-gauge Green’s functions, 


Gs (x,£)= TT (1—098(8)—)e, 


a=) 


2n 


xX J] exp[—ieqd(02)'@ Jz uG4. (x, £), 
a=l 


where the latter functions do not depend upon the time- 
like vector m, but have no immediate physical signifi- 
cance. The simplest examples of this construction are 


Gs (E,E>) 
= faery (aesntore — §1')+00D(E1— £1’) J} 
X [6 (£2— £2’) + 09D(Eo— £0’) G4 ( Ey’ Es’), 
and 


4 This result was first obtained some years ago by K. Johnson 
and the author (unpublished), using the method of external 
currents. 
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Gi” (x1x2) 


exp] ie f (ab Lnan(a.—2) 


+929D(x2— t) ]@ (£) G4 (x1%2) 


=G, (x14%2)+ ief (dé) [q19D(21—£) 
+928D(x2— £) |G, (x1%2,€) 


= ie f (dé) (dé’) [qi 8D(a1— §)+420D(x2— €) | 


X Lm 9D(a1— ) + q2OD(x2— £’) 1G. (axe, EE’) + + -. 


The same connections between radiation-gauge and 
Lorentz-gauge functions apply to the linear combi- 
nations G,(£ig2)+G_(éig2), and  €,(ai%2)[Gy(a1%2) 
+G_(«:%2)], the latter relations also containing the 
infinite sequence of functions 


€, (a1%2)[G, (41%, €1 tails t,) +G_ L) (41X29, £1" : f,) | 


y=1,2---, 


The combinations of radiation-gauge functions are non- 
negative, but there is no assurance that such properties 
extend to the Lorentz-gauge functions. Indeed, the 
general loss of the positiveness conditions that ac- 
company physical realizability is made evident by the 
attempt to supply a time-ordered operator construction 
for the Green’s functions of the Lorentz gauge. 

The differential equations characterizing the G are 
satisfied by the following structure: 


Ga (x, €) =((W(41) + «pW (aon) A (€1)- «A (Eo) eg (4) 

where the operators ¥(«) and A,(&) obey 

[y((1/1)8—egA )+m y=0, 

—?A=— sieyByqy, 
and (among others) 
5(8— &”)i[ 0A y(£),A o(€) J= gud (E—€’), 
5 (x°— 2") {yp (x), W(x’)} =6(x—2’), 

5(—.2°)[A (€),W (a) J=0. 
The symbol { ) signifies a linear mapping of operators 
onto numbers, including the correspondence (1)=1, 
which must possess the property 

(x1° ‘ xE)*= (xe: +X) 


in order to reproduce the complex conjugate relationship 
of G,“ and G_™, The spectral requirements on the 
G indicate that the space-time variation of the fields 
is represented by 

x(x) =E7 PryeiPs 


(1/1)d,x(x)=[x(x),Pu], 
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where the operator P® has a non-negative eigenvalue 
spectrum, and the more specific interpretation is at- 
tached to { and ) of the left and right eigenvector of P° 
associated with the eigenvalue zero. The field operators 
are self-adjoint with respect to the operation that 
interchanges the left and right eigenvectors. We now 
remark on the following consequence of the commuta- 
tion relations, 


5(8— &)(Ay(E)P°A(€) +A,(8) PPA, (E)) = gud (E—&'), 


which is to be compared with the implications of the 
hypothesis that the adjoint operation is Hermitian 
conjugation. The evident contradiction between the 
non-negative nature of the left-hand side and the value 
goo= — 1 demands a more general interpretation of the 
adjoint, corresponding to the introduction of an in- 
definite metric in the vector space. We shall not con- 
tinue this approach, with its inevitable requirement that 
the consistency of the various assumptions concerning 
operator properties be established for the physical 
situation of interacting fields. It is our view that the 
physical operator basis used in the definition of the 
radiation gauge Green’s functions is entirely adequate, 
the introduction of the Lorentz-gauge functions being 
an application of the freedom of gauge transformations, 
and not an occasion for a somewhat dubious recon- 
struction of the mathematical foundation of the theory. 


EUCLIDEAN GREEN’S FUNCTIONS 


The Lorentz-gauge Green’s functions referring to 
2n+v= p space-time points involve p—1 linearly inde- 
pendent coordinate differences, and these appear in p! 
distinct functional forms corresponding to the various 
time orderings. Each continuous function associated 
with a particular time order, /?>--->), is formed 
from harmonic functions of the time differences, ¢‘ 
—t‘*+), which contain only non-negative frequencies 
(G,), or only nonpositive frequencies (G_). These func- 
tions are also defined outside the special time domain 
where they reproduce the Green’s function, and can be 
identified as boundary values, on the real axis, of com- 
plex variable functions which are regular in various half- 
planes. But the Green’s function is more than the union 
of its several parts. In particular, it possesses possi- 
bilities of analytic extension that are not available to the 
functions® associated with a particular time order. 
Thus, for distinct space-time points, but with no re- 
striction on the p time variables, the Green’s function 
G,.(t:---tp) emerges as the boundary value on the 
positive real axis of a function G,(fti-+-t,) which is 
regular in the lower-half ¢ plane (it is sufficient to let 
¢— +1). If ¢ approaches the limit —1 from the lower 
half-plane we obtain the function (—1)"G_(—4,---—¢,). 
Similarly there exists a function of ¢, regular in the upper 

5 When the Green’s function is directly connected with a vacuum 
expectation value of time-ordered field operator products, these 


functions are the unordered product expectation values that have 
been discussed particularly by A. Wightman. 
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half-plane, that yields G_(4:--tp) as ¢—1 and 
(—1)"G,(—ty---—t,) as ¢-+—1. These analyticity 
properties imply, in particular, that the values obtained 
when ¢ occupies the appropriate imaginary axis ({==1 
suffices) completely determine the Green’s function, and 
conversely. 

A very simple illustration of these remarks may be 
helpful. The functions 

1 


£4( tite) =—eF iw| ti— t2| 
2w 


w>Q, 


obey 
(0?/dt?+-w*) 24 (tile) = ¥16(t;—t2), 


and have the frequency characteristics appropriate to 
their designation. As a function of the single time 
difference {=/;—f2, 2wg, for >0, and 2wg_ for <0, 
coincide with the function e~‘“‘, which is defined for all 
real ¢ and is the value on the real axis of a function that 
is regular and bounded in the lower-half ¢ plane. The 
quantities 2wg,(t<0) and 2wg_(t>0) are similarly re- 
lated to the function e*“' which possesses a bounded 
analytic extension into the upper half plane. The 
functions g, are represented for all ¢ by 


“x p— iv ( ti— te 


€ 
dy ———_, 
"ied tl 


F 
£4 (tto) = -— 
‘a 


where the integration contour for g; passes below —w 
and above +w; it is to be reflected in the real axis for 
g_. Ananalytic extension of g, is now obtained by making 
the substitutions /— ¢t, [=pe, —r<d<0, together 
with v—>¢—'y, which gives the contour a positive 
rotation. The resulting integral extended along the real 
axis, 


1 = ¢ 
£4 (Ch Clo) = — f dy ———_ ¢~ *r( tifa) 
2ri wey? 


—D 


defines for all ¢ an analytic function of ¢[=(2w) 
e~ ‘#|4~8I!'] which is regular and bounded in the lower 
half plane and reproduces g; asf — +1, or g-asf——1. 
Similarly, the substitutions {— {/, v--¢"'v, [=pe*, 
ax >6>0, performed in the integral representation of g—“ 
yields 

1 


and this is a regular, bounded function of ¢, in the upper 
half-plane, for all (2 = (2w)“e +! "~ 81], As ¢ approaches 
+1 or —1, we obtain g_ or g,. The evident relation be- 
tween these analytic extensions of g, and g_ is such that 


1 > 9 ee" ti— te 
g(— iit) =g-(initd)=— f dy —-——- 


v>to? 


2r Y_, 
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which is a bounded quantity for all ¢. In contrast, the 
real functions that are analogously produced from e*‘#' 
are not bounded for all values of ¢. It should also be 
noted that 


(—0?/dt?+w*) 4 (Fiti Fite) =6(t1—L2), 
from which we infer the formal transformation 
Fis (Fit) =6(2). 


To facilitate the conversion of the Green’s function 
differential equations to the Euclidean metric, some 
remarks about the structure of Dirac matrices are 
needed. The matrices y* have simple algebraic prop- 
erties, as determined by the metric tensor g*’, while it is 
the matrices By“ that possess the property of symmetry. 
The matrix 8 appears here as representative of the 
indefinite Lorentz (or Minkowski) metric. Accordingly, 
the replacement of the latter by the Euclidean metric 
will introduce matrices a, that are symmetrical and have 
the simple algebraic property 


{aya} = 26yy. 


We shall inquire generally about the possibility of 
constructing such matrices. It is well known that 2n 
anticommuting matrices of unit square generate an 
algebra with the dimensionality 


1+-2n-+-2n(2n—1)/2+-+>-+2n+1=2?", 


corresponding to the enumeration of the operator basis 
formed by the independent products. The last element 
of this collection is 


Qonp1=t "1° * "Aan, 


which extends by one the set of anticommuting matrices. 
We now want to recognize that when these 2n+1 
matrices are irreducible and possess a particular sym- 
metry, 2+ 1 of them are symmetrical, and the remaining 
n are antisymmetrical. 

An elementary proof employs the construction of the 
algebra as the product of m independent algebras of 
dimensionality 2°, represented by the 2X2 Pauli 
matrices, 1, 01, a2, a3. The ascent from 2n+1 anti- 
commuting matrices a, to 2n+3 such matrices is pro- 
duced, for example, by 


k= 10-21. 


o1, 02, 3x, 


If o3 is symmetrical the set of 2n+1 matrices has the 
same symmetry distribution as the a,, k=1-++-2n+1. 
The two additional matrices constitute one symmetrical 
and one antisymmetrical matrix. Hence the number of 
each type grows by one when » is increased by unity. 
The stated result now follows from the remark that we 
can begin with unity, for n=0, and it is symmetrical. 
The particular construction method employed does not 
influence the dimensionality of the two symmetry 
categories. 

We first consider »=2, which produces the familiar 
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set of five anticommuting 4X4 matrices. Since there are 
only three symmetrical matrices, this set is adapted to 
the 3+1 Lorentz space but cannot be applied to the 
four-dimensional Euclidean space. To have four sym- 
metrical anticommuting matrices, we must choose n> 3, 
corresponding to 8X8 matrices, at least. Thus the re- 
quirement of a Euclidean formulation excludes the 
simplest field in space-time, the four-component Her- 
mitian spin-} field (Majorana). In this context, a trivial 
observation may be worth repeating—a four-component 
Hermitian field is fully equivalent to a two-component 
non-Hermitian field. 

For n=3, the three symmetrical matrices 7y!, iy”, iy® 
and the antisymmetrical matrix y° are supplemented by 
iysl3, 1ysl1, tysl2, of which the first is symmetrical. The 
matrices /;lo/3 are 2X2 Pauli matrices, with /; antisym- 
metrical, and we have defined 

y= 7777". 

There are a variety of unitary transformations that will 
effectively change the order of these seven anticom- 
muting matrices and supply four symmetrical real 
matrices followed by three antisymmetrical imaginary 
matrices. Thus, the unitary transformation by the 
matrix exp[4zi7y°ysl3] produces the sequence: iy', iy’, 
iy, tys13; —Y°, 15/1, 16/2. Subsequent unitary-orthogonal 
transformations will not alter this symmetry parti- 
tioning. The transformation matrix exp[}ziy° ], for ex- 
ample, supplies the list: y°y', y*y*, y°y*, v°vsls3 —v°, 
Veh, Yvsl2. With n>3, we gain the possibility of 
describing additional internal symmetry properties, 
which appear rather differently in Lorentz or Euclidean 
form, but we shall not discuss it here. 

The analytic extension of the time variables to the 
uppropriate imaginary axis introduces the Euclidean 
metric, 


Gi: Pm Fir. 


The Green’s functions also undergo additional matrix 
transformations. For the vector indices related to the 
Maxwell field the transformation is just that formally 
associated with the redefinition of the coordinates, and 
we shall not indicate it explicitly. With this under- 
standing, a suitable correspondence is 


2n 
II (exp(49iy ydlsF mi) G4 (x) 4 G(x), 


a=] 


where, as the right side suggests, the same real Euclidean 
Green’s function is obtained from the two complex 
Lorentz Green’s functions. The effect of this substitu- 
tion on the various Dirac matrices is indicated by 


exp(F4miyysls) (1/1) B(y*, Hiv’, 1) exp(Fimty’yds) 
= exp(4miy yds) (y*, ti’, 1) exp(Fimiyyds) 
=yy*, vids, 7’, 


and the resulting set can be labelled consistently as a,, 
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u=1---5. The real differential equations thus obtained 
are 


(ad+mias) 21G' E)( x,& -_ e(aig) CG‘ B) X51) 
= §(%,;—22)G™ (x3--- 
and 


(— 0 )eG™ (x,£) +e trjaigG™ (xt1€1,£- + -) 


= 5(£1:— £2)G™ (x, £3- J -)+ nites 


The accompanying regularity conditions demand the 
boundedness of each G (x;- + - %on,€1° + + €,) when neigh- 
borhoods of coincidence of the 2+ points are excluded. 

The Euclidean Green’s functions are invariant under 
a variety of transformations, in the sense of 


Pp 
IT (R).G(r-'sz) =G(z). 
a=! 


Four-dimensional rotational invariance is described in 
the evident manner with the Dirac field spin matrices 
given by 40,,, where each 


oy»=(1/21)[a,,ar], mw, v=1---4 


is antisymmetrical and imaginary. If the matrix gq is 
invariant, the reflection of any coordinate axis implies 
the corresponding vector transformation for the Max- 
well field, while the Dirac field reflection matrices can be 


chosen as 


R,=ta,a, pw=1---4 

which are real, symmetrical, anticommuting matrices. 
We also observe that the geometrical connection be- 
tween reflection and rotation is correctly described, 


RuR,= et 9", 


Invariance under the coordinate-independent trans- 
formation of the Dirac field that is generated by the 
imaginary antisymmetrical rotation matrix 


(1/i)aga,=1(=13), 


implies the conservation of the fermionic charge repre- 
sented by /. There is a similar transformation associated 
with the electric charge matrix g. The two charges may 
be identical, but we need not insist on this. Indeed, the 
coordinate reflection transformation that we have de- 
scribed is an invariance operation only when / and g are 
independent. If these charges are the same (or are 
coupled together) the reflection transformation must be 
accompanied by an additional sign reversal of the 
Maxwell field, for each Ru induces a reflection of the 
fermionic charge. This is a combined coordinate and 
charge reflection transformation. 

The matrix ag, or a7, induces a coordinate-independent 
invariance transformation that also implies fermionic 
charge reflection. Hence one could combine R, with 
either ag or az, yielding tax or lax, which describe 
coordinate reflections without charge reflection. It is 
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interesting that the matrices now under discussion are 
imaginary, and yet the reality of the Green’s functions 
is not disturbed since a transformation involves an even 
number of such Dirac matrix factors. Let us also note 
here that the algebraic sign of m is without physical 
significance since the Green’s function transformation 
described by the imaginary Dirac matrix as, or —tlas 
=«a,a20304, has no other effect than to reverse this sign. 

The full equivalence of all directions in the Euclidean 
space makes it unnatural to relate the Green’s functions 
to operators ordered by coordinate projection on some 
line, and one might seek to introduce an invariant 
ordering parameter (proper time). We shall follow a 
different course, however, which also has its counterpart 
in space-time where it is the formulation to which the 
source techniques lead. To avoid emulation of the latter 
procedure, we set down directly the following operator 
construction of the Euclidean Green’s functions 
G(x,€)=(O|W(a1)- - -W(xen)A (&1)- + - A (&)|W)/(0] W), 
where 

[Au(E),Ao(E) ]=[An(é),W (a) ]= (¥(a),¥ (2')} =0, 
throughout the four-dimensional space. The symmetry 
properties of the Green’s functions are thereby repro- 
duced. In addition to these commutative or anticom- 
mutative fields, there is a complementary set of fields, 
Bu(é), @(x), which are also everywhere commutative or 
anticommutative, and obey 
i[ Bu(£),A,(&’) ]=6u,4(E—#’), 
{(x),W(x’)} =6(x—x’). 

All other commutators vanish. The state (0! is charac- 
terized by zero eigenvalues of the second operator set, 
(0! B(é)=0, (Ol¢()=0, 

while |W) is described by 

[ (ad+mias)y (x) — eigaA (x)p(x) +(x) ]|W)=0, 
and 

[— 0A (£)— dep (E)igay (£)+7B(E) ]| W)=0. 


One verifies immediately that the differential equations 
are reproduced by these definitions. In virtue of the 
complementary field commutation properties, the opera- 
tor definitions of the vector |W) are satisfied by the 
construction 

|W)=e-" |0), 


where 


W= $f (aC ,A.)+V (a4, +-miasW—eA sbigas, 


and |0) is the right eigenvector of B and ¢ associated 
with zero eigenvalues. If these states are to exist it is 
necessary that the B and A operators be Hermitian. 
That property, together with the choice of y and ¢ as 
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mutually Hermitian conjugate operators, 
o(x) = (x)", 


assures the reality of the Green’s functions. We verify 
the latter statement by remarking that 


G(x,£) 
(’ = B’=0| Way) + + -W( Xen) A(E)- + A(E,)enW# 41 | 0) 


’ 


(0| e-¥l¥-41|0) 
implies 


G(x,£)* 
(y’ = B’ =0)| ib(a1) «+ (Xen) A(E:) «ACE, em V4) | 0) 


(O| e~W lteAl | Q) 


where the factor of 7 associated with each F.D. field 
refers to the sign reversal induced in every pair of such 
field products by the adjoint operation. Since the 
conversion of i@ to y and the interchange of the null- 
eigenvalue states is a canonical transformation, the 
equivalence of the two forms, and the reality of the 
Green’s functions, follows. 

The latter discussion shows that while the Euclidean 
action operator W is not Hermitian, it is connected with 
its Hermitian adjoint by a unitary transformation. In 
contrast with this expression of reality, the Green’s 
function invariance properties to which we have referred 
are associated with unitary transformations that leave 
the action operator invariant. An example that has not 
been mentioned is provided by the unitary operator 


U=exp(iewPu), 


where Px, the Euclidean total linear momentum vector, 
is the Hermitian operator 


1 - 
P,= fo — B,0,A,+¢ | 
j 
5 1 
= f cao] 4.0.8, +¥-046| 
1 


[v,Pu]= (1/1) dup, 


Evidently, 
[A,Pu]= (1/i)duA, 
and generally 
Ux (s)U=x(s+e). 
The action operator is invariant under this transforma- 
tion, and since 
(0| Pu=0, Pu|0)=0, 


we verify that the Green’s functions are translationally 
invariant. We give this property another form on 
replacing the coordinate variables with the comple- 
mentary momentum variables. This is expressed by the 
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transformation 
G(x: i *Xon,é1° . -&,) 
(dpi) — (dk,) 
f ——- + -——— exp[i(pixit - -- +2, &,) ] 
(2)? (2)? 
XG(pi- ++ ponykis + hy). 


Under the related field transformation, the action 


operator acquires the form 


W[y,A ]= sf (ae) (—k)k?A (k) 


+i f (apy — p)(apt+mas)p(p) 


bie {apy ap’) de 


1 
X———6(pt p’+k)A (kv (p) gap (p’). 


(27)? 


The translational invariance of G(x,£) requires that 
G(p,k) contain the factor 6(pit+: +: pontkit-:--+h,), 
and this follows directly from the invariance of the 
operator expression for G(p,k) under the transformation 


U-1A (k)U=e'*#A (k), 
U-y(p)U =e! (p). 


A compact expression of the totality of Green’s 
functions is obtained by defining the generating 


function(al) 


= (dx,)+ ++ (dxXeon) (d&)-: 
G[o'B’]=1 rf 


(2n)! yp! 


- (dé,) 


1 1 
xK-Blé -—B(E,)/b( Xan)! + O(a)’ 
1 1 
XG(x1°° Xen §1° + + Ey). 


Here the Bu(£)’ are a continuous set of arbitrary real 
numbers, while the ¢(x)’ are completely anticommuting 
symbols formed from an algebra external to that of the 
F.D. fields and thus are commutative with the latter. 
We shall also use the notation @(x)’ for reference to 
symbols that are anticommutative with the operator 
fields Y (a), 6(x). The connection between the two sets is 
produced by the operator that generates the canonical 
transformation of sign reversal of all F'.D. fields, under 
which the action operator is invariant, namely 


p=exn| i f (sy6(204(0)|=exn] —1i f Cao (sd060 


The equivalence of these two forms depends explicitly 
on the even number of components possessed by the 
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F.D. field. (The integrals are given a meaning by an 
equivalent summation over arbitrarily small four- 
dimensional cells.) When acting upon the zero-eigenvalue 
states of the operators ¢, or y, the field reflection opera- 
tor p exhibits the eigenvalue +1, 

(0|p=(, 
Accordingly, we write 


$(x)'(0| =(0|o(x)’, 
| 0)p(x)’=$(x)"|0), 


where ¢(x)’ in the position of an operator contains p, and 
thus is anticommutative with all y and ¢ operators. The 
summation defining the generating function, or Green’s 
functional, can now be performed and we get 


cto’) (olero] -i f a08,00)4,00 | 
xexr| fanocorve||ir) / W), 


G[¢’B’]=(¢'B'| W)/(0| W), 
in which we have recognized that the exponentials are 
operators of the special canonical group,® which trans- 
late eigenvalues of canonical variables. Indeed, 
(¢’B’ | Bu(é)=('0| e-*8’4B, (E) 
= ('B’| Bu(é)’, 


p|0)= | 0). 


and 


(p’ B’ | o(x) = (OB' | e*’%p(x) 
= (¢'B’|o(x)’. 


Thus the generating function is exhibited as the wave 
function representing the state | W) in the ¢’B’ descrip- 
tion, apart from a constant that normalizes G[00] to 
unity. 

The operators 
operator realizations in the ¢’B’ description. 
tesimal eigenvalue changes induce the variation 


A and y can be given differential 
Infini- 


5(¢’ B’ | =(9'B’ |-if (dt)5B,(£)’A,(&) 


+ f (dx)5p(x)'p(x) | 


which we express as 


(¢'B’ 


6 
A,(&)=1 —(¢’ B’ 
5B, (&)’ 
and 
f 
(¢’ B’ |\w(x) =———¢ B’ 
5 (x)’ 
* A fuller discussion of this group appears in an article being 
srepared for publication in the Encyclopedia of Physics (Springer 
aie (to be published) ] Vol. 5, Part 2 
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The latter form also involves the conversion of the 
eigenvalue variations into elements of the external 
algebra, 


(¢'B' |p (x)’ = 6g (x)'(o'B’ |. 


The abstract operator equations defining the state | W) 
acquire thereby a differential operator realization that 
characterizes the Green’s functional, 





6; 6 61 
 (oa-+mias) +ega +000) | 
d(x)’ 5B(x)’ 56(x)’ 


XG[¢’B’]=0, 
6 5, 
| -2——-4e e——-qa at B(é)’ Jot B’)=0, 
5B(z)’ — 5h)’ 5b (E)’ 


and from which the original Green’s function equations 
are recovered with the aid of the correspondence 
G(x, 2+ Kon & 


01 


5(23)’ 7 





“5b (2n)' 
6 
xi inh 
5B(éi)’ SBE.) 


A formal solution of the functional differential equa- 
tions appears on applying the differential operator 
realization to the explicit operator construction of the 
state |W), 

(0| W)G[¢’ B’] =e ¥ (su/50", 8/5 BST go! 5B’). 


We have used the notation 


5[¢’ |é[ B’ |= (o’B’ |0(¢'B’)) 
=(0|e-i®" 140410), 





G[¢'B'} 


| 6’=B’ =0 


which is in conformity with the fundamental property 
Bu(&)'6L$' JLB" ]=(¢'B' | Bu()|0)=0, 
(x)'5L¢" 6B’ ]=(¢'B’ | o(x)|0)=0. 


An alternative expression of the relation between G and 
W is obtained by writing 


(0| W\¢'B’ | G[g,B]|0(y’A’)) =’ B’ | e-" 4) 0(9'B’)), 


which utilizes the unit value ascribed to the trans- 
formation function 


(o'B’ \y/A "\ = ev’ v'— iBYA’ 


when either eigenvalue set is placed equal to zero. As a 
vector equation, 


(0| W)G[¢,B]|0(y’A’))= e741 /0(9'B’)) 


can also be displayed in the yA’ representation, where 
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it takes the form 
(0| W)G[b:/6y’,(1/i)6/6A' OLY’ LA’ =F '4, 


with the aid of the following consequences of the 
canonical transformation B— A, A— —B; ¢ey: 


WA’ |g’ B’)=e-0' V+ iB A’ 
(y’A / ly’'A a — ity’ —y" oA i A "7, 


It should also be mentioned that an integration concept 
can be devised for both types of field variable, such that 


6L 6’ J6L B’]=(0| e*’¥-‘8’4 0) 


= f aly Layo, 


and 


foc vce wc8")- 1. 
The generating function, for example, thereby acquires 
VOLUME 
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115, 
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the integral representation 


faeutajerw aren iB’A’ 
G[¢’B’]= ike sada 
f dt" MLA" e-wiv'a 


The discussion of Euclidean Green’s functions will be 
continued in another publication. 


Note added in proof.—It has not been sufficiently emphasized 
in this paper that the term “Lorentz gauge,” as descriptive of a 
gauge in which there is no distinguished time-like vector, refers 
to a class rather than just the special gauge used in the paper. One 
can also introduce, for example, the transverse Lorentz gauge 
(here ‘‘transverse”’ has a four-dimensional space-time significance), 
characterized by 


(0) tG, (x,f)=0, a=1... 7 


together with appropriately modified Maxwell differential equa 
tions. The radiation gauge functions constructed from Lorentz 
gauge Green’s functions are clearly independent of the specific 
Lorentz gauge employed. This subject will be discussed further in 
a later paper. 
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An integral representation as a function of invariants is found for the Fourier transform of the matrix 
element between the vacuum and a one-particle state of the retarded commutator of two currents. A special 
case is a spectral representation for the vertex as a function of momentum transfer. The threshold in this 
representation is lower than that found in the usual perturbation theory. 


INTRODUCTION 


E shall study the structure of the matrix element 

of the commutator, the retarded commutator, 
and the time-ordered product of two field operators 
taken between the vacuum and a single-particle state. 
Our technique will be to manipulate these functions in 
the physical region in such a way as to obtain an 
integral representation for the function in terms of the 
invariant momentum parameters that characterize its 
Fourier transform. 

We shall discover that, for a special case of this 
representation, one can continue analytically certain of 
the invariant parameters out of the physical region and 
automatically obtain a spectral relation for the vertex 
function as a function of the momentum transfer. 


* Now at Brandeis University, Waltham 54, Massachusetts. 

t National Science Foundation Postdoctoral Fellow. 

tOn leave of absence from Tata Institute of Fundamental 
Research, Bombay, India. 


The basic representation we shall find for the Fourier 
transform of the retarded commutator of two currents is 


fetornrarC ja) i003 | P) 


= f udp 


in which the variables are limited by 
0282-1, u2max{ f(s), —6’p*}, 


where (8) is a function, which we will specify later, 
determined by the mass spectra of the intermediate 
states, and H(u,8,p’) is uniquely determined by the 
Fourier transform in the physical region. 


H(u,8,p*) 


eorpacennecmnicicee, {f) 
k+ 28pk—w+ie( pk+Bp*) 


THE REPRESENTATION 


We shall begin by deriving a representation for the 
matrix element of the commutator of two currents. We 
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shall discuss only boson fields, the extension to the 

general case being trivial. We consider a matrix element 

of the form 


h(x, px) =((j1(x),j2(0) ]| p), (2) 
in which j;(x) and j2(x) are the currents associated 
with two fields and the state |p) is a state of energy 
momentum p,; p?=x"; po>O. This state may be either 
a single-particle state or the state produced by operating 
on the vacuum with a single Fourier component of a 
field. As a consequence of Lorentz invariance we know 
that this matrix element depends on the coordinate 
only through the variables x*, px. It is also a function 
of p and of other eigenvalues; the weight functions 
will depend implicitly on these parameters. 

We introduce the Fourier transform of the matrix 
element with respect to the invariants: 


h(x*,px) = f eaas exp(tax?) exp(i8px)g(a,8). (3) 


The condition that the commutator vanish for space- 
like intervals, whenever a°<0, is equivalent to the 
requirement that g(a,8) be analytic as a function of a 
in the lower half a-plane. The part of the Fourier 
transform, g(a,8), that is determined by values of the 
invariants in the region p*x*2 (px)? is arbitrary but 
not enter into the momentum-space Fourier 
transform that we shall take since this is extended only 
over real values of the coordinate-space vector. We 
express the exponential exp(iax*) as the Fourier trans- 
form of a Gaussian, absorbing the numerical factors 
into the weight function: 


does 


h(x? px) = [ idaas exp(—ikx) 
. g(a,8) 
Xexp(—1tk?/4a) exp(i8px) 


aia 


Since g(a@,8) is analytic in the lower half a-plane, 
represent it as 


sa 


e(as)= f dd? exp(id?/4a)H(d2,8). 


0 


Then the a-integration can be performed, yielding 


_exp(—ikx) exp(i8px) _ 
h(x*,px) = wf ak H(?,8)dddB. (6) 


k?—)2 
We use the identity 
e7 tke 


 { ae —- —ine(ao) fa €(Ro)e~***5(k?—)?), 


2 


(7) 


and introduce the Hilbert transform of A(A2,8) in order 
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to remove the ¢(%») behavior produced by (7): 


: dg 
A(x2,8)=0 f H(\?,8)—. 
B-B 


The result of these substitutions is the expression 


h(x?,px) = fekas e(pk) exp(—ikx) 
Xexp(iSpx)5(k°—)H(A2,8), (9) 


or, for the Fourier transform of the commutator, 


f(k?, pk) = fewas h(x*, px) 


-{ an f dB e(pk+8p") 


X6((k+8p)?—)H(d?,8). (10) 


For this representation for the commutator, the 
retarded Green’s function may easily be derived; it is 


ferocas h(x*,px) 


ss . H(d?,6) 
f arf dg = — 
0 = (k+Bpt+iep)?—) 


LIMITS ON THE PARAMETERS 


(11) 


We turn now to the problem of restricting the ranges 
of the parameters in the representation. We have, as 
yet, imposed only the condition that the commutator 
vanish * for space-like intervals. Further restrictions 
arise from the mass-spectra of the intermediate states. 
If we expand the commutator over a complete set of 
eigenvectors of the energy-momentum vector, the 
coordinate-space integration yields a 6-function and 
we have 
f(R?,pk) = (2x)* & 6(R—m1)(j1| 1X1 | Jo! p) 

— (2r)* >> 5(k+n2— p)(j2|m2n2| fil p). (1 
Thus the Fourier transform of the commutator will 
vanish unless either 
p—k=nz, 


k=n, or 


where #, and m2 are possible intermediate momenta. 
In terms of invariants, 


S(R’,pk) 40 if 


2pk< —M.2+p?+h? 
2pk< 2x(k—Ms2), 


(13) 


where M, and Mz are the lowest masses occurring in 
each ordering of the commutator. We know the Fourier 
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transform only for real vectors k,; thus the function 
f(R*,pk) is given only for values of the invariants that 
lie in the physical region (pk)? > pk”. In the nonphysical 
region, for those real values of the invariants that 
correspond to a momentum vector k, with imaginary 
components, the function will be determined by the 
representation (10). In the region ®, which consists of 
all of the (k*,pk)-plane outside the nonphysical region 
and outside region (13), f(?p,k) vanishes. 

For convenience we introduce a new variable n=)? 
—6’p’ in the representation. Then 


f(R®,pk) = f dudB H (u,8)e( pk+6p’) 


Xd(k?+2pkB—p). (14) 


We allow uw and 8 to run from — ~ to & and incorporate 
the causality condition by having H(u,@) vanish in the 
region 4< —°p. Each point in the (k?,pk) plane corre- 
sponds to a line integral of the function e(pk+ 8p") H (u,8) 
over the straight line u=k?+2pk@ in the (u,8) plane. 
The parabolic boundary of the nonphysical region in 
the (k*,pk) plane, (pk)?= p?k®, generates a set of lines 
that have as their envelope the curve A: u= —£°’, 
and touch the envelope at the point @B=—pk/p* at 
which the e-function changes sign. All other points in 
the physical region correspond to lines on which the 
e-function changes sign in the interior of the region in 
which H (u,8) is zero. The boundary k?= M,’, 2pk>«M, 
of & corresponds to the set of lines of positive slope 
passing through the point B=0, w=M/;’ and lying 
between the line 8=0 and a line tangent to the curve A. 
The other boundary —2pk=M.?—p’—k?* corresponds 
to a set of lines produced by the clockwise rotation of a 
line through the point B=—1, u.=M,’—/p* from the 
line B=—1 to a line tangent to the curve A. The 
other points in the (k*,pk) plane at which /(k*,pk) 
vanishes correspond to all other lines lying entirely in 
the region swept out by these two sets of lines. If 
H(u,8) vanishes sufficiently rapidly for large 8, then a 
necessary condition for all these line integrals to vanish 
is that the function H(y,8) vanishes in the region 
covered by these lines. The support of H(u,@) lies in 
the region 8, the complement of the region covered by 


Fic. 1. The Fourier transform of the commutator as a function 
of k? and 2pk. The part of the physical region in which the function 
is nonzero is cross-hatched; the nonphysical region is shaded. 


VERTEX 


FUNCTION 


Fic. 2. The (u,8)-plane. The weight function H (u,8) is 
nonzero in the shaded region 5. 


lines generated by points in ®. Only in this region can 
H(u,8) be arbitrary. An alternative derivation of a 
necessary condition involving a different characteriza- 
tion of H(u,8) is given in the Appendix. 

A typical situation is illustrated in Fig. 1, and the 
corresponding domain for H(u,8) is shown in Fig. 2. 

The two physical regions produced by the two 
orderings of the commutator may or may not be 
disjoint. 

Case A: If M,+M.22k, the two regions are disjoint. 
The region ® will touch the boundary of the non- 
physical region, and the region § will include only 
values of » bounded below by the lines arising from the 
vertices of the region ®. Then H(u,8) is nonvanishing 


only if 
ue max{M + 2«M,B, (M2—k)?+2x(k—M2)p}, 
0282-1. 


(15) 


Case B: If Mi+M2<x, the two physical regions 
overlap. Then the region & is bounded by two straight 
lines. Their intersection generates a line which is a 
lower bound for yw, but which always cuts the parabola 
u=—"p*. The region § is then 


u> max{M?+6(M?—M?+x’), —f"p"}, 
0262-1. 


(16) 


Case A is the normal case. For a vertex arising from 
the interaction of stable particles, the stability condition 
will make the sum of the intermediate masses greater 
than any of the external masses. In this case the sign 
of the e-function associated with a point (k’,pk) depends 
only on which physical region contains the point. The 
support of {(k?,pk) generated by the representation is 
bounded by straight lines, all of which lie wholly in 
the complement of region ®. Thus in case A we have 
shown that /(k?,pk) vanishes in the nose of the non- 
physical region, up to the line defined by 
(17) 


u=M,(Mo—x), B= —(Mitn—M2)/2, 


which corresponds to the tip of the region $. Further- 
more, for extreme values of the relative masses, the 
representation demands that the contributions from 
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certain matrix elements vanish. If M.—x>M,, then the 
term 5°(j:|m){n|j2|p) in which the sum is over all 
eigenvalues consonant with a fixed m,, vanishes for 
MS? < (M2—x)*. Similarly, if M,>M2z+«x, then 
> j2|m)(n| j1| p) vanishes for M.?< n?< (M,—x)*. 

An analogous representation can easily be derived 
for the matrix element of a commutator between two 
single-particle states with the same momentum. 


GREEN’S FUNCTIONS 


We have derived the representation (1) with limits 
(15) or (16). Now we shall write more symmetric 
representations, in terms of the momenta &; and ke 
associated with each current. In case A, we shall write 
the time-ordered Green’s function. Since in this case 
the time-ordered Green’s function differs from the 
retarded function only by the sign of the ze in the 
denominator of (1) associated with the physical region 
arising from the reversed order of operators in the 
commutator, the function we want is given by dropping 
the sign factor from the ze term. If we define 


[ erretnasay ula) i) | p) 
=5(kitke— p)G,(ki*,ke*,p*), (18) 


then, changing the limits on u to incorporate the term 
—6p* arising from the change in the momentum 
variables, 


Ga(hishep)= f 
f1ki?+ oko? —p+ie 


b > max{ §,M?+ &(M,—x)?, §.Mo?+£,(M2—x)*} ’ 
p< (MitM2)?. 


dudédés 5(E1+f2—1)H (§1,£2,u,p") 


(19) 


&1, £20; 


For case B we use the similar retarded function: the 
only change in (19) is that ie becomes ie{k,°?—k.? 
+ p°(£:—£)} and the limits are 
u>max{’M?+éM,’, Pri sEs}, 
£1, £20; p> (M,+M,)’. 
SPECTRAL REPRESENTATIONS 
If we specialize the representation, putting a second 
particle on the energy shell, we obtain a spectral 
representation for the vertex as a function of momentum 
transfer. Consider two identical particles: let k= p—p’ 
where (p’)?= p?=x? (then 2pk=k’), and introduce a new 
variable o=yu/(1+ 8) in (1); then, in the physical 
region where k?<(0), the vertex is 


* doH(c) 
rie)= f enema, 


where 


A(c)= 


[aatanea+s), 9) 
§ 
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and the value of oo is the minimum value of o in the 
region $ and is determined by (17): 


oo= 2xM,(M2—x)/(x+M2—M;)). (23) 


Here M, is the lowest mass that the odd-particle 
current can couple to the vacuum, and M,; is the lowest 
mass that can be created by the current of the particle 
of mass x. For stability M2>x. In the pion-nucleon 
vertex, M,=3m,, M2=x-+m,, and o9=3m,’k/(k—m,). 
In the first-order electromagnetic vertex, M,=2m,, 
oy= 2m,2«/(2xk—m,). The relation (21), which has been 
derived for negative momentum transfer, defines an 
analytic function for all values of the momentum 
transfer with a cut along the positive real axis. We can 
observe that the weight function is real and that, 
above o= (2k), it is related to the amplitude for pair 
creation in an external field. 

The thresholds for these spectral or dispersion 
relations are lower than those of the usual perturbation 
theory. However it has been shown by Karplus, 
Sommerfield, and Wichmann,! Nambu,? and Oehme? 
that the use of a wider set of intermediate masses in 
perturbation theory will lower the threshold. Our 
thresholds are lower bounds to the true threshold. It is 
quite possible that use of the fact that the intermediate 
states are made up of several particles will raise the 


thresholds. 
ANALYTICITY IN THE MASSES 


We can use this representation to study another 
aspect of the analytic behavior of the vertex. Let us 
treat ? as a time-like momentum transfer and consider 
the function (19) or (20) as a function of the mass 
k,?=k,?= M’. Then the function is analytic for negative 
M? and can be continued as a function of M? up to the 
minimum value of yu. In the case of equal intermediate 
masses, this minimum value occurs in (19) when 
??=M/=M;? and is }M,*. Thus in the meson-nucleon 
vertex one can continue only up to M?< (x+m,)?/2. 
This would be on the mass shell only if m,2> (V2—1)k, 
which is the condition obtained by Bremermann, 
Oehme, and Taylor.* We do not need a continuation of 
this type to obtain (21), since we have worked in the 
physical region and have obtained the spectral repre- 
sentation directly. 
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APPENDIX 


We shall give an alternative derivation of the repre- 
sentation (1) and prove that the function H(u,8) 
vanishes outside the region § if f(k?,pk) vanishes in ®. 
It is convenient to give the proof in two stages: First 
we show that if the function {(k’,pk) vanishes in the 
region ®o: (k—p)?<0, k?<0, then H(u,8) vanishes 
outside the region 8: u2—f*~, 0282-1. No 
assumption concerning the mass spectrum, beyond the 
axiom of the completeness of positive-energy states, is 
involved in requiring the vanishing of f(R’,pk) in Ro. 
It is now a simple matter to incorporate the detailed 
mass-spectrum restrictions and to show that if f(k?,pk) 
vanishes in ®, then H(u,8) vanishes outside §. 

Since the Fourier transform f(x) of the function 


f(k—3p) =f (kph) 
f dxeit-4»)=([ j,(x/2), ja(—%/2)]| 9) 


vanishes for space-like x and the function itself vanishes 
in Go, according to Theorem 2 of Jost and Lehmann‘ 
it has a representation 


x 0 
repk)= [au f dtl ex(u) + elu) 


ur<p/*4 Oko 


with suitable weight functions g; and ge, where A; is 
the invariant commutator function for a “mass” ¢. In 
this case, the weight functions g; and g2 depend only 
on wu’. We may now make use of the following identity 
given by Dyson®: 

b 


faq—wou—o = rf ToL.t(b?—v*)! JA.(qg—9)d2, 
b 


—b 


where @ is a four-vector with vanishing space compo- 
nents, and time component equal to v. Since in the 
Lorentz frame chosen p has only a time component, 
k, we may put 


=ap, 


and obtain 


LD p?/4 b/« 
f(k,pk) =" f df? f db? f da Io t(b?—a2p?)*] 
0 0 —b/« 


0 
x | cgi (b?,0) - ¢2(b?,) a 


a 


jae (a+3)p). 


6 R. Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957). 
6 F, J. Dyson, Phys. Rev. 111, 1717 (1958), Eq. (14). 
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FUNCTION 
If we now use the identity 


Ai(q) = (ao) f dd? Ay (4/d2)5(g?—X2), 


and introduce the parameters 
B=—(at+}), u=v—6*9’, 
it follows that 


0 wn 
{(#?,pk) = f ds f du H(u,)e(pe+Bp") 
1 —p%p? 


X5(k?-+2pk8—p), 


where 
w p*/4 
H(us)=n f ar f db? A (u+6p)*] 


X Toft[b?— (8-+-43)*p" }}0(b?— (8-+3)*p*) 
X (kor (b?,27) — g2(b?,P)d/dB}. 


This concludes the first stage of the proof and yields a 
completely general representation including causality 
and the positive-definite nature of the energy spectrum. 

For arbitrary functions g; and ¢g2, H(u,8) will, in 
general, not be a distribution in the Schwartz sense. 
It is here that we must confine ourselves to the narrower 
class of Schwartz distributions. (This corresponds to 
an implicit restriction on g; and gs, which in the 
Jost-Lehmann representation could be taken as arbi- 
trary functions.) For these distributions we can apply 
the arguments of Jost and Lehmann to incorporate 
explicit mass restrictions and show that the function 
H (u,8) which vanishes outside So vanishes in the region 
outside $, provided /(k’,pk) vanishes in ®. For any 
point in ®, the line integrals of e(pk+6p*)H(u,8) over 
all lines that do not intersect the convex region § 
vanishes if f(k?,pk) vanishes in ®; but for all the lines 
generated by points belonging to ®, e(pk+ p’) changes 
sign inside the parabola where H (u,8) vanishes. Conse- 
quently we can replace e(pk+8p*)H (u,8) by an appro- 
priately modified H(u,8) for suitable sets of these lines, 
which cover the entire region between § and 8. A 
lemma of Jost and Lehmann‘ which states that for a 
function which is nonvanishing only in a bounded 
domain, a necessary and sufficient condition that all 
line integrals over straight lines that do not intersect a 
convex region vanish is that the function vanishes 
outside the convex region, then permits us to conclude 
that 1 (u,8) itself vanishes in the region between $ and 
So. Consequently H(u,8) vanishes everywhere outside 8. 
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The possibility of determining the relative parity of K-hyperon pairs by measurements of reactions of 


the type r(or K)+p 


— K (or x)+hyperon is investigated. If the protons are polarized in a direction perpen- 


dicular to the incident meson beam, it is shown that measurements of the correlation between the proton 
spin direction and the direction of the meson from the hyperon decay are capable of determining the parity 
unambiguously, provided that the K spin is zero and the hyperon spin is known. Several alternate parity- 
determining experiments that do not require polarized proton targets are discussed; these experiments 


are all quite difficult, however. 


I. INTRODUCTION 


HE parity of the K meson-A hyperon pair relative 

to the nucleon is not known at present. Most 
methods of investigating this parity depend on the 
validity of some questionable dynamical assumption ; 
for example, the assumption that a perturbation treat- 
ment of the K-A-nucleon interaction is reasonably 
accurate. Because of the intrinsic uncertainty of such 
methods, it is worthwhile to study the possibility of 
measuring the K-A parity directly, by properly con- 
trolling the particle spins in the reaction r-+ p — K°+A 
or some similar reaction. In this paper several feasible 
direct parity measurements are discussed. The only 
assumptions necessary are that the K spin is zero, the 
A spin is known, and that energy, momentum, angular 
momentum, and parity are conserved in the reaction. 
On the other hand, the experiments involved are 
extremely difficult. 

In Sec. II formulas are derived showing how measure- 
ments of the reaction x~+ — K°+A could determine 
the K-A parity unambiguously if a target of polarized 
hydrogen nuclei could be produced. In Sec. III a brief 
discussion is given of several alternate experiments that 
do not involve polarized hydrogen nuclei. In Sec. IV 
several other reactions involving the production of 
K-hyperon pairs are discussed briefly. 


Il. THE =~+p — K°+A PROCESS 


It is assumed that the K-meson spin is zero and, 
except where explicitly stated otherwise, that the A 
spin is 3. If the assumption of parity conservation is 
relaxed, the general form for the amplitude for the 
reaction r+ — K°+A in the center-of-mass system is 


T= A1+iBe-v;Xv;+iCo-v;+iDe-v,;, (1) 


where v; and vy are unit vectors in the directions of the 
initial and final meson momenta, and @ and | are the 
Pauli spin operator and the unit operator, operating 
between the nucleon and hyperon spin states.’ The 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 The baryon spin operators @ and 1 may operate between 
nucleon and A spin states [as in Eq. (1)], between two nucleon 
states [as in Eq. (3) ], or between two A states [as in Eqs. (4) ]. 


_ 


/ 


quantities A, B, C, and D are complex functions of 
v;:ve=cosé and the energy.” Since v; and vy transform 
under space rotations and reflections as vectors, while 
@ transforms as a pseudovector, and since the intrinsic 
m parity is odd, parity conservation in the reaction is 
equivalent to one of the following statements: 


C=D=0; 
A=B=0. 


(2a) 
(2b) 


if K-A parity is odd, 
if K-A parity is even, 


Theoretically, it is possible to measure all four coeff- 
cients as functions of cos# by polarizing the initial 
nucleons and measuring the spin directions of the 
produced A’s. We consider only the case of parity 
conservation, however [i.e., the validity of either Eq. 
(2a) or (2b) ], and shall discuss the possible experi- 
mental differentiation between the two parity cases. 

The spin dependence of the initial and final baryon 
states may be represented conveniently by the quan- 
tum-mechanical density matrix p. The elements of p 
are defined by the relation pj,= N77 >, uju,*, where 
u; is the amplitude for baryon / in the spin state /, 
and N is the total number of baryons.* The initial state 
is normalized so that Sppy=1; hence the initial polar- 
ization in the direction m is given by 

P;(m) = Sp[e- mp; |, (3) 
where Sp[x] denotes the spur of the spin matrix x. 
The final density matrix, as a function of the energy w 
and the scattering zenith and azimuth angles 6 and ¢, 
is determined from p; by the relation ps(w,6,¢) 
= T(w,6,6)p;:T' (w,0,6). The differential cross section and 
final polarization in the direction n are given by the 
The baryon spin states are always defined in terms of the baryon 
angular momentum operator in the Lorentz system in which the 
baryon is at rest. ; 

2 This expression is a special case of Eq. (4) given by Richard 
H. Capps, Phys. Rev. 109, 1823 (1958). The equations of this 
reference are derived for the case of elastic scattering; they may 
be applied to the inelastic process under discussion here, however, 
since the spins of the final particles are identical to those of the 
initial particles. It should be noted that the requirement of 
time-reversal invariance of the interaction does not restrict the 
form of the amplitude for an inelastic process, but only relates it 
to the amplitude for the reverse process. 


3 For a discussion of the use of the density matrix see U. Fano, 
Revs. Modern Phys. 29, 74 (1957). 


36 





PARITFIES QF 


formulas 


do (w,8,6) = Sp[o;(w,0,¢) J, 
P ;(w,0,0) = Splo ‘ np; (w,0,9) | Sp[py (w,0,o) ]. (4) 


Experimentally, one makes measurements over a 
range of solid angles of the emitted baryon. The average 
of the final polarization in the direction n over a range 
of solid angles 2’ is defined to be equal to the ratio 
[N4n(Q’) —N_n(Q’) V/LN4n(Q)+N_n(Q’)], where the 
symbols V,,(Q’) and N_,(Q’) denote the total numbers 
of A’s emitted in the range ©’ with spins parallel and 
antiparallel to n, as measured in the Lorentz system in 
which the baryon is at rest. This average polarization 
is denoted by AvP;(n) and is calculated by averaging 
the numerator and denominator of Eq. (4) separately, 
i.e., 


Av(Q in 2’) P;(n,Q) 


= f ao splo-npy(a)) / f ae Sp[p;(Q) ]. (3) 


If the nucleon target is polarized with degree P; in 
the m direction, it is seen from Eq. (3) that the initial 
density matrix is 


pi=4[14+P;(o-m) ]. (6) 


If the K-—A parity is odd, the final density matrix p;(—) 
is 
20;(—)=|A|*+| Bl? sin’¢+2 Im(A B*) sin6(e- v,) 

+ P,{2 Im(A B*) siné(m-v,)+|A |2e-m 

+ | B!* sin’6[2(e-v,)(m-v,)—o-m } 


+2 Re(AB*) sind(o-mXv,)}, (7a) 


where v, is the unit vector in the direction perpendicular 
to the scattering, i.e., v, sind=,;Xv,. In the even K-A 
parity case, it is convenient to express the reaction 
amplitude in terms of the orthogonal vectors v; and 
vs—COSOY;, 1.€., 


T (+) =iEe-v;+iDae-: (v;—cos6v;), (8) 


where the quantity £ is given by E=C+D cos@. If the 
initial density matrix is given by Eq. (6), the final 
density matrix p;(+) corresponding to even K-A 
parity is 
2o7(+)= | £|?+|D|? sin’?@—2 Im(ED*) sin6(e- v,) 

+P {2 Im(ED*) siné(m- v,) 

+ | E/*[2(e-v,)(m-v;)—o-m ] 

+ | D|? sin*6[2(e-v,)(m-v,)—e-m | 

+2 Re(ED*) sin6[_(e-v,)(m-v,) 

+(o-v,)(m-v;) ]}, 

where v, is the unit vector defined by v, sind= (v, 
—cos6v;). If the initial polarization P; is zero it is seen 
from a comparison of Eqs. (7a) and (7b) that the K-A 


(7b) 
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parity cannot be distinguished from measurements on 
the final state, for in this case the quantities A and B 
of Eq. (7a) play identical roles to those of E* and D* 
in Eq. (7b). Hence one must polarize the protons in 
order to distinguish the relative parity in the interaction 
nr +p— A+R. 

If the protons are polarized the final states are quite 
different in the two parity cases. The difference is seen 
most simply by considering the forward (or backward) 
direction. In these directions the expressions of Eqs. 
(7) become 


2p;(—) = |A (0=0 or w)|2{1+P,0-m}, 


2p;(+) =| E(6=0 or wr) |(2{14+P[2(e-v;) (m-v,) 
—o-m }}. 


(9a) 


(9b) 


If the nucleon polarization direction m is perpendicular 
to the beam, the A polarization in the direction m, 
computed from Eqs. (4), (9a), and (9b), is given by 


P,(#,m)=+P,(m), 


where the upper signs go together and the lower signs 
go together. As before, the symbols (-F) denote the 
two cases of odd and even K-A parity. It is seen that 
the sign of the transverse (to v,) spin-spin correlation 
determines the K—A parity. Furthermore the correlation 
is complete, in that the final polarization is numerically 
equal to the initial polarization. 

If the spin of the A (or of the = in a similar experiment 
involving 2-K production) is greater than 3, the sign 
of the transverse spin-spin correlation still determines 
the K-hyperon parity, provided the K spin is zero and 
the A spin is known. It is shown in the Appendix that, 
for production in the forward or backward direction, 
the transverse spin-spin correlation is given by the 
equations 


(10) 


a 4 
P,(¥F)=+(—-1)" 4(—+— Ps 
2 


4s 


where s is the A spin. Note that the sign of the corre- 
lation corresponding to a particular K-A parity is 
opposite in the cases of s=} and s=}. 

In practice the A polarization direction may be 
obtained from the asymmetry in the A decay, so that 
the experiment suggested here is a measurement of 
the correlation between the transverse nucleon spin 
and the direction of the w~ in the A decay. The sign of 
the correlation between the A spin and the direction of 
the decay pion is known from the experiment of Boldt 
et al.4 

It is not necessary to consider the forward or back- 
ward direction in order for the sign of the transverse 
(to v;) spin-spin correlation to distinguish the two 
parity cases. Assuming that the A spin is 3, it is sufficient 
if the A-spin detecting apparatus is subject to the 
following three requirements: 


4 Boldt, Bridge, Caldwell, and Pal, Phys. Rev. Letters 1, 256 
(1958). 
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(1) The apparatus should be symmetric to reflections 
about a plane through the incident beam perpendicular 
to the nucleon spin direction m (up-down symmetry). 

(2) The apparatus should be symmetric to reflections 
about the (v,m) plane (left-right symmetry). 

(3) The apparatus should not measure the polariza- 
tion of A’s produced in the (v,m) plane preferentially 
to those produced perpendicular to m. 


Clearly the first requirement is necessary since the 
up-down asymmetry of the A spins is the effect being 
measured. In order to understand the second require- 
ment, it is helpful to consider the initial protons to be 
a mixture of a completely unpolarized component and 
a component completely polarized in the m direction. 
A particles produced from the unpolarized component 
are, in general, polarized in the v, direction, and this 
polarization clearly has no correlation with the direction 
of m. If the apparatus is left-right symmetric, however, 
the contribution to the average polarization in the m 
direction from this effect is zero. 

In order to understand the reason for the third 
requirement, we refer again to Eqs. (7a) and (7b). Let 
the azimuth angle ¢ be defined with respect to the m 
direction, i.e., v,;>m=cosd. The transverse spin-spin 
correlation for particular values of 6 and cos¢ may be 
computed from Eqs. (7a) or (7b), and is given by 


Av(sign ¢)P;(—, m, 8, cos¢) 
P{|A|*—|B}? sin’@ cos2¢ } 


| 


seaimmabtooneng , (11a) 
|A|?+ | B!* sin?é 


or 


Av(sign ¢)P;(+, m, 8, cosd) 


—P{|E|?—| Dj)? sin cos2¢ | 
=— , i, 008) 
| E|?+|D/? sin?é 





The symbol Av(sign @) indicates that the data corre- 
sponding to the azimuth angle ¢ and (—@) are added 
together in the sense of Eq. (5). The left-right apparatus 
symmetry assures that this average may be taken. 
The average over a range of 6 and ¢ [in the sense of 
Eq. (5)] is computed by integrating the numerator 
and denominator separately in Eqs. (11). 

It is seen from Eqs. (11a) and (11b) that if the A’s 
are emitted in the plane perpendicular to m (in which 
case cos26=—1), the correlation is complete, i.e., 
AvP;(#)=+P,. On the other hand, if the A’s are 
emitted in the (v;m) plane (cos2¢=1), the coefficients 
of P; in the equations are no longer of definite sign, so 
that the spin-spin correlation no longer distinguishes 
the parity. If a uniform average over azimuth angle is 
taken, however, the |B|? and |D|* terms drop out of 
the numerators of Eqs. (11a) and (11b), so that the 
average over ¢ of the transverse spin-spin correlation 
is definitely positive for the odd-parity case, and 
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definitely negative for the even-parity case. Hence it 
is sufficient for the parity determination if the detecting 
apparatus does not measure the spins of A’s given off 
with positive values of cos2¢ preferentially. This is 
the third requirement.® 

If the apparatus is such that the direction of A 
motion is not measured, but only that of the pion from 
the A decay, one must take into account the fact that 
pion transverse momentum in the laboratory system 
results partly from the A transverse polarization, and 
partly from the A transverse momentum. However, it 
can be shown that if the apparatus satisfies the three 
requirements discussed above, the sign of the correlation 
between transverse proton polarization and transverse 
pion momentum in the lab system is not changed by 
the effect of A motion, so that the parity is still deter- 
mined unambiguously. Furthermore, if the incident 
pion energy is less than 1 Bev, the A transverse momenta 
are necessarily small, and therefore make a small effect 
on the magnitude of the measured correlation. 

If the apparatus is such that the directions of both 
the A and the x~ from the decay of the A are known for 
each event, an alternative measurement may be made 
by analyzing the A spins in the direction of the unit 
vector u defined by the equation u=v,(v,-m)/|v,-m]. 
If the proton polarization direction m is again taken 
perpendicular to v;, and the azimuth angle ¢ is measured 
from the m direction, Eqs. (4) and (7) can be used to 
show that the left-right average of the polarization of 
the A’s along u is given by the equations, 


Av(sign ¢)P;(¥, u, 6, cos) =+P;X|sing]. (12) 
The advantage of such a measurement is that the sign 
of the correlation indicates the K-A parity for any 
value of ¢. On the other hand, whenever | B|? sin’@ is 
small compared to | A |? (or | D|? sin’@ is small compared 
to |E|*), the average over @ of Eqs. (11a) and (11b) 
will be larger than the corresponding average of Eqs. 
(12). 

Another method of measuring the K-A parity from 
the reaction -+— K°+A involves polarizing the 
nucleon target and detecting the A polarization in 
separate experiments.® The method is based on the fact 
that the relative sign of the two terms involving 
Im(A B*) in Eq. (7a) is positive, while the relative sign 
of the two terms involving Im(ED*) in Eq. (7b) is 
negative. Thus the K-A parity may be determined by 
measuring the correlation of the sign of the left-right 


5 The values of the functions |A |? and |B|? (or of | Z|? and 
| D|?) are known approximately over a fairly wide range of energy 
and zenith angle. See F. Eisler et al., Phys. Rev. 108, 1353 (1957), 
and Nevis Cyclotron Laboratory Report R-210, CU-171, Nevis-70, 
1958 (unpublished); F. S. Crawford, Jr., e¢ al., Phys. Rev. 108, 
1102 (1957) and Proceedings of 1958 Annual International Confer- 
ence on High-Energy Physics at CERN, edited by B. Ferretti 
(CERN Scientific Information Service, Geneva, 1958), pp. 323- 
327. 

®It has been called to the author’s attention that this method 
has been discussed previously by S. M. Eilensky, Nuovo cimento 
10, 1049 (1958). 





PARITIES OF £ 


asymmetry resulting from a polarized target with the 
sign of the perpendicular final polarization occurring in 
the case of an unpolarized target. This effect may be 
represented by the formula 


da (0,) = doo (0,6) [1+ PP (0,0) ], 


where doy and Pp», denote the differential cross section 
and final polarization in the direction n (arbitrary 
direction in the plane perpendicular to v;) that result 
from an unpolarized beam, while do denotes the angular 
distribution at the same pair of angles resulting if the 
initial target is polarized with degree P; in the n 
direction. The plus sign refers to the odd-parity case, 
and the minus sign refers to the even-parity case. 

It is sometimes useful to express the coefficients A 
to E in terms of states of definite angular momentum. 
We use the symbols 7;,, to denote the amplitudes in 
the odd K-A parity case corresponding to j=/+4, 
where 7 is the total angular momentum, and / is the 
initial and final orbital angular momentum. In the 
even-parity case, the symbol 7,,, denotes the amplitude 
in which the orbital angular momentum initially has 
the value a, and finally the value 6. The energy- 
dependent partial wave amplitudes 7; are normalized 
so that |7,;|?=1 is the maximum value of |7;|? con- 
sistent with the unitarity of the reaction matrix. If k; 
represents the momentum of one of the initial particles 
(in the center-of-mass system), the angular momentum 
expansion of the coefficients can be shown to be given 
by the equations 


A=3 (h, kid iL (i+ 1) Try +17; |Pi(cosé), 
B=}(h/ki)> [T4—Ti_]P/' (cos8), 
=} (h/ki) DL —T11-1— 11,141 ]P' (cosd), 


E=C+D cosé 
=3(h/ki) > L— (4+) 7 41,.4/T-1,1]P1(cos6), 


where the P; are the Legendre polynomials and the P,’ 
are their derivatives with respect to cosé. 


III. ALTERNATE EXPERIMENTS 

The parity-distinguishing experiments discussed in 
Sec. II all make use of a target of polarized protons. 
Targets of polarized hydrogen nuclei have never been 
produced, though it is feasible that experimental 
techniques will improve sufficiently to accomplish this 
feat in the near future. Because of this experimental 
difficulty, it is worth while discussing several equivalent 
experiments that do not involve polarizing hydrogen 
nuclei, although the equivalent experiments are very 
difficult also. 

Another feasible experiment involves the polarization 
of Li’. It appears possible to produce polarization in 
lithium metal at low temperatures by making use of 
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the Overhauser effect.’"* According to the shell model 
the ground state of Li’ consists of an alpha-particle 
core, two P-state neutrons with angular momenta 
paired oppositely, and a Py proton that carries the 
angular momentum of the nucleus. The value of the 
magnetic moment of Li’ suggests that the above- 
mentioned shell-model state occurs with a probability 
of about 90% in the wave function. Since the orbital 
angular momentum and spin are parallel for a P; state, 
a large polarization of the lithium implies a large 
polarization of one-third of the protons in the lithium. 
(Note that charge and strangeness conservation forbid 
the production of a two-particle K-A final state if the 
m~ is absorbed by a neutron.) 

If the spin-orbit potential for a A particle in nuclear 
matter is as large as the corresponding potential for a 
nucleon, some depolarization of the A’s will occur before 
they leave the nuclei in which they are created. This 
effect of the spin-orbit potential is similar to the effect 
of the spinflip term (B term) of the primary reaction in 
the odd K-A parity case; some depolarization may 
result in the same manner that the average over 
azimuth angles of the spin-spin correlation of Eq. (11a) 
is decreased by the B term. The effect cannot reverse 
the average polarization (if the apparatus satisfies the 
symmetry requirements of Sec. II), and it is unlikely 
that the reduction will be large. 

The sizes of samples polarizable by the Overhauser 
effect are small; hence one of the experimental diffi- 
culties involved would be arranging the apparatus so 
that most of the detected A particles come from the 
lithium. 

An equivalent experimental technique, that obviates 
the necessity of using a polarized target, consists of 
allowing the incoming m~ to interact with the proton in 
a deuteron, and measuring the correlation between the 
A spin and spin of the recoiling neutron from: the 
deuteron. The neutron spin serves as an indicator of 
the spin of the initial proton. If e" denotes the neutron 
spin operator, and @ the proton-A spin operator, the 
original density matrix is given by 


pi=3[1+ jo-o"], (13) 


i.e., the well-known projection operator for the triplet 
state of the deuteron, appropriately normalized for the 
present problem. We assume the impulse approximation 
to be valid, so that the neutron spin is not flipped during 
the K-A production reaction. Comparison of Eqs. (6) 
and (13) reveals that the final density matrix may be 
obtained by replacing m by o” and P; by 4 in Eqs. (7a) 
and (7b). The correlation of the A and neutron spins 
with respect to the direction x may be computed from 
the operator Sp[o-xo"-xp,;]=[N (parallel) —N (anti- 


7T. R. Carver and C. P. Slichter, Phys. Rev. 92, 212 (1953). 
See also Albert W. Overhauser, Phys. Rev. 92, 411 (1953). 

8 The possibility of obtaining nuclear polarization by means of 
the Overhauser effect was called to the author’s attention by 
Professor D. F. Holcomb. 
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parallel) ]/[.N (parallel)+N (antiparallel) ]. Hence this 
correlation experiment is equivalent to absorption of 
the mesons by hydrogen in which the polarization 
fraction is }. 

Experimentally, the deuteron experiment is made 
difficult by the facts that the recoil neutron may be 
emitted at an arbitrary angle, and the neutron energy 
range (on the order of an Mev) is awkward for meas- 
uring the polarization. 

Since the experiments discussed here are capable of 
determining the parity unambiguously, it is hoped that 
one of them will be possible some time in the near 
future. 


IV. OTHER HYPERON-PRODUCING REACTIONS 


The arguments of Sec. II may be applied to any 
reaction in which both the initial and the final states 
consist of one spin-zero particle and one spin-one-half 
particle. If one considers the exothermic reaction 
K-+p—7°+A or K-+p—7+3%, there is the addi- 
tional possibility of producing the reaction by stopping 
the K~ in hydrogen. Even though one may not know 
from what orbit or orbits the absorption takes place, 
it is theoretically possible to distinguish the K-hyperon 
parity if the K’s are captured by polarized protons. 
The necessary assumptions concerning the stopping 
process are that the proton polarization is not appreci- 
ably influenced by radiative Coulomb transitions of the 
trapped K- mesons, and that the K’s have lost all 
memory of their incident direction when they are 
absorbed. The rigorous statement of this “complete 
memory loss” is that the density matrix for the orbital 
wave functions of the X’s at the instant of absorption 
must be invariant to rotations. It is convenient to 
consider that the orbital states of the K’s are analyzed 
in terms of linear momentum. The initial density 
matrix p; is not diagonal in the momentum represen- 
tation; the element corresponding to the row k; and 
column k,’ is denoted by p;(o,k;,k,’), where k; and k,’ 
refer to the center-of-mass momentum of the A~ in 
the Coulomb orbits. The ‘memory loss” assumption 
implies that p; is of the form 


i= (1+P,0-m) f(k?,k,’?,k;-k,’), 


where m and P; are the direction and magnitude of the 
proton polarization. The diagonal (in momentum 
space) elements of the final density matrix py are 
related to p; by the formula 


pxosk,)~ ff dere, Tokik)o(o,ksk)T ok’ k;), 


where ky is the pion momentum in the center-of-mass 
system. It may be shown from the above relations and 
the general expression for T corresponding to the two 


a; CAPSS 


parity cases [Eqs. (1) and (2)] that the general 
expressions for py, in the odd and even K-hyperon 
parity cases, are 

ps(—) =e? + +P {a?(o-m) —6?(o-v,)(m-v,)}, 


o(-+)=7°+ 84+ Paly*[2(0-v,) (m-v,)—o-m] 
—6?(o-v,;)(m-vy)}, 


(14a) 


(14b) 


where a’, 6%, y?, and 6 are positive constants, and 
vy=k,/|k,;|. The magnitude of ky is that value corre- 
sponding to zero kinetic energy in the original K-nucleon 
system. 

The most significant manner of analyzing the hyperon 
spins in such an experiment is to analyze them along 
the direction of the unit vector v defined by the relation 
v= (m—vy; cosA)/sinA, where \ is the angle between 0 
and x such that cos\=m-vy. The expectation value of 
the polarization along the direction v may be computed 
from Eqs. (4) and (14) and is given by 


P;(-, v, r) = Py? sind / (a?+ 8), 
Py(+, 2, d)=—Pa sind/ (7°+8). 


It is seen from these equations that the correlation 
again is definitely non-negative in the odd K-hyperon 
parity case, and definitely nonpositive in the even 
parity case. 

Another group of processes involving K-hyperon 
pairs are the photoproduction processes, for example 
the process y+~— K*++A. Unfortunately, it can be 
shown that one cannot determine the K-A parity 
unambiguously from such a process by using only 
unpolarized proton targets, even if the gamma rays 
are polarized and one measures the A polarization. 
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APPENDIX 


In this Appendix, Eq. (10) of Sec. II will be proved, 
in order to show that the K—A parity can be determined 
from the sign of the transverse spin-spin correlation in 
the forward production of K mesons from the reaction 
x +p— K°+A, provided that the K spin is zero and 
the A spin (s) is known. We consider the reaction in 
the center-of-mass system and quantize all spins along 
a space-fixed axis labeled by z. The symbol y,™ is used 
to denote the ~-proton state in which the pion mo- 
mentum is in the direction v and the z component of 
the proton spin is m. Similarly X,,," denotes the K—A 
state in which v is the direction of the K momentum 
and the component of the spin-s A particle in the z 
direction is m. The forward reaction amplitude is 
denoted by 7;. The effect of T; on the states y,! and 
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y_,' is given by the equations 
T p.t=aX,,54, 
Tw_= ae 


(A1) 
(A2) 


where a and 6 are complex constants. The spin compo- 
nents are not changed in these equations, because the 
baryon spins are the only angular momenta with 
nonzero components in the z direction. If Eqs. (A1) 
and (A2) are added together, the result may be written 


T (yat-t+y_24) =} (a+) (Xz,04-+X_., 54) 
+3(a—b)(X2,44—X_2,.!). (A3) 
Since the space-reflection (parity) operator reverses 
the direction of all momenta and leaves the components 
of angular momentum unchanged, the three functions 
(Weit+ty_.'), (X2.+X_2,04), and (X,,.!—X_.,.4) are 
eigenfunctions of parity with the respective eigenvalues 
Orp, Oza, and (—Qxa), where Q; denotes the intrinsic 
parity of the particle pair 7. Since Oxa=+0Q,, in the 
odd and even K-A parity cases, respectively, it is seen 
from Eq. (A3) that the requirement of parity conser- 
vation in the reaction implies that b>=-ta, where the 
upper sign applies to the odd K-A parity case, and 
the lower sign to the even parity case. The conditions 
b=-+a may be combined with Eq. (A2) to yield the 

equations 

T pp_A=20X_,,,'. (A4) 


We define the phase relations between the states 
corresponding to m= +} by the equations 


4(o.— io, Wi=yp}, 


(S:—1S,)Xv,.4= (st+43)X,,. i 


(AS) 
(A6) 


where @ is the conventional proton spin operator, 
and § is the A spin operator, normalized so that S%x 
=s(s+1)x. We now introduce the rotation operator 
R,=exp(—inrJ,), where J, is the y component of the 
total angular momentum operator. The operator R, 
rotates any state an angle m about the y axis. Our 


PAIRS 


choice of phase relations is such that® 


Rw-t=y.4, R,X-2,.4=(—1)%,,.-4.— (A7) 


If the operator R, is applied to Eq. (4) and use is 
made of Eqs. (A7) and the fact that R, commutes 
with the forward amplitude 7, the result is 


T we=+(—1)*4ax,, 4. (A8) 


We shall now use Eqs. (A1) and (A8) to prove our 
theorem. We consider the pion-nucleon state in which 
the pion momentum is in the positive z direction and 
the nucleon spin is completely polarized along the 
positive X axis. Our phase convention is such that this 
state is represented by the function (y,!+y,-')/v2. 
The result of forward K-A production from this state 
can be determined from Eqs. (Al) and (A8), and is 
given by 


T (Webtws')/V2=alXe,.4 (—1)9-1X,,- 4 )/v2. (A9) 


The magnitude of the A polarization in the transverse 
direction corresponding to the azimuth angle ¢ may 
be computed from the operator ®;(¢)=s"[.S, cos 
+S, sing]. If use is made of Eq. (A6), it is easily 
shown that the expectation value P;(—) [or P;(+), if 
the K-A parity is even] of the operator ®;() for the 
K-A state given in the right side of Eq. (A9) is 


r 4 
P/(,4)=+(-1)\(-+—) cos?.  (A10) 


4s 


If the right side of Eq. (A10) is multiplied by P;, the 
equation applies to the case in which the protons are 
partially polarized with degree P;. The resulting 
equation, evaluated at ¢=0, is identical to Eq. (10) 
of Sec. II. 

A similar argument may be made to show that Eqs. 
(A10) and (10) are valid for K production in the 
backward direction. 

° This rotation merely reverses the direction of the momenta 
along z, and the behavior of the spin functions is computed from 
Eqs. (4.12) and (4.13) of M. E. Rose, Elementary Theory of 
Angular Momentum (John Wiley & Sons, Inc., New York, 1957). 
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The structure of a curved space-time in which a source-free electromagnetic field is present is studied 
according to the “already unified field theory” of Misner and Wheeler, and the geometrical meaning of the 
differential conditions imposed on the Ricci tensor is established. Four independent equations equivalent 
to the algebraic conditions are stated, and the case of a null electromagnetic field is also clarified. 


1. INTRODUCTION 

HE wealth and the physical possibilities which a 

Riemannian geometry can allow have been once 
more stressed in a recent paper by Misner and 
Wheeler'*: They showed that electromagnetism is 
contained in, and can be deduced from, the geometry 
itself of a particular kind of Riemannian manifold. The 
charge can in fact be fully understood in terms of a 
topology of space-time different from the usual one; 
while the electromagnetic field can be extracted—and 
computed—from the metric. The conditions required 
for this involve the fundamental tensor only and fall 
naturally into two groups. If* 


Ryo Ro p99 Tuo, pT po PI pol “pe — Tul ve (1) 
is the Ricci tensor, the second-order conditions read 
R,*=0, 
4RP Rey = SurR po RO. 


To these we must also add a qualitative demand, that 
the quadratic form 

R,,l*l” 
be positive definite for any time-like /+. The fourth-order 
conditions demand just that the vector defined by 


a= (—g)beurpeR’/?R,’/RyyRY (4) 
should be the gradient of a scalar a, namely 
Oy,» — Oy p= 0. (5) 


For any such manifold a bivector field f,, can be 
determined uniquely (up to a constant of integration) 
which satisfies the source-free Maxwell’s equations. The 
case 

R,,R*’=0 (6) 
corresponds to a null electromagnetic field, for which 
the two invariants, 


I(f)=E-P, (7) 
I,(f)=E-H, (8) 


1C, W. Misner and J. A. Wheeler, Ann Phys. 2, 525 (1957). 

2 Compare also G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 
(1925). 

3 Greek indices y, v, p, o, etc. range from 0 to 3. €,».. is the alter- 
nating tensor whose components are 0 and +1. A comma and a 
stroke signify, respectively, ordinary and covariant differentiation. 
n*” is the flat-space metric, of the type (1, —1, —1, —1). 


both vanish; but then Eq. (4) loses its meaning. The 
null case is not completely understood so far. 

It is of great importance to assess the structure of 
this type of Riemannian manifold and to understand 
it in terms of simpler and fewer concepts which in some 
way reduce the number of choices necessary to arrive 
at it. We propose in this paper (a) to add a small 
contribution to our knowledge of the algebraic equations 
by expressing them in a form in which they are inde- 
pendent from one another; (b) to find a simple geo- 
metrical interpretation of the curl condition (5) in 
terms of a Pfaff’s problem; (c) to clarify the case of a 
null field. 


2. ALGEBRAIC CONDITIONS 


It is known‘ that the algebraic conditions (2) and 
(3) are equivalent to saying that the matrix R (by 
which we mean R,’) has (in the non-null case) a spectral 
decomposition of the type 


R=p(p—q), 


where p and g are the projection operators on the two 
orthogonal “blades” into which the electromagnetic 
field can be decomposed (and p is a scalar). They 
satisfy 


p>0 (9) 


In the null case we have, instead, 


R=p:, (1 1) 
p; being the projection operator on a null vector & We 
want to find the independent conditions required for a 
matrix R to fall into one of these two types. First of all, 
in order that its eigenvalues be (p, p, —p, —p) (with 
p=0 in the null case), it is necessary and sufficient that 
its secular equation be of the form 


(\?— p?)?=0. 


By means of standard formulas of matrix theory® it 
can be easily shown that this is the case when the fol- 


4 As far as the structure of the electromagnetic field af one point 
is concerned, compare J. L. Synge, Relativity: The Special Theory 
(North-Holland Publishing Company, Amsterdam, 1956), p. 326. 

5 The quickest way is to follow the method proposed by H. E. 
Fettis, Quart. Appl. Math. 8,£206 (1950). 
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lowing conditions are fulfilled: 
Tr R=Tr R°=0, 


Tr R'=3(Tr R22 (=4p?). (12) 


But this is not enough ; we must consider the possibility 
of a degenerate matrix in which the eigenvectors do 
not span the entire space. Let us envisage first the 
non-null case and suppose that, starting from a general 
matrix Q (with Q,,=Q,,) with distinct eigenvalues, we 
go over into R with a continuous transition. Since the 
eigenvectors of Q are orthogonal (in the Minkowskian 
sense), the only thing that may happen—and we want 
to avoid—is that a space-like and a time-like eigen- 
vector collapse into a null eigenvector, always remaining 
orthogonal to one another and to the other two. In a 
particular frame of reference we must therefore exclude 
the case in which there are only three eigenvectors, say 
(1,1,0,0), (0,0,1,0), and (0,0,0,1), with respective 
eigenvalues p, —p and —p. It can be seen by a direct 
computation that this amounts to having 


0 0 | 


0 
0 0 


with o#p. Hence we must demand instead 


p=o. (14) 
In the null case we do allow coalescing eigenvectors, 
but we require at the same time p=0. Thus, in general 
the condition 


p(p—a)=0, (15) 


together with (12) suffice to insure (9). Although (15) 
has been deduced with a particular choice of the basis 
vectors, its meaning is patently invariant. 


3. CURL CONDITION 


The fourth-order conditions (5) can be written in a 
much simpler way® if the metric tensor is expressed 
through four orthogonal unit vectors 4°” 7 lying in the 
two blades determined by the Ricci tensor R,, (see 
Fig. 1): 

Suv= Nasr rv), (16) 
with 


RX = + px), (17) 


The essential quantities one has to deal with are the 
structure coefficients 


Cay = [A pv Nyy NPMAY?= —Cayp, (18) 


which determine the commutation relations between 


6G. Rosen, Phys. Rev. 114, 1179 (1959). The geometrical 
meaning of the condition a=const was partially illustrated by 
E. T. Whittaker, Proc. Roy. Soc. Edinburgh 42, 1 (1921). 

7 The first letters of the Greek alphabet (a, 8, y ---) only 
number the “legs” of the ‘‘vierbein.” 


ELECTROMAGNETIC 


FIELD 


Fic. 1. The two-blade structure of the electromagnetic field. 


the differential operators 
Og=a™-Y: 


. aks 2 (19) 
[4a,0s]=17%C7 aps. 
It is interesting to remark that out of the 24 scalars 
Casy Only four enter in our equation, namely 


V2= C210, 


Uo = C023, 
(20) 

U1=C123, V3=C310; 

the intrinsic components of the vector a, are just, in 

fact, 


= — 7 


ao=—-%&, Qe 35 
(21) 


ay=—h, ag=t 


9 


To find the geometrical meaning of these equations, 
let us forget for the moment the orthogonality properties 
of the 2’s and think of the affine properties of our two- 
bladed structure. The most important quantities one 
can construct when considering a set of blades [the — 
blades, say, spanned by all vectors orthogonal to 4° 


A 


and 4 ] are the scalar densities 


lo= VN) rv Dr a) ghee. 
Wy =D, AO AD enree, 


Their vanishing is the necessary and sufficient condition 
in order that the — blades be integrable’; i.e., that, 
when connected, they form a family of two-dimensional 
surfaces. In general Up and 1; describe how, so to speak, 
the blade rotates around itself on going from one point 
to another. It can be easily proved by direct substitution 
that when the basis vectors 4“ and 4 are replaced 


by a linear combination thereof, 


VO = @AO+ 56, 
VO=c2R+d2, (D=ad—bc#0) 


8 Compare, e.g., E. Cartan, Les systémes diff érentielles extérieurs 
et leurs applications géométriques (Paris, 1945), Chap. II] 
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the u’s undergo the transformation 


Up > Uo’ = D(attot+ buy), 

u,-— u,/= D(cttot+ du). 
For this reason Uy and u, determine a direction on the 
+ blade; if in fact for a definite choice of 4 and 4” 
we define the vector u by taking its intrinsic components 
Ua=u-d to be proportional to (Upo,1),0,0), the same 
proportionality will hold for any other choice. In the 
same way the two scalar densities, 

Do=A®, AD A® hr -7, 


03= AM, AD N® sehr re, 


(23) 


define (up to a factor) on the — blade a controvariant 
vector v through its intrinsic components 


a= Vv: x!‘ aa (0,0,02,03). 


We are then led naturally to consider another blade, 
the one defined by u and v (0-blade) and to look for its 
integrability conditions. It turns out that, as a con- 
sequence of Eqs. (20), the 0-blades fulfill a Pfaff’s 
condition Jess restrictive than the full integrability: if 
we go from one event to another following the 0-blade, 
we always stay on a (¢hree-dimensional hypersurface, 
on which a is constant. 
Let us first notice that 


NH r— OA BDu = (—g)-beur ren A,, (24) 


and 

AH) G)9— MY Ma — (— g)-henree) N®,, (25) 
as one can check easily in the frame of reference in which 
the matrix |‘, || is diagonal at a given point. Hence 
we can write, completing the definition of the scalars 
M%q and vq consistently with (20) and (18), 
Vo= (—g)*t0, 
v= (—g) #2. 


Uo= (—g) no, 
Ui= (—g) a, 


(26) 


Our Eqs. (20) can then be written in a more concise 
form as follows: 

4 p= €4 874.74 5, y 
27) 
a_p=€_pyn—*v_s. 


The suffixes + and — indicate that only the components 
in the corresponding blade are taken into account; 
€,s7 and e_g, are the Levi-Civita symbols (values +1 
and 0) in two dimensions. 

The meaning of (27) can now be read directly: To 
get the vector grada, one must rotate in each blade the 
two vectors u and v by a right angle (a hyperbolic 
right angle for the time-like blade); grada, aside from 
a constant factor, is the sum of the vectors obtained 
in this way. It is therefore clear that grada is orthogonal 
to both u and v and hence to any linear combination 
thereof, which is just the same as saying that the 
0-blade is contained in the hypersurface a=const. 
Equations (27) imply therefore a property which has 
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nothing to do with the fact that the 4’s in each blade 
are orthogonal: it is an affine property of the two-blade 
structure. But this alone is not sufficient to determine 
the vector grada; it says only that it must be orthogonal 
to the O-blade, leaving ~? free choices: Eqs. (27) 
supply also the missing identification. 


4. NULL FIELD 


A null field is a particular case of the simple® field 
(“extremal,” or “essentially electric’ according to 
Misner’s terminology'), in which only the invariant 
E-H vanishes. A simple field defines at any point two 
orthogonal integrable blades, as one can see by noticing 
that this corresponds to a constant a (0 or 2/2). This 
statement holds even for the null case, albeit then a is 
not defined. The first quadruplet of Maxwell’s 
equations, 


Suv douwt foo =, (28) 


for the field 


fuv= Eny—~ EM, (29) 


(where & and n, are any two vector fields), implies in 


fact that 


Eafur, pe” ilies Eu, oSenve” po =(), 


(30) 


Net ur,per°"=n i gy ech? or=(), 
é Hp 


which are the integrability conditions for the &- blade 
[see (22) ]. The other quadruplet yields the same con- 
dition for the other blade. 

The null case occurs when the two orthogonal blades 
have a null vector—say £,—in common and lie there- 
fore in a hyperplane tangent to the light-cone. The 
conservation law for the energy-momentum tensor, 
now of the form 


Ryu= Fuk,  (&*E,=0) (31) 


means simply that &, is a field of null geodesic lines,!° 
for which the vector &),£’ is parallel to &*. Moreover 
the fourth-order condition (5) becomes empty in this 
case. The definition (4) of a, is in fact equivalent to 
Eq. (74) of reference 1 which, not containing any 
reference to a, can be established even in the null case; 
but from (31) it is easily confirmed to amount to 0=0. 
The energy-momentum tensor bears no trace left of the 
position of the blades, except for the null vector &, 
about which they “swivel;” but Maxwell’s equations 
contain more than that. In the null case, therefore, the 
field cannot be recovered from the Ricci tensor, except 
when the field is not everywhere null in a neighborhood 
of the point we are considering, since then continuity 
arguments complete uniquely the solution. 


® For the definition and properties of simple bivectors, compare 
J. A. Schouten, Ricci-Calculus (Springer-Verlag, Berlin, 1954), 
p, 39. 

1 See also L. Mariot, Compt. rend. 238, 2055 (1954). 





STRUCTURE OF ELECTROMAGNETIC FIELD 


It is therefore of importance to study the permanence 
properties of the null field, that is, to find under which 
conditions Maxwell’s equations will keep null a field 
initially null on a space-like hypersurface. Mariot!! 
has in this connection proved the interesting theorem 
that this is so if the &-field is integrable, i.e., if it is 
orthogonal to a family of hypersurfaces. The geometrical 
meaning of the conditions imposed on the actual 


'' |, Mariot, thesis, Paris, 1957 (unpublished). 
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geometry by the existence of a null field is, however, 
not yet clear.” 
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The consequences for the electromagnetic interactions of strange particles of some proposed symmetries 
of the strong interactions are discussed. A minimal electromagnetic coupling is assumed. It is shown that 
if the interactions with both x and A mesons of the nucleon and cascade particle are identical, if one neglects 
the n—Z mass difference, and if charge independence is satisfied, then the electromagnetic form factors of 
the A° and 2°, and in particular their magnetic moments, vanish. This is independent of any assumed relation 
between the A and & interactions, such as global symmetry. It is also shown that the same conditions, 
together with charge conjugation invariance, imply a generalized form of the Pais-Jost-Pugh theorem about 
processes involving only meson or photon external lines. If there is still more symmetry for the strong inter 
actions, as in the case where the x interactions are globally symmetric and the K interactions also have this 
doublet structure, it is shown that the K® acts as a completely neutral particle insofar as electromagnetic 


interactions are concerned. 


I. INTRODUCTION 


HERE have been a number of proposals that the 
strong interactions of baryons with mr mesons 
and K mesons possess more internal symmetry than is 
implied by invariance under conventional isotopic spin 
rotations.'? In this paper we will examine some of the 
consequences of these proposed new symmetries for 
the interaction of these particles with electromagnetic 
fields. Some of these results have been stated before 
under more restrictive assumptions than we will make 
here, and part of our purpose is to indicate how strong 
the symmetry required to derive a given result may be. 
We shall assume the “principle of minimal electro- 
magnetic coupling,’ i.e., that the fundamental inter- 
action of the electromagnetic field is only with the 
current 4-vector of the charged particles. All other 
interactions of the electromagnetic field are assumed to 
arise through the combined effects of the strong inter- 
actions and these minimal interactions. There is some 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. ; 
1M. Gell-Mann, Phys. Rev. 106, 1296 (1957); A. Pais, Phys. 
Rev. 110, 574 (1958); J. Schwinger, Ann. Phys. 2, 407 (1957). 
2G. Feinberg and F. Giirsey, Phys. Rev. 114, 1153 (1959). 
This paper will be referred to as I. J. Sakurai, Phys. Rev. 113, 
1679 (1959). 
3M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956); A. Pais, Phys. Rev. 86, 663 (1952). 


evidence for this assumption in z-nucleon physics, 
where the program of calculating the nucleon magnetic 
moments and form factors without introducing non- 
minimal terms has been moderately successful.‘ In 
strange-particle physics, there is very little evidence 
about this, as the electromagnetic properties of the 
strange particles, other than their charges, have not 
been measured. There is, however, the original argu- 
ment of Gell-Mann and Pais* that the minimal prin- 
ciple is sufficient to eliminate strangeness-violating 
electromagnetic decays like A°—>n+y. In this paper 
we use the minimal expression for the electromagnetic 
interaction to determine the transformation properties 
of the interaction under certain 
permutations of the baryons and mesons. Any terms 


electromagnetic 


which transform the same way could be added to the 
minimal interaction without changing the conclusions. 

In Sec. II of the paper, we discuss the electromagnetic 
vertex operators, and in particular the magnetic 
moments, of the baryons. In Sec. III, a theorem proven 
by Pugh® is generalized and proven under different 
hypotheses than he used. In Sec. IV the electromagnetic 
vertex of the neutral K mesons is discussed. 


) 


‘Federbush, Goldberger, and Treiman, Phys. Rev. 112, 642 
(1958). 
°>R. Pugh, Phys. Rev. 109, 989 (1958). 
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Il. ELECTROMAGNETIC PROPERTIES 
OF THE HYPERONS 
The minimal electromagnetic interactions of the 
baryons and mesons are 


Aem= ie[S¥nyu(1t+7s)bnt+4¥z7,(73— I )~z 
+zy,T az A,+ie[hbx(1+173)0,0K 
- } (0,6x) (1+ t3)@x |A tied. (1+ 73)6KA s 
+ielo.730,6, A, +e¢.T%6,A,2._ (1) 


Here yw, Wz, and ¢x are 2-component isotopic spinors, 
for the nucleon, cascade particle, and K meson; ys and 
¢, are isotopic vectors for the 2 hyperon and mw meson. 
73 is the Pauli matrix, and 7; is the isotopic spin-one 
matrix. 

This Hamiltonian will be invariant if one changes 
each positively charged baryon into a_ negatively 
charged baryon, each neutral baryon into another 
neutral baryon, and similarly for the mesons, and also 
changes the sign of the electromagnetic field. A trans- 
formation of this kind can be performed by first making 
a charge symmetry rotation for all the particles with 
isotopic spin, and next interchanging nucleon with 
cascade particle and the K+ with K°, and finally 
changing the sign of the electromagnetic field. To 
discuss this formally, we consider two transformations, 
The first is 

Ynez 

ve Vs 

oK—>oK" oF 
ox’ —oxK oF 


Here ¢x® is the 2-component spinor 


This transformation is a rotation among particles with 


opposite hypercharge, and is a special case of the 


rotations called ¢ rotations in I. The second trans- 


formation we consider is the conventional isospin 


eg : i 
=*(ge) 


Fic. 1. Two diagrams contributing to the =*+ and =~ electro 
magnetic interactions which have the same sign. The vertices 
which have opposite coupling constants in the two diagrams are 
labelled. It may be seen that the opposite charge of the and p 
are compensated by the opposite sign of the * and =~ couplings 
with the 7°. 


AND 
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rotation e**72(tota) 
Yyn—elt yy or 
vz—elryz or 


vz e'*Ta)y 


I-04, a> ~—p, 


>=, E> —2y, 


or Zt -—-z, 2-2", 


vo —_ >'0 
a? P Pn 


A —» AP 
o,— ce", 1 


oT 5 => =", 


ar ae a r, 
K®— —K* 


ox— eit or K+ K°, 


Under the product transformation AB, one has 


n—> —= 


Yu elt he or 
Ye —elityy or 


vs —> etTr)y or 


po, 
E>——n, 2 —>?, 


Fr ak coal 
~ 


A9 —» AO 
o; saiilie er™T 2g, + > 


7? ee eo rr’, 


emmy —T", 


ox — eG 4=—dx or Kt —K*, 
K°— —K°. 


Thus under the product transformation AB, each 
positive baryon goes into a negative baryon and the 
neutral baryons go into neutral baryons, and similarly 
for the mesons. Therefore if one changes the sign of 
A,, Hem will be invariant. It should be noted the Hen 
is not invariant under A and B separately. 

It is important to note that this transformation does 
not mix Y with A, or with nucleon and cascade particle. 
This distinguishes it from the transformation to be 
considered in Sec. IV, which also leaves H.m invariant. 
However, since this transformation interchanges 
nucleon and cascade particle, it will only be useful if 
one neglects the mass difference between these particles, 
and also certain mass splittings within each multiplet. 
When this is done, the free-particle Lagrangian is 
invariant under AB. It is not necessary to neglect the 
>-A mass difference or the Y-nucleon mass difference, 
for example. 

We assumes that the strong interactions are charge 
independent, and so invariant under B. Then in order 
to get invariance under the product, it is necessary that 
they also are invariant under A. The strong interactions 
with x and K mesons which are charge independent are 


H,= EnNaWnTWrbstgoreVz] Vobst gearW abs 
+gzzVzT¥z¢s +H.c., 
Hx=gnarWrbadxtgnsx nro tgeax~nror? 
+gzrxPzrxox°+H.c., 


where Dirac matrices are omitted. Invariance under A 
now implies the following relations among the coupling 





SYMMETRIES OF 


constants: 
&NN« £Ezr) 
§NAK= ZAK, (3) 
§N2IK= 822K. 


It also implies that the Dirac covariants occurring in 
the nucleon terms must be the same as those occurring 
in the = terms, so that V and & have the same parity. 
It may also be noted that if one had instead of (3) the 
relation 
SNAK SzAK; (3’) 
&nNzIK= — 822K; 
it would be possible to modify transformation A by 
inserting an additional minus sign in the transformation 
of wy and Wz, which would maintain invariance of Hen, 
and give invariance of the strong interactions. 

These conditions (3) on the coupling constants are 
independent of any over-all doublet structure of the 
YA system. Thus they would be satisfied in the model 
proposed by Sakurai? and in I in which the z and K 
couplings involve different doublets. They could also 
be satisfied in a theory in which the A does not interact 
directly with + mesons at all, or even if the > and A 
have opposite parity.® Of course, if the conditions (3) 
are satisfied one cannot account for the nucleon-cascade 
mass difference by either the + or K interactions, and 
must look elsewhere for this effect. 

Let us examine the consequences of invariance under 
the transformation AB. This implies that the electro- 
magnetic vertex of the A°® and >°, and in particular 
their magnetic moments, vanish identically, whereas 
those of the 2+ and =~ are equal in magnitude and 
opposite in sign. To prove this, consider the quantity 


(T[Wa(x)Wa(y)A (2) ])o, 


where 7 is the time-ordering operator and (_ )») means 
expectation value in the physical vacuum. This quantity 
is related’ by a simple linear integral transform to the 
electromagnetic vertex operator for the A°, and we will 
therefore symbolize it by T,™. 

Let U be the unitary transformation which generates 
the permutations in AB. Since this commutes with the 
total Hamiltonian when the above coupling constant 
relations are satisfied and my—mz is neglected, it will 
leave the vacuum invariant. Then 


Ty*= T( Pawn ,)o 
= T( Ud nA pUt)o. 


By the definition of what U does to the different fields, 
Py= —T par yo 
=—Ty# 


=0. 


6It is also possible to have invariance under the combined 
transformation AB if the K+ and K® have odd relative parity, 
although then neither A nor B are valid symmetries separately. 


7Y. Takahashi, Nuovo cimento 6, 371 (1957). 
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INTERACTIONS 


Therefore the electromagnetic vertex, and hence the 
magnetic moment, of the A° vanish. Similarly one can 
prove the following theorems, if one has invariance 


under AB. 


1. P's=—I'y=0, so the magnetic moment of the 
>° vanishes. 

2. Tst“=—TIy-#, so the magnetic moments of the + 
and =~ are opposite. 

3. T,“=—Tz, so the magnetic moments of the 
proton and ~ are opposite. 

4. T,“=—Ir'z”, so the magnetic moments of the 
neutron and 2° are opposite. 

5. Since 2°— —Z°, A°— A® and A,——A,, the 
decay 2°—+ A°+2 photons is forbidden. This decay 
might be expected to occur ~ 1/300 of all 2° decays in 
the absence of a selection rule. 


Some of those theorems have been stated before 
under more special conditions,*® such as global sym- 
metry for the pion interactions and neglect of the K 
interactions. We emphasize that they have been proven 
here under the assumptions of charge independence 
and symmetry between the nucleon and cascade 
particle alone, even in the presence of K interactions, 
and that no global symmetry is required. 

It is interesting to note that while in low-order 
perturbation calculations there is no contribution to 
I's“+-T's- or to [4 from pion interactions alone, this 
is not true in general. In particular, diagrams in which 
the w mesons that are virtually present in the = create 
nucleon pairs, one of which then emits a photon, and 
in which also a 7° is exchanged between the nucleon 
and &, will not give opposite contributions to the 4 
and =~ vertex. Examples of such diagrams are given in 
Fig. 1. It is remarkable that such effects occur for the 
first time in such a high order of perturbation theory. 
We note that when invariance under AB is satisfied, 
such diagrams are cancelled by corresponding diagrams 
in which cascade-particle pairs occur in the intermediate 
state. Also, in theories where pair effects are neglected 
such as the Chew model, there will be no pion contri- 
bution to the quantities Ia, 'y, l'y+#+I's-* provided 
that charge symmetry is satisfied. This follows because 
in such theories one need not consider the nucleon and 
cascade particle at all because they cannot be reached 
starting from a state with = or A and only utilizing 
and electromagnetic interactions. In this case the inter- 
action of the 2 and A with m and photon is invariant 
under B, and this implies the result stated. 

One may next ask how these results will be affected 
by whatever mechanism is responsible for the splitting 
of the mass of the nucleon and cascade particle. Some 
speculations as to the source of such a splitting within 


8 M. Gell-Mann, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958). 

9 Theorems 1 and 2 have been stated under essentially the same 
conditions by D. C. Peaslee, Nuovo cimento 6, 1 (1957). 
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the framework of symmetric x and K interactions will 
be published elsewhere. In those processes where the 
nucleon and cascade particle occur only virtually, one 
possibility is to introduce the experimental values of the 
masses of = and N for the virtual particles, while main- 
taining the coupling constant equalities given above. 
Then in a lowest-order perturbation calculation of the 
K contribution it is found that the 2° and A° moments 
and the sum of the + and =~ moments are still very 
small compared to the + moment, being perhaps ~5% 
of the latter.’ We therefore think that a measurement 
of the A° magnetic moment in particular would provide 
a good test of the symmetry between interactions of 
nucleon and = with # and K mesons which is implied 
by invariance under A. Such a measurement will 
perhaps be done in the near future at Brookhaven and 
elsewhere. 


Ill. A GENERALIZATION OF THE PUGH THEOREM 


Let us consider the transformation obtained by 
taking the product of AB with the charge-conjugation 
transformation C. This will act on the particles as 
follows: 

Yu elapse, 
Ye —elirrayye, 
vz — eT as’, 
Va va’, 
or— —$r, 
ox — —$k, 
A, A,. 
(The label ¥* means the charge-conjugate field.) 

This transformation therefore reverses the sign of the 
x and K fields, permutes the baryons and antibaryons 
as indicated, and leaves the electromagnetic field 
invariant. 

Consider now a process (or a Feynman diagram) in 
which the external lines are all K mesons, 7 mesons, 
or photons. In such a process the number of K’s 
involved must be even by strangeness conservation. 
(One counts K’s in the initial and final states.) Thus 
the phase factor in the transformation of the K is 
irrelevant. The following theorem therefore holds, if 
one has invariance under A BC: 

In any process only involving real + mesons, K 
mesons, and photons, the sum of the number of 2’s in 
the initial and final states must be even. 

This theorem is a generalization of the Pais-Jost 
theorems," which are satisfied when one neglects 
electromagnetic interactions. A similar theorem has 
been proven by Pugh,° for processes involving only r 
mesons and photons, assuming global symmetry for 
the x couplings and neglecting the K interactions. It 


10 H, Katsumori, Progr. Theoret. Phys. (Kyoto) 18, 375 (1957). 
‘tA, Pais and R. Jost, Phys. Rev. 87, 871 (1952). 
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would appear that in any case the condition of global 
symmetry is unnecessary, and could be replaced by the 
weaker condition of symmetry between NV and =. One 
also sees that the theorem can be extended to include 
K interactions if they also show a symmetry between 
N and z. 

This theorem has no obviously useful consequences, 
except that it forbids the r° decay into 2 photons, as 
discussed by Pugh and others. This decay therefore 
only occurs via the mechanism which splits the V and 


= mass. 


IV. ELECTROMAGNETIC VERTEX OF K° 

The discussion in the last two sections was inde- 
pendent of any doublet structure of the Y-A system. 
The results to be given here will however require such 
a structure. It will therefore be useful to rewrite the 
baryon-electromagnetic interaction in terms of the four 
doublets Ni, No, N3, Ng: 
Heom?*9° = ieA [EN vy, (1+73)Nit+3Noy,(1+73)N 2 

+3N syu( t3—1 NV 3+3N ay, (73— 1)N4]. (4) 

We also express in terms of these doublets the com- 
pletely symmetric 7 and K interactions with baryons 
discussed in references 1 and 2. 


4 
H,=iG, > NivstaN ibe’, (5) 


i=1 
Hr = Gr N 1NoK°+NiN3K++N3NiK°—N2N Kt] 
+H.c. 


Here the doublets are defined by 


tp (A°+->°) /v2 
vi=( ): vi=( ): 
n = 
>t x0 
(A°—D°) /v2 = 


Both of the strong interactions are invariant under the 
transformation J: 
Ni — ef? 723, 


Ne com> elitr, 
Ns; = elitr2V,, 
Ni ett 2N 9, 
or ant ei*T2,, 
K°— K°, 

K+ = K+. 

This transformation is the product of an “J rotation” 
e'"/2, in the notation of Pais,! with the reflection 
operation 

NiO Nz, 
N2 - Ns, 
Kt «> Rt. 
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Fic. 2. Example of diagrams which cancel in the electromagnetic 
interaction of the K°. The diagrams are the same when invariance 
under the transformation J is satisfied, except for the opposite 
sign of the electromagnetic interactions. 


It may also be seen that if one simultaneously changes 
the sign of A,, the minimal electromagnetic interactions 
both of the baryons and of the and K mesons are 
invariant under this transformation. It follows from 
this that the electromagnetic vertex of the K°, which is 
essentially defined by 


Tx“=T(K°R°A,)o, 


satisfies 
Ix = 7(U K°R°A ,Us')o= —T x =0, (7) 


where U, is the unitary transformation generating the 
transformation J. 

Thus if the symmetry corresponding to transfor- 
mation J is satisfied and if we neglect the mass differ- 
ences of the baryons, the K mesons will be electro- 
magnetically completely neutral. One of the authors 
(G.F.) has previously pointed out” that since the K° 
is represented by a complex field, it could have a linear 
electromagnetic interaction, coming from its dis- 
sociation into charged baryons. What we have now 
shown is that if the symmetry given by transformation 
T holds, the K° nevertheless acts like a real field insofar 
as its linear electromagnetic interaction is concerned. 
By examining the transformation J, it may be seen that 
what is happening is a cancellation of the intermediate 
proton-£~ pairs against intermediate =--Z+ pairs, as 
shown in Fig. 2. 

To the extent that transformation J is a valid sym- 
metry, we therefore expect that the charge form factor 
of the K° will vanish. This may have an interesting 


"2G, Feinberg, Phys. Rev. 109, 1381 (1958). 
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Fic. 3. Feynman- 
Speisman type diagram 
for the K-meson electro- 
magnetic self-mass. 


consequence concerning the mass difference of the K 
mesons. One of the terms in the electromagnetic 
K-meson self-mass is the one considered by Feynman 
and Speisman,! in which one inserts the two electro- 
magnetic vertex functions for K® and K+ into the 
lowest-order Feynman diagrams (See Fig. 3). 

By the above theorem, the contribution for the K° 
vanishes. The result for the K* is positive, if the bare 
K+ vertex is used. Thus within this approximation it 
may be difficult to account for the recently observed" 
mass difference mx»>—mx+=4 Mev. 

Of course there are other terms in the expressions for 
the self-mass, and so one need not yet conclude either 
that the symmetry I is strongly violated, or that there 
are nonminimal electromagnetic contributions to the 
self mass. It may be noted that the symmetry AB 
considered in Sec. II implies that the masses of the 
x*+ and =~ are equal even in the presence of electro- 
magnetic interactions. One may then consider the 
possibility that both the K°—K*+ mass difference and 
the 2+-2~ mass difference have a common nonminimal 
electromagnetic origin. 

It may finally be mentioned that if one requires 
invariance under transformation J, and also charge 
independence, one is led automatically to the inter- 
actions (5), (6) for H,, Hx with the usual ambiguity 
in the sign of the K-cascade interactions. 
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The complete electron spectrum is presented for polarized hyperons undergoing beta decay. Despite the 
rarity of such events, the availability of polarized hyperons and the favorably large energy release make 
an experimental analysis of these decays feasible. The basic couplings are assumed to be vector and axial 
vector, but the new terms which arise from couplings “induced” by the strong interactions are also included. 


WO certain examples of A-particle beta decay 

have by now been recorded'; but in general, 
hyperon beta decay turns out to be disturbingly rare.” 
The corresponding difficulty in acquiring adequate 
statistics for such processes is to an extent offset, 
however, by two favorable circumstances. Consider 
for example A-particle beta decay: A— p+e~+3. In 
contrast to neutron beta decay, the large energy release 
here makes it readily possible to detect experimentally 
the proton recoil; in fact it is through detection of the 
proton, in part, that the process is identified. This 
means that the difficult electron-‘‘neutrino” (recoil) 
experiments of neutron beta decay are automatically 
carried out in A beta decay. Moreover, the A particles 
produced in x~—? collisions are known to be strongly 
polarized. One has available then the analog of the 
polarized beams obtained with so much effort in the 
case of neutron beta decay; it is an easy matter then 
to measure the correlation not only of the electron, but 
also of the proton with respect to the direction of A- 
particle polarization. In short, the availability of polar- 
ized A particles and the favorably large energy release 
make possible a fairly complete experimental analysis 
of A-particle beta decay, limited only by the rarity of 
such processes. Similar remarks apply to other hyperon 
beta-decay processes where polarized hyperons are 
available. 

For these reasons, and despite the fact that it may be 
some time before adequate statistics accumulate, we 
feel it worthwhile to record here the expected structure 
of the decay spectrum. Several issues are at stake. One 
would like to confirm the expectation that parity 
conservation and charge conjugation invariance are 
violated; in more detail, to confirm the expectations 
implied by the two-component theory of the neutrino 
and by lepton conservation, and in still more detail, by 
the notion that the coupling types are solely vector and 


1 Crawford, Cresti, Good, Kalbfleisch, Stevenson, and Ticho, 
Phys. Rev. Letters 1, 377 (1958); Nordin, Orear, Reed, Rosen- 
feld, Solmitz, Taft, and Tripp, Phys. Rev. Letters 1, 380 (1958). 

?R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

8 F. S. Crawford ef al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957) ; Proceedings of the 1958 Annual 
International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN, Scientific Information Service, 
Geneva, 1958). 

‘ Cool, Cork, Cronin, and Wenzel, Phys. Rev. 114, 912 (1959). 


axial vector. Regarding this last matter, one realizes 
that even if only these couplings are involved, the 
strong interactions in which the hyperons and nucleons 
participate can “induce” in the matrix element for beta 
decay terms of a more complicated type.® One would 
like to establish the strengths of the various “re- 
normalized” coupling parameters. 

Taking then the V and A couplings as the basic 
ones and accepting the two-component neutrino theory, 
we have for the general structure of the matrix element 
for say A > p+e-+? (we neglect Coulomb corrections) 


H=([(p|jr"|A)+i(p|jr4|A) ien(1+75)%, (1) 
where 
(pl jx” | A)=tipLerva— (d/m)i(pa— p)r 
—(d'/m)i(prtp)r }ua, 
(p Ljr4 [A )= ti, aiyyxys— (b/m)ys(pa— p)r 
— (b'/m)ys(pat p)r jun. 


The proton mass m is introduced so that all coupling 
constants have the same dimensions. The form factors 
are functions of momentum transfer, = (pa—p)?, and 
for the sake of completeness, we permit them to be 
complex. The usual direct vector and axial vector 
coupling constants are just c(0) and a(0), while the 
remaining terms represent the “induced” couplings. 
By use of energy-momentum conservation and the 
Dirac equation, the matrix element can be rewritten 
in the form 


H=1%,[cy,— (d’'/m)i (pat p)r Juatien(1 +75) 
+ (m./m)diipustie(1+7s)2, 
+t p[ aiyyys— (b'/m)ys(pat p)r lust etyrxys(1 +75), 
+(m,/m)biipysustcys(1t+ys)%, (3) 


(2) 


from which we see that the induced scalar and pseudo- 
scalar coupling constants are 


gs=(m./m)d, gp=(m,./m)b. (4) 


With the assumption that the form factors are es- 
sentially constant over the range of momentum transfers 
involved, the calculation for the spectrum can be readily 
carried out. The distribution in electron energy and 

5M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354 
(1958). 
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direction and neutrino direction for a polarized hyperon 
is given by Eq. (5) below, where we have used natural 
units such that c=#=1. M is the mass of the hyperon, 
while (@) is the expectation value of the hyperon spin. 
The electron mass is everywhere neglected except where 
it appears in Eq. (4). This very good approximation 
greatly simplifies the final form and yet leaves open the 
possibility that d and/or b are abnormally very large. 
As a first approximation, the recoil energy can be 
neglected as in neutron decay; in this case, R can be 
replaced by 1 and £, set equal to M—m—E, in the 
formulas given below. 
w((o)| E.,2.,0,)dE dQ.aQ, 
1 R 
= 2—E2E dE dQ. dQ, 
(2r)' E 


Pe' Py 
{4 + B(k-l)+D—-(k-]) 


9 
m* 


Pe 
+(@): Fk+Gl+ K—(k-D 


m 


P, Pet+Pr /De' Pr 
+ 1—(k-)+-N—— ¢ kel 


m m m? 


+Te)-(kXl1) ? 


where 
E=[(pe+p,)?-+m?* ]}}, 
1 M’—m?—-2ME, 
2 M—E.(i—-k-l) 
E 
R= , 
M—-E,(i—k-I) 
k=p./F., 


i=—p,/ £,, 
A=ata’+}xD, 
B=a-—a'+ }yD, 


D=(E+m)!/d'|\?+(E—m)|\b'|? 
+2m Re(cd'*+ab’*), 


F= —a’’—B—-yEk,+6E,, 
G=a"'—B+6E,+yE., 
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K=—m(y+e), (15) 
(16) 


(17) 


L=m(y—), 
N=-—2m Re(d'b’*), 


T = —2 Im{m(ca*)+ (M/m)[(E.—E,) (cd'*+<ab’*) 
— (E—m)cb'*— (E+m)ad’*}}, 
|?-++- | a|?)—2(M/m) Re[ (M—m)cd’* 
+(M-+m)ab’* ], 
a’ =a'’+3[ (E+m)|gs|?+(E—m)|gp|*] 
—2(E.—E,) Re(ca*), 
al’ = (E—m)|c|?+(E+m)|a}?, 
B=2 Re{M (ca*)+(M/m) 
x[(E—m)cb’*+ (E+-m)ad’*}}, 
y= |c|?+{a|2+2(M/m) Re(cd’*+<ab’*), 
5= Re{ 2ca*—2(M/m) (cb’*+ad'*) 
—xd'b'*—gsgp*}, 
e= Re{2ca*+2(M/m) (cb’*+ad’*) 
+yd'b’*—gsgp*}, 
x= (1/m?)[3M?+2M E—m?+2E.E, |, 
y= (1/m?)[SM?—2M E-+m?—4E, E>]. 


(18) 


(19) 


(20) 
(21) 


(22) 
(23) 


The first three terms in Eq. (5) are the customary 
ones appearing in electron-neutrino correlation experi- 
ments with unpolarized particles. Terms F through N 
give the electron and neutrino asymmetries relative to 
the hyperon polarization direction. The term whose 
coefficient is T is just the asymmetry which appears 
if time reversal invariance is invalid in the decay. 
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Note added in proof. —After this manuscript was sub- 
mitted for publication, it was brought to the author’s 
attention that V. M. Shekhter has investigated other 
kinematical aspects of hyperon beta decay.® In his dis- 
cussion, the induced couplings have been neglected and 
only the direct vector and axial vector interactions are 
considered. 


6 V. M. Shekhter, J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 458 
(1958) [translation: Soviet Phys. JETP 35, (8), 316 (1959) ]. 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 3 AUGUST 1, 1959 
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The current induced in the vacuum by an external field is a nonlinear functional of the latter when one goes 
beyond the first approximation. It is demonstrated that when this induced current is suitably defined it will 
satisfy the causality requirement of being zero before the external field is switched on. From this causality 
principle an exact dispersion relation is deduced. This relaxation of the linearity restriction in deriving a 
dispersion relation from causality implies that it may be possible to drop the linearity restriction in discussing 
the equivalence of causality and dispersion relations for other systems. 





INTRODUCTION 


HE derivation of dispersion relations from the 

principle of causality for systems in which the 
output depends linearly on the input has been ex- 
haustively discussed in a paper by Toll,'! where it is 
suggested that it is unlikely that the linearity restriction 
can be relaxed. It is the object of this paper to show that 
a dispersion relation can be deduced from the principle 
of causality for a system in which the output is a non- 
linear functional of the input. This may mean that the 
linearity restriction can be relaxed for other systems. 


DISCUSSION 


The current induced in the vacuum by an external 
field is a nonlinear functional of the latter when one goes 
beyond the first approximation. This we shall now study. 
The notation employed will be the same as that used by 
Schwinger.’ 

We first make a trivial generalization of the definition 
of the logarithm of a matrix Eq. (V33). That is, if the 
matrix K is a function of the parameter 7, then 


r dK (t) 
inft+x(T)]= f [1+ (t) }’——d. (1) 
0 dt 
The external driving potential A,(¢) is taken to be only 
time-dependent and nonzero for values of ¢ such that 
0<t<T. That is, 
(<0 (>T, 


A,(t)=0 for and 


and hence 


E,()=0 for <0. (2) 
The Green’s function G, is expressed in (V23) in the 
form 


G,= (1—G,%eyA)“G,°, (3) 
where 


A,=[(t| A, |’) ]=[6(t—-2')A, (0 ]. (4) 


1 J. S. Toll, Phys. Rev. 104, 1760 (1956). 

2 J. Schwinger, Phys. Rev. 93, 615 (1954). Equations in this 
reference will be cited by the Roman numeral V and the equation 
number, as (V33). 


From (2), (3), and (4), it follows that 


T —1 
G.\)=[1- f G.s| herd A] G,°|t), (5) 


and from (V26) and (V34) we see that 
e'*= det (1—G,%eyA) 
=exp Tr In(1—G,°eyA), (6) 


where iw is the quantity Feynman denotes by —L and 
which, in fact, is the sum of all single closed-loop 
diagrams. Equation (6) can be expressed as 


if 
ee=exp Trin 1 f G,° Derdti\A | 


which by Eq. (1) can be put into the form 


T t! er 
c—exp|—Tr f I(-f G,,° Hevitt|A ) 


XG,9| ey (t’ 4 jar| 
4 
=exp| —Tr f medida | 
where G,°| 7) is defined to be 
t 1 
ows\)=[1~ f G.8| hater ea] G.°\t), (8) 


in close analogy with (5). Explicitly representing the 
time integral in Tr, (7) becomes 


+X i 
ini f wf Liey#(t|G,*°| t’)6(t’—2) JA, (t’)dt'dt 


A 
= if trliey#(’|G,°|’) JA, (0) dt’. (9) 


0 


It is of some interest to note the difference between 
(8) and (5). In (8) the integral has the same value ¢ for 
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upper limit as the time parameter in |/), whereas in (5) 
the integral has T for upper limit. This means that 
G,°(t) only depends on the external potential 


A,(t’) for times ¢’ <?. (10) 


Hence the superscript ‘‘c” for “causal”. This is not the 
case for G,|?) unless ‘> 7. Hence, defining the induced 
causal current 

=trLiey"(t|G,°| 2) ], 


0 


r= (H(0)| (11) 


(9) can be written 


w(T)= “(i A, (Adt, 


and using (2), 


+z 


f J*(t)A, (dl. 


—z 


w( 2) 


On integration by parts, (13) becomes 


+o 


w(0o)= -{f P+(t)E,(ddt, 


va 


where 
J#(t) = aP#()/dt, 
E*(t)=0A+#(t)/dl, 

and P#(t) is the induced polarization. Now put 


L 


pe)= f P#¥(uye—'" ‘du, 


x 


E4)= f E, (ue ‘du; 


® 


+ 
o(2)=— f P*(—u)E,(u)du. 


From (V132) and (V34) it follows that 
Tr In(i+SPIS@]). 


then 


Reiw= Imw=3 (18) 


This quantity, which is the number of pairs produced, is 
easier to evaluate than Rew because of the S* and S™ 
functions which refer to fermions on the mass shell. 
From (17) we see that Im[ P4(—1)E,(u) ] is the number 
of pairs per unit frequency range of the external field. 
Hence, apart from theoretical interest, a relationship 
between Im[P#(—u)E,(u)] and Rel P4+(—u)E,(u)], 
which is the polarization action per unit frequency 
range, could be useful computationally. 

From the principle of causality, or from Eq. (10) 
which amounts to the same thing, we see that if 
E(t)=0 for «<0 then P(¢)=0 for t<0. This implies that 
P*(u) is an analytic function of u in the upper half of the 
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complex uw plane. Hence P*(—u-+n)E,(u) will be 
analytic in the upper half of the complex 7 plane 
provided that w is real. Therefore the Hilbert transforms 


give 


pibaliaibickon 


Therefore 
Re{ P#+(—u)E,(u)} 


Pr (—uta) Ey ( 
ph ee 
x 


P u Pe(—u+x)E,(u) 
=— in| f dy 


Tv x x 


* Pu(—u+x)E,(u) 
+f ax (20) 
Xx 


u 


P+(—ut+x)E,(u) 
“Im{- ax. (19) 


x7 


The substitutions «= —y-+w in the first integral and 
x=y-+u in the second give 


Re{ P#— (u) E,(u)} 


P 
=— mf 
Tv 


0 


| P#(—y) 


(y+u)+ P#(y)(u—y) | 
ue—y? 


E,(u)dy. (21) 


In the first approximation to P(y), we have 
P(y)=h(y)E(y), 


where we have now taken a one-component field for 
simplicity and h(y) is the dielectric susceptibility of the 
vacuum. In this approximation h(y) is independent of 
the field strength. Hence we can investigate the prop- 
erties of h(y) with the spec ial field E(t) = E(t), where FE 
is a constant and 6(é) is the Dirac 6 function. Therefore 
E(u)=E=constant. Using also the well-known result 
that Im/(y) is an odd function of y, (21) becomes 


Vs * 2yh(—y) Ee 
Reh(—u) FP? =- Im f dy. (22) 
T 0 w—¥? 


If we now subtract off the renormalization constant 


Reh(0), we obtain 


Reh(—u)—Reh(0) 


2 2yh( saa a, 2yh (—y) 
=— Im dy 
w—y? y? 


P h(—y)u? 
— af ———4dy, 
Ce 0 (W—y*)y 
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which is a result obtained by a number of authors,** all 
of whom use the causality argument in the first ap- 
proximation from the beginning. 


GILSON 


tion (21) for this situation of extreme nonlinear de- 
pendence of J induced on J driving. Equation (22) is the 
linear approximation to (21) with (23) as its renormal- 


ized counterpart. 
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Proton-Neutron Mass Difference* 
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An expression for the electromagnetic self-mass of a physical nucleon is obtained from the basic postulates 
of field theory. A complete set of intermediate states is then introduced and the one-nucleon state and the 
state with one nucleon plus a nucleon pair are taken into account. Direct comparison is thus established 
between the various methods of obtaining the proton-neutron mass difference. The mass difference is com- 
puted by two methods which use the Stanford form factors. It is shown that if the form factor which agrees 
in the experimental region is used in the nonexperimental region in the nucleon-pair term, then there is a 
disagreement with the present electromagnetic explanation of the proton-neutron mass difference. 


I. INTRODUCTION 
CCORDING to the principle of charge inde- 
pendence, the proton and neutron should have 

the same mass before the electromagnetic interaction 
is switched on. It has been shown by Feynman and 
Speisman! (FS) that the proton-neutron mass difference 
may arise from a difference in their electromagnetic 
self-mass. This is accomplished by introducing Pauli 
terms with anomalous magnetic moments in the inter- 
action between the nucleon and the electromagnetic 
field, in addition to the ordinary interaction resulting 
from the charge. Further, an arbitrary cutoff function 
is inserted into the integrals to secure convergence. It 
has then been demonstrated that it is possible to obtain 
the experimental proton-neutron mass difference by 
choosing particular values of the cutoff. 

Unfortunately, the mass difference depends sensi- 
tively on the cutoff value? so that it is by no means 
certain that one can even explain the correct sign of 
the mass difference. 

Wick? and Sorensen‘ (WS) examined this problem by 
a method which introduces a complete set of inter- 
mediate physical states. Inserting the form factors 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave from Osaka University, Osaka, Japan. 

1R. P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954). 

2K. Huang, Phys. Rev. 101, 1173 (1956); A. Petermann, Helv. 
Phys. Acta 27, 441 (1954); K. Hiida and M. Sawamura, Progr. 
Theoret. Phys. (Kyoto) 18, 451 (1957). 

3G. C. Wick, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), p. 1-34. 

*R. A. Sorensen (to be published). 


obtained at Stanford, WS found that the contribution 
from the one-nucleon state gives the right magnitude 
but wrong sign for the proton-neutron mass difference. 
However, as mentioned by Wick,’ the intermediate 
state with one nucleon plus a nucleon pair should play 
as important a role as the one-nucleon state. 

In view of the fact that one would like to attribute 
the mass differences of the various isotopic multiplets 
in high-energy physics to electromagnetic effects, it is 
interesting to examine further whether the proton- 
neutron mass difference is explainable on an electro- 
magnetic basis. For this purpose we will employ two 
alternative methods which make use of the experimental 
form factors. 

In Sec. II, a modified WS method is developed in 
order to take into account the state with one nucleon 
plus a nucleon pair in addition to the one-nucleon state. 
Then the electromagnetic proton-neutron mass differ- 
ence is computed numerically. In Sec. III, the covariant 
meson-theoretical basis as well as the assumptions 
underlying the FS method are studied, and the resulting 
electromagnetic mass difference is obtained analytically. 
In Sec. IV, a comparison between the modified WS 
method and the FS method is made, and the validity of 
the FS method is discussed. Finally, in Sec. V, the 
result is discussed. 


II. FORMALISM AND CALCULATION 


The total Hamiltonian of our system of interacting 
nucleons, mesons, and photons is given as 


H=Hant+H,+H., (1) 
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where Hym represents the Hamiltonian of the inter- 
acting nucleon and meson field, including the counter 
terms for mass renormalization and four-meson di- 
vergence; H, is the free Hamiltonian for the photon 
field; and H, is the interaction Hamiltonian of the 
meson and nucleon fields with the electromagnetic 
field, including the counter terms for the electromagnetic 
self-mass of the proton and neutron with respective 
projection operators. The proton and neutron masses 
may be taken to be equal in H,,,, that appears in Eq. (1). 

In order to obtain an expression for the electro- 
magnetic self-mass of the nucleon, a perturbation 
treatment of the electromagnetic interaction and a 
rigorous treatment of the interaction between nucleons 
and mesons can be carried out. For the purpose men- 
tioned above, let us consider the following trans- 
formation. An arbitrary Schrédinger operator O is 
transformed as 


O(t)=expli(Hnm+H,)t JO expl—i(Ham+H,)t], 


where we have taken #=c=1. By virtue of the com- 
mutativity of H»» with H, and A,, the electromagnetic 
field A, is given as 


A, (t)=exp[i(Ham+H,)t JA, expl—i(Hamt+H,)t] 


=exp(iH,t)A, exp(—iH,t), (2) 


ie., A,(t) is the bare operator. Similarly, the current 
operator j, is transformed as 


ju(t)=exp[i(Aamt+H,)t ]j, expl—t(Hnmt+H,)t ] 


=exp(tH nmt)j, exp(—tH amt), (3) 


i.e., ju(t) is the dressed operator by the meson-nucleon 
interaction. (The time derivatives of the field operators 
are, of course, expressed in terms of their canonically 
conjugate momenta.) 
In this interaction picture, the S, operator is given as 
ee) (—1 " 


5S,.= } 3 ae dx dx: . 


n=0 1! 


-dXy, 


XK (A e(41)H (x2)-++He(%n))4, (4) 


where the subscript + means the chronological P- 
product of the parenthesis. The initial and final states 
of the S, matrix are the eigenstates of the Hamiltonian 
HamtAiy, ie., 

(Hnm+Hy)|n)=E,|n), 


so |) can be represented as the product of the eigen- 
states of the free electromagnetic Hamiltonian Hy, 
and those of the Hamiltonian H,, which includes 
meson-nucleon interaction. In the following expressions 
the photon state is suppressed since it can be factored 
out. 

The S, matrix is defined as (n|.S,|m)/(0|S,.|0), where 
the denominator is the S, matrix element between the 
physical vacuum states (with no bare photons nor 
physical mesons nor nucleons). 
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The basis of this derivation is the stability condition 


given as 
(p|Se| p)/(0|S.|0)=1, (5) 


in which the state with no photons and one physical 
nucleon |) is characterized by its momentum #, and 
the spin and isotopic spin variables are suppressed. 

Substituting Eq. (4) into Eq. (5) and rearranging, 
we obtain to the second order in the electromagnetic 
coupling constant e the expression 


dm (P| ¥(x)¥(x) | p)— (0| 9 (x)¥ (x) |0)] 


—1 
” = dy(0| (Au(x)Av(y))4 | ODL(D| Gulx)7-(y))4| D) 
: ~(0| (ju(x)jo(y))40)], (6) 


where such contributions as (0| (A (x) A (y)),|0)(p| 60] p) 
have been left out, since they are the same for the 
proton and neutron and do not contribute to the mass 
difference by virtue of charge independence and 6m, is 
the electromagnetic self-mass of the nucleon, and the 
electromagnetic field operators are contracted. The 
procedure of considering the electromagnetic self-mass 
only to order e is expected to be valid, since pertur- 
bation theory for quantum electrodynamics is good. 

The P-product of 7’s of Eq. (6) is restricted to the 
region x»— yo>0 by inserting a factor 2, since it can be 
proved that the contribution from the region x»—yo>0 
is identical to that from x»—yo<0. The contraction is 
replaced by 


(0| (Au(x)A,(y))4|0)=76,.D (a—y), xo—yo>O 
w= |k| 


1 pd®keik: (ey) 
= Ouse / f se 
2(2m)8 w 
(7) 


and the variable of integration is changed from y to 
x—y=z. Equation (6) then becomes our basic relation: 


bm L(p|¥(x)o(x) | p)— (O(a) (x) | 0) ] 


x 


-{ dzD+) (s)[(p| ju(z)ju(O) | p) 


-(0| 7, (2)7,(0)|0)]. (8) 

A similar expression was first obtained by WS by a 
different method.** Equation (8) may also be derived 
by starting from the usual interaction representation in 
which the transformation operator only involves the 
free Hamiltonians of the mesons, nucleons, and photons. 
First, let us consider the left-hand side of Eq. (8). 
After separating out the Hamiltonian V of the meson- 
nucleon interaction, the first term can be written® as 


5A similar calculation has been carried out by Utiyama, 
Sunakawa, and Imamura, Progr. Theoret. Phys. (Kyoto) 8, 77 
(1952) 
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(—4 n 


, : bis 2 (—#) 
(p|o(x)W(x) | p)= | (SH (x)¥(x))4! = L —— 


n=) nN. 
e - ( —4)* 
n= k=o k!(n—k 


(—i)* 


® n 


of oe —— f ass --dxn(p| (V (x1): - 


n=O k= k!( n —b)! 


where the S is the scattering operator of the meson- 
nucleon interaction and | ) designates bare states. 
Equation (9) is based on the observation that the Feyn- 
man diagrams can be separated into a part which is 
connected to the original nucleon line and parts that are 
unconnected. For the first term on the right-hand side 
of Eq. (9), the nucleon operators at x lie on the con- 
nected part, and for the second term they lie on the 
unconnected part. The subscript c means that only 
“connected graphs” are to be taken. 

Recalling that the bubble graphs are factored out 
to cancel the vacuum expectation value of the S 
operator which is not written explicitly in Eq. (9) and 
the fact that after renormalization 


(| S| p)-=1, (10) 


one obtains 


(p|d(x)w(x) | p)= Cp] (SY (x) W" (x))4| pd- 
+0} (SY (x)y" (x)),|0) 
PiV(xyy(x)| p) +! b(a)y(x)!0). 
The last term above cancels out the second term on the 
left-hand side of Eq. (8), so the left-hand side of Eq. (8) 
reduces to* 
5m. p| P(x) (x) | p)e=dm.a(p)u(p), 
where “(p) is the spinor wave function of the free Dirac 
equation. ,; 
A sum over a complete set of states |) of the Hamil- 


tonian Hy» is introduced on the right-hand side of 
Eq. (8). Then 


5m ti(p)u(p) 


(11) 


-f dz D(z) & (pl ju(z) | 2)(n|7,(0) | p 
0 n 


~(O| ju(z) | 2)(njj,(0)|0)], (12) 


where the sum over states is to be regarded as half the 
sum over “in” and “out” states. Since baryon number 
is conserved, the intermediate states of the first term 
on the right-hand side consist of states with one nucleon, 
one nucleon and various numbers of mesons, one 
nucleon and a nucleon-antinucleon pair, and then one 
nucleon and various numbers of mesons and nucleon 
pairs. ,The second term consists of the vacuum state, 
states with various numbers of mesons, one nucleon 
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dexy- + -dxn(p| (V (21) + V (anh (xo (x))+| Pd 
— — fas + dxn(p| (V (x1) + ++ V (xredh! (xb (x))4 | pd CO! CV (xe41) ++ V(%n) 4/0) 


-V (xe) )4| P¥e€O| (V (ans1)- + V(xn"(x)W"(x))4/0), (9) 


pair, then various numbers of mesons and nucleon 
pairs. 

One must distinguish here between nucleon pairs 
which are due to electromagnetic interaction (which 
brings in a factor e”) and those which are due to mesonic 
interaction (which brings in the factor g’). Not more 
than one nucleon pair can result from electromagnetic 
interaction since the self-mass is considered to order e”. 

It is advantageous to treat on an equal footing the 
one-nucleon state and the state with one nucleon plus 
a nucleon pair because a part of the latter which is due 
to the electromagnetic interaction gives rise to the contri- 
bution corresponding to the negative-energy state of the 
intermediate nucleon. The contribution from the nucleon 
pairs resulting from the meson-nucleon interaction, on 
the other hand, gives rise to the S waves whose contri- 
bution should be negligible. The contribution not 
included above is estimated intuitively with the help 
of a mass spectral representation. 

The one-nucleon state and the state of one nucleon 
plus a nucleon pair are taken from the first term of Eq. 
(12), and the vacuum state and the state of a nucleon 
pair are taken from the second term. Thus the electro- 
magnetic self-mass of the nucleon is 


5m.u(p)u(p) 
sé J ds D(C E (plju(2)|9) 
0 q 


X (¢)ju(O) | p)— (| ju(z) | 0)(0| 7,(0) | 0) 


+ SY (plju(z)| sil)<sil|7,(0)| p) 


8, l¥s8, 1 


ey = (0|ju(z) | dl)<il\ 7,,(0) |0)]. (13) 


It follows from invariance principles and the nature of 
the vacuum state that 


(0| j,|0)=0. (14) 
From arguments similar to that used in Eq. (14) and 
on the left-hand side of Eq. (8), the first two terms of 


Eq. (13) reduce to 


DX (Pl julz) | qde(q|Ju(O) | p)e- (15) 
q 


In order to obtain the contribution from the inter- 
mediate negative-energy state of the nucleon, the third 
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term on the right-hand side of Eq. (13) is separated into 
two parts: 


X Plan(e)| sM)(sll|4.(0) |) 
= L_ (pl iu(2)| pll<pll|j.(0) |p) 
lAp, l 
+ LZ  _(pliu(z)|sll)(sll|j.(0)|p), (16) 
sxp, lxs, l 
where the restrictions on the momenta are imposed by 
the Pauli principle. The matrix element that appears 


in the first term on the right-hand side of Eq. (16) can 
be written as 


(plin(2)|pl)= (Si) 10. (17) 





—1)" 


(pli(@)|pll)= 5 


n=0 k=0 k! n—k)! 


oo (—1 ad 
+> 
n=0 mn! 
Substituting Eq. (18) into Eq. (16), we obtain 
» _(lin(2) | sil){sil| j,,(0) | p) 
= LY {Olj.(2) |) Ul j,(0) |0) 


lAp,l 
+(p]ju(2) | pll)rom(Ul| 7,,(0) |0) 
+(0|ju(z) |21)(pll|j,.(0) | P)rem 
+(p|ju(2) | pll)rem(pll|ju(0) | Prom} 
+ DY (plj,(z)|sil)(sil| j,(0)| p). 


s¥p,l¥s,l 


(19) 


The first term of Eq. (19) gives rise to the negative- 
energy contribution discussed above. The contribution 
of the remaining four terms of Eq. (19) will be dropped 
henceforth since their contribution will be considered 
in our intuition estimate. Then a combination of Eqs. 
(13), (15), and (19) leads to 


5m (p)u(p) 
_ f ds D%(=)L X (Plin(2)|a)e(aljn(0)1)- 


0 


+ LY Ol ju(z) |<] j.(0) |0) 
lAp,l 
- x (0 ju(2) | U)(U| j4(0) |0) 


=f as DOLE (Plist)|9).aliu(0) |?) 
a X (0|j.(2) | pl).(pl!j,(0) |0)-], 


where we have used the fact that 


(0|ju(2) | pl)= Ol ju(z)| Pl), 
as can be proved with the same arguments as were 
used for Eqs. (9) and (15). 
By virtue of the Lorentz and gauge invariance, the 
matrix elements in the first term on the right-hand side 
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fax ++ dan(p| (V (x1) +++ V (en) jy2(2))4| plld rem = (O| ju(z) | L)+ (P| f(z) | pil) rem- 
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Such a relation, which has been used for one-particle 
states, is also valid for “‘in” and “out” states considered 
in the left-hand side of Eq. (17). 

The diagrams contributing to Eq. (17) are classifiable 
into three groups. When the nucleon line and the pair 
line are not connected with each other, the first and 
second groups consist, respectively, of diagrams in which 
the point z that appears in Eq. (17) is connected to the 
nucleon line and the diagrams in which it is uncon- 
nected. The first group vanishes in view of the law of 
conservation of energy and momentum. The third 
remaining group consists of diagrams in which the 
nucleon line and the pair line are connected with each 
other. Then, with the aid of Eq. (10), Eq. (17) becomes 


V (xx) )4| P¥cCO| (V (xng1) © + -V (xn) 7,2 (2))4 1D 
(18) 


of Eq. (20) can be written as 
(P| ju(z)|q)-=U(p) J u(p—q)u(ge*?-® **, 
where 
J,(-Q=J.(P—4, E,—£,) 
se te{ y+ ( ig, 4M); PoYv—Qv¥v |F 2}. (22) 
Here F; and Fz are the electric and magnetic form 
factors, respectively, M is the nucleon mass, and yp is 
the anomalous magnetic moment in nuclear magnetons.*® 
The matrix elements in the second term on the right- 
hand side of Eq. (20) can be written as 
(0| j,(z)| pl). 
= —d(l)J,(—l—p)u(p) exp[i(pt+l)-2], (23) 
where 2(l) is the spinor which satisfies’ 
(iy-l—M)v(l) =0. 
Combining Eqs. (7), (20), (21), and (23) and summing 
over the intermediate states with the aid of the projec- 
tion operator 


(21) 


A, (p)=(—ip+M)/2M, (24) 


we get 


—1 sa) a®k 
5m_.ti(p)u(p) =—— ~f asf oan 
2(27)3 0 @ 


x|¥ eke a) 244 (p) J, (p—q)As(q)Ju(q— p)u(p) 


M ;, 
x(—)+ X expli(kt+ p+) -2)a(p)J,(l+p)Ay(—D 
J l 


“a 


nen()}, es 
x ul p) E() | ( 


6 The notation in this paper follows that of K. Tanaka, Phys. 
Rev. 110, 1185 (1958). 

7 Federbush, Goldberger, and Treiman, Phys. Rev. 112, 642 
(1958). 
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Integration over g and / with the aid of 
= 
Pp 


and then over z, yields 
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1 
d*p, 
=f “ 


Ey-«)A,(p—k, Ep-«) Ju( ~&, 
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«HAE». 





ak J,(k, Ep 
im.i(p)u(p)=—- - <0») f ‘(— = 
Ey 


ys E,tEp-x)Ay(p— 


w—EytEp-t 


k, —E,-1)J,(—k, —E»— Ep) 





The equation is essentially a consequence of retaining 
the state with one nucleon and the state with one 
nucleon plus a nucleon pair. The first term on the right- 
hand side of Eq. (26) gives the contribution from the 
intermediate positive-energy nucleon state and the 
second that from the intermediate negative-energy 
nucleon state. In a previous paper by Sorensen,‘ the 
second term of Eq. (26) was not considered. 

We shall now proceed to the evaluation of Eq. (26) 
The nucleon form factors F; and F2 that appear in Eq. 
(22) are due to the virtual meson cloud surrounding the 
nucleon. The most reliable way of taking account of the 
effects of the meson cloud appears to be the procedure 
of using directly the data on the form factors obtained 
at Stanford. 

However, as we shall emphasize later, the second term 
of Eq. (26) requires knowledge of the form factor for 
time-like four-momentum transfers so that an extra- 
polation will be made. 

Hofstadter and his collaborators obtained the form 
factors by fitting the angular distributions in electron- 
proton scattering over a large range of energies. It was 
found that the data for low momentum transfer were 
fitted reasonably well by the expression® 


F\?(k) = F?(k) =[A2/ (+A?) J, (27) 
where 


12, a’, 


and & is the momentum transfer in the scattering 
process. Equation (27) is the exponential model. The 
rms radius @ is 0.8X10-" cm. 

For the neutron, it is reasonable to take® 


F,"(k)=0, 


F"(k) =F 2?(k). (29) 


One should treat the value of a@ with caution because 
it was obtained under the assumption that the nucleon 
form factors can be characterized by one parameter a. 
This is not true at high momentum transfers &. Further, 
since one is carrying out an integration with respect to 


®R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). This 
summary contains a list of references to additional literature. - 

®M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958) ; 
H. F. Ehrenberg and R. Hofstadter, Phys. Rev. 110, 554 (1958). 


— a (26) 
wtE,+E,~ 


k, all values ‘a k are required. The region of high mo- 
mentum transfer, however, is not expected to contribute 
very much to the integral because the high-energy tail 
is strongly damped for the exponential model chosen 
here. Therefore, let us use the form factors in the 
integrals. 

In the rest system of the nucleon and for M=1, 
Eq. (26) in conjunction with Eqs. (22), (27), and (28) 
becomes 


om. e ff * a (1—E,)?} 
M Arn’*/y 


E, ~1+E, 


9 


pe 
—3ul( Ek. 1)——(E 


15-2) 
4 


x | 2—E) 


Preis “(k= (1 1+ E;,)*} 


“24h, +3 (Ex+1) 
RHI+E, 


we 
tot 1)(5+ Ex) 1) (30) 


where E,= (1+k?)! 

The first form factor that appears on the right-hand 
side of Eq. (30) depends on a space-like momentum 
transfer so that the Stanford data can be used. The 
second form factor that appears on the right-hand side 
of Eq. (30) depends on a time-like momentum transfer 
so that an extrapolation must be made. In the non- 
experimental region, we assume a form factor which 
agrees with the form factors obtained at Stanford in the 
experimental region. The numerical evaluation is carried 
out in steps of Ak=0.1 and is integrated from k=0 to 
1.6 by use of Simpson’s rule.‘ 

The assumption that the masses of the bare proton 
and neutron are equal, in accordance with the principles 
of charge independence, leads to the observable 
A=M,—M,=(Mo+ém,?)— (Mo+ém,") 


=d5m.?—dm,". 


(31) 


The result in terms of the electron mass m, calculated 
using »=1.79 nm for the proton and n= —1.91 nm for 
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the neutron, is 


A=6m,.?—édm." 
= (0.681-+-0.082)m— (—0.196+0.040)m=0.92m. 


This is in disagreement with the measured value 
Aexp= —2.52m. The first and second numerical value 
in the brackets are the contributions from the positive- 
and negative-energy intermediate states, respectively. 

It is not possible to estimate the contributions from 
the neglected states in a reliable manner because so 
little is known about the matrix elements that appear 
in the neglected contributions. One can, however, 
estimate the neglected contribution in an intuitive 
manner by starting from photon-nucleon scattering for 
virtual photons. We use an adaptation of Nambu’s 
integral representation which was obtained on the basis 
of Lorentz and gauge invariance and causality.” A 
suitable specialization to photon-nucleon scattering for 
bare virtual photons gives the forward scattering 
matrix! 


1” pilk?,x)dx 
M(k)= f sapnabion decane, 
w/ yt (p—k)’+x—ie 


The mass spectral function p;(’,x) is real and may be 
nonzero for values of x equal to the square of the mass 
of an actual state of the photon-nucleon system. We 
make the assumption that the k? dependence of p; tends 
to damp the integral in comparison to the case for k?=0. 
More explicitly we assume that p:(k?,x) can be written 
as 


pi(x,k?) = p(x) F?(R?), (33) 


where F'(k*) is given by Eq. (27). 

This assumption is supported by our previous 
analysis as well as the contribution from the state with 
one nucleon plus one meson.‘ For real photons k?=0; 
so from Eq. (32) and the optical theorem" one has 


s~ 


—o (34) 
84M 


x), 


ImM = p(x) 2—(p—k)?= 


where @ is the unpolarized total cross section to order e” 
and is composed of various production cross sections 
such as electron pair production, meson production, etc. 

The procedure that we employ to compute the addi- 
tional contribution is to join the initial and final photon 
lines and to insert a propagator for the photon. There 
is no rigorous proof of the validity of this procedure 
but it is hoped that some indication of the errors in- 
volved in our calculation can be estimated. We have 
essentially computed the contribution to the electro- 
magnetic self-mass corresponding to the discrete 
contribution at the one-nucleon state, i.e., x=M’, so 
that the integral contribution of the mass spectral 


10 'Y, Nambu, Phys. Rev. 98, 803 (1955). 
1 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 
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representation may be regarded as the additional 
contribution 6m,-. Combining Eqs. (32), (33), and (34), 
the additional contribution 6m,, is given as 


1 dk p® dx(x—M?*)a (x) F?(k) 
ReJy? 8M (p—k)?+2] 





bmMec= 


(2r)% 


(Qn) 


1 ® dxa (x) (x—M*) 
f , = 


4? 


1 | dl ss 
2a eae 
k? (p—k)?+x\ A2+h? 
Integration over k yields 
M —— 5 


13 4 
6 3(4-—u) (4—u)? 


82M? 


167?/ m2 


20 16 cos! (14/2) 
x (442u- ne + — )— ~e -| (36) 
4—u (4—u)?/7 (4u—n’)} 


where “= A?/x. 

The total cross section o is fairly well known for 
photon-proton scattering up to 1 Bev where it is domi- 
nated by the photon-meson production cross section, 
whereas very little is known about o for photon- 
neutron scattering. Thus, it suffices to use an average 
value in place of the quantity c=0,4,—0y4 that 
appears in the expression for the proton-neutron mass 
difference and take this factor out of the integral. The 
remainder is integrated numerically from «= M?* to 
4M?, the upper limit being a photon energy of the order 
of 1.4 Bev. The result is 


Ac =b Mec? —bMec"=6 X 1.26M3/8 X 167°. 


An optimum value of ¢=2X10~*§ cm?= 1.13 10-*/y? 
gives A,=0.22m which is less than 10% of the experi- 
mental value” A.x,»=—2.52 Mev and has the wrong 
sign. 

How much reliance one can place on this intuitive 
estimate of the errors involved is debatable because of 
the many assumptions that were used. However, it 
perhaps offers some indication of the order of magni- 
tude. The fact that this additional contribution is small 
is gratifying and seems to indicate that a more rigorous 
estimate likewise might be small. 


III. THE FEYNMAN-SPEISMAN METHOD 


Our previous analysis is a modification of the WS 
method. There is an alternative method proposed by 
FS.' The latter procedure has the advantage that the 
method is explicitly covariant and integrable ana- 
lytically, but its meson-theoretical basis is not clear. 


2Q, Piccioni, 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), pp. 81 and 82. 
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Fic. 1. Electromagnetic self-mass diagram. The solid line repre- 
sents nucleons. The dotted line represents photons. The shaded 
areas represent all possible vertex corrections arising from virtual 
mesons and nucleon pairs. 





It is our purpose in this section to discuss the basis 
and assumptions underlying the FS method, and to 
obtain the electromagnetic mass difference from it. 
In Sec. IV we will elucidate the connection between our 
previous procedure and the FS procedure and then 
discuss the validity of the FS method from the meson- 
theoretical viewpoint. 

The electromagnetic self-mass to order e? can be 
written as 


—i(p—k)+M 


6’m ai( p)u(p) 
1 d‘k 
— uf — :)}—_———_ 
(2m) k?—ie (p—k)?+M?—ie 
XT,(p—hk,p)u(p), (37) 


where I, is the nucleon vertex operator including 
mesonic corrections. The expression (37) for the self- 
mass can be represented graphically by Fig. 1. 

Figure 1 consists of two vertex parts which are 
connected by a nucleon propagator and a photon 
propagator. To order e’, the contributions which were 
left out are those diagrams in which an arbitrary 
number of mesons (with or without their various 
corrections) are exchanged between the two vertex 
parts, in addition to those that have various mesonic 
corrections to the nucleon propagator. An intuitive 
estimate which has been carried out in Sec. II seems to 
that additional contributions are 


l.(p,p— 


indicate these 
negligible. 

The vertex operator depends on two arguments, 
namely, p that is on the mass shell and (p—&) that is 
off the mass shell. Therefore, the results of the Stanford 
experiments cannot be used directly for the vertex 
operator, in contrast to the situation for Eq. (26). 

If the internal nucleon is put on the mass shell so 
that (p—k)?= — M?, however, then invariance principles 
require that iI’,=J,(k, E,—E,-x%) where J, is given 
by Eq. (22). Further, if one regards the second argu- 
ment of J, as an independent variable, i.e., if J,,(k,ko) 
=J,(k), then one obtains - 

f d‘k 

U(p) 

(2x)% 2— se 


—i(p—k)+M 


(p—k)?-+M?—ie 


e 


5'm.ai(p)u(p) = 


i 
x | (v.F+—Crok Ps) 
4M 
( ri" ty RE 
ME Yel" -— 1405 ~) Ju , 3s 
' 4M 1p inte), (88) 


which is essentially the expression written by FS. 
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However, for the FS method, F; and F, are arbitrary 
cutoff functions which depend on four variables and are 
inserted in order to insure the convergence of the 
integrals, whereas in the present case F; and F» reflect 
the mesonic corrections whose functional form may be 
given by the Stanford experiments. In either case, the 
electromagnetic origin of the proton-neutron mass 
difference is based on the difference between such 
integrals for the proton and neutron. 

Now we shall incorporate the experimental form 
factors and proceed to an analytic integration of Eq. 
(38). This method has the advantage of readily yielding 
the electromagnetic self-energy of the nucleon and the 
proton-neutron mass difference as explicit functions of 
the rms radius a, that characterizes the form factors, 
over a wide range of values. This is desirable because, 
as discussed in Sec. II, there is some uncertainty in the 
value of a. 

Substituting Eqs. (27)-(29) into Eq. (38), one gets 


(39) 


5'm.i(p)u(p) = A—pB—p°C, 


( 


where 


aM 1 
in f ik 
2x mt 


aM 3 
B=— 


A? 


+A? 


) 


i(p)(—ik+M)u() 
[(p—k)P?+M2]eM 


ti(p)u(p) 
fax - 
2x 2n7t 


[(p—h)? + MM 
aM 1 
‘=— — far 
2a 8r7i 
ti(p) (4ikp-k—3ikk?+4M k*)u(p) ) yo 
— ' 2) 
C(p—k)?+M? MR? ( 


The integrals A, B, and C are analytic and straight- . 
forward. The result, in terms of n= A?/M? and a=e?/4r 
= 1/137, is 


A? $ 
a 


( 


A? 


k?+-A2 





aM 11 12 


as 
+ 


aMfn 
s-—|" 
2r 2 


4—n (4—n)? 


48 ) 
(4—n)? 


= 


(4—n)? 
3n?(2—n) cos (n!/2) 

| w 
(4—n)? (4n—n?)! 


2 n? (1 1 
SED 
(4—n)? 212 \3 2/4 

cos~!(n?/2) 
| (45) 


—n 
(4n—n’)} 


A= 


cos~!(}/2) 


|, 9 


52 
10+-3n———-+ 
4—n 


(-<5 
4-—n 


(4n—n?)3 





aM 


9 


4-n 


5 


3 3 
[s+ 
2rt2 16 


8 13n 1 
3 6 J (4—n?) 
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The equations above are valid for n<4. For n>4, 


the factor cos~!(n#/2)/(4n—n?)! is to be replaced by 


In[{n— 2+ (n?—4n)*}/2]/2(n?—4n)}. 

For the experimental value a=0.8X10-" cm, 
n=A*/M?=12/a?M?=0.83 so that A=1.84, B=0.36, 
and C=0.119. Substituting these values into Eq. (39), 
one obtains 


6’m.?=0.813m, and 6’m,"=—0.436m. 


The result, 
A! =6'm.?—5'm."=1.25m, 


is again in disagreement with the experimental value 
of —2.52m. 

Figure 2 is a plot of A’, the electromagnetic mass 
difference between proton and neutron, against m in 
the range 0¢ n<7, which corresponds to ©2a>0.275 
X10-" cm. The experimental value Agxp=—2.52m is 
found at m=5.94, which corresponds to a=0.3X10-" 
cm. The curve for A’ reaches a maximum value of 1.3 





d‘k Ju (Kk Ro) A +(P— Iu k, —- ko)u(p) 


DIFFERENCE 


Fic. 2. Plot of the 
proton-neutron mass 
difference 

A’=5'mP—5'm." 
against nm=A?/M? on 
the basis of Eq. (38). 
The two points on the 
graph are obtained from 
Eq. (26). 





in the vicinity of n=1, then changes sign near n=3.5. 
As n increases further, A’ remains negative and increases 
in magnitude. The value a=0.3X10-" cm is in agree- 
ment with a=0.2X10-" cm obtained by Huang? 
points obtained from Eq. (26) are also included in 


Two 


Fig. 2 
IV. COMPARISON 


In order to compare Eq. (38) with Eq. (26), let us 
use Eqs. (22) and (24) to rewrite Eq. (38) in the form 


(46) 





i'm ai (au()=— 


respect to ko, and rearrangement, gives® 


5’m.t(p)u(p) = 


ot —E L p— _~)J, u(— 


w—E,— Ep: 





_Jolk, E,+E,- Ay (p— k, — 


Comparison of 6’m, and 6m, as given by Eqs. (47) 
and (26), respectively, shows that the two expressions 
become equal provided w is replaced by E,— Fp_x in the 
argument of J, in the first term on the right-hand side 
of Eq. (47) and by £,+p_x in the second term. 

It is desirable to examine the previous arguments. 
Both Eqs. (26) and (37) are straightforward results of 
current field theory. Equation (46) can be obtained in 
two ways. The first is to make the ‘‘on-mass-shell step” 
in Eq. (37). The second is to perform the replacement 
mentioned above in Eq. (26). There is no direct verifi- 
cation that either of these procedures is justifiable. 
Consequently, we cannot give a rigorous meson- 
theoretical basis to Eq. (46). 

Let us examine, aoe whether Eq. (46) is valid 
or not as an approximation to Eq. (26). As seen from 


13Tn carrying out this integration, there are additional contri- 
butions that appear from the poles of the form factors in J,(k) 
and whose physical meaning is not so clear. We may regard the 
form factors as defined originally by the expansion F(k?) 
=1—}a?+---, so that these additional contributions may be 
disregarded since they only obscure the basis of the F'S method. 


a(?) 00 f k?—1te 7 


As previously stated, the second argument of J, is an independent variable. 


d*k i (k sw) A. (p— k, 1 b)J ul 
Lip AX yp 
p—k r E,+E, k 


“k, i £ (k, E,tky- k) YA. ( = k, — 


[(p—#)?+M?—ie] 


Integration of Eq. (46) with 


k, —w) 


E,. Sul k, —E,-I 
oe Bots 


E,-«)J,(—k, —F 
wtE, +E, 


by -k) 


tem Bip. k) 
u(p). (47) 


Fig. 2, Eq. (46) is a reasonable approximation when 
n=().83 corresponding to a=0.8X10-" cm. Further, 
on the basis of Eq. (46), the experimental mass differ- 
ence Acxp= —2.52m corresponds to n=5.94 and there- 
fore to a2=0.3X10-" cm. If one attempts to use Eq. 
(26) to evaluate A numerically at n=5.94, one arrives 
at the following impasse. 

The form factors that appear on the right-hand side 
of Eq. (30) can be written as 


F{k?— (1—E,)*} =[1+ (2/n)(Fi.—1) J? 
for the first term, and 
F{k?— (1+F,)*} =[1—(2, ‘n) (Ex+1) FP? 


for the second term. The former is effective as a cutoff 
for all values of m whereas the latter is only valid for 
n<4, since one encounters a singularity" in the form 


4 uT his fact appears to be independent of the shape of the form 
factor. Experimental results refer only to space-like k?, whereas 
a time-like &? appears in the second term. It is natural to assume 


that form factors are valid even for time-like k?. 





762 S. SUNAKAWA 
factor for n2>4. Hence one cannot obtain a numerical 
result for n=5.94. 

Therefore, although Eq. (46) gives the experimental 
value of A at n=5.94, this result is spurious. 

In order to see whether or not the experimental value 
of A is reproduced by Eq. (26) for some value of n 
between 0.83 and 4, one numerical calculation has been 
carried out at n=3.9. It was found that the negative- 
energy contribution completely dominates Eq. (26) 
and the mass difference is large and positive. We thus 
conclude that there is no value of m that reproduces 
Aexp- 

VI. RESULT 


The electromagnetic proton-neutron mass difference 
has been obtained in two ways, taking into account the 
mesonic effects by using the experimental form factors 
obtained at Stanford. 

In the FS method, the ‘‘on-mass-shell step” was 
used to obtain the expression (46) from Eq. (37) which 
is based on meson theory. Further, Eq. (46) can be 
obtained from Eq. (26) by the replacement which was 
discussed following Eq. (47). An analytic integration 
of Eq. (46) reproduces the experimental mass difference 
at a=0.3X10-" cm. This approach requires an addi- 
tional and unverifiable assumption, so that, although 
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Eq. (46) yields the experimental value if a=0.3X10- 
cm, this result is spurious. 

In the modified WS method [Eq. (26) ], the contri- 
bution from the positive-energy state comes from the 
one-nucleon intermediate state and that from the 
negative-energy state essentially comes from the state 
with one nucleon plus a nucleon pair. The numerical 
calculation indicates that the experimental value of the 
mass difference cannot be reproduced by any value of 
the rms radius @ that characterizes the form factor. An 
intuitive estimate of the possible contributions from 
additional states seems to indicate that the errors are 
small so that our previous result might not be changed 
by these additional states. It is shown that if the Stan- 
ford form factors are reliable and the extrapolation 
discussed following Eq. (30) is valid, then the present 
electromagnetic explanation of the proton-neutron 
mass difference disagrees with experiments. 
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Time Retardation in Static and Stationary Spherical and Elliptic Spaces 


JoHN KRONSBEIN AND Ericu A. FARBER 
University of Florida, Gainesville, Florida 
(Received March 9, 1959) 


The well-known clock paradox is shown to be resolvable and consistent within the framework of the 
Lorentz Group, using fewer assumptions about the observers than previously. In particular it is not 
necessary in the spaces indicated to consider the effects of initial acceleration and final deceleration of the 
observers’ clocks since the existence of certain parallel periodic orbits makes it possible to confine observa- 
tions to times of arbitrary length during which the relative velocity remains constant in a sense previously 
described. Complete agreement between the observers is attained, thus showing that despite the notion 
of ‘relative motion” it is possible to decide which of the two observers is subject to time retardation. 


N two previous communications! Einstein’s spherical or elliptic space and an associated set of stationary spaces 
were described in a manner which enables a particularly simple disposal of the so-called time paradox of relativ- 
ity,and with fewer assumptions than were previously used. Time retardation can be explained within the framework 
of the Lorentz group without considering the initial acceleration of one of the two clocks, and thus also without 
changing the constant relative velocity which appears in the special Lorentz transformation. The simplicity of 
the argument is due to the notion of Clifford velocity, the existence of Clifford parallelism and periodic geodesic 
orbits in these spaces, and the linking of Einstein’s and associated stationary spaces by the Lorentz group through 
the medium of the Clifford velocity. 

Let S, be an observer situated at a fixed point with coordinates X‘ in the Einstein universe described in E, and 
S, with coordinates Z‘ another observer situated at a fixed point in stationary space which is assumed to be moving 
at constant Clifford velocity o relative to the Einstein space as described in S. The observer S, is then “seen” by 
S; to be moving along an elliptic or spherical straight line in Einstein’s universe. This Clifford line is to have 
direction X* (or Z*) (or z, in the spherical space), as described in E and S. Both observers carry clocks indicating 
their respective eigentimes. Both eigentimes are invariants with respect to the spacetime groups controlling their 
space-time continua. It was shown in E and § that S, may move in a periodic orbit which to the external Euclidean 
observer in (%,y,2)-space appears as a circle passing through diametrically opposite points of a fixed sphere 2p 
shown in Figs. 1, 2, and 3 of E. We assume that the periodic orbit on which S, moves passes so close to the fixed 
position of S, that every time S, passes S, they are able to compare clocks directly without making it necessary 
to resort to light signals required to traverse appreciable distances. This can be achieved, for example, by assuming 
that S, is situated on a Clifford line given by Eq. $(16), that is to say, for his coordinate time ‘=0 by 


X'!=R sinhp cosé/cose, X?=Rsinhp siné/cose, X*=R tane, (1) 
while S, is traveling along a neighboring Clifford parallel 
Z'=R sinhp cos(ai+6’)/cos(ci+e), Z?=Rsinhp sin(oi+é’)/cos(ai+e), Z*=R tan(ci+e), (2) 


where the quantity |6—6’| is arbitrarily small. The position of S, is then on a Clifford line on a torus with axis I 
in the X* direction (see Figs. 2, 3 in E), and S, moves along a Clifford parallel as close to this as one pleases, this 
statement being understood to be made relative to the Einstein space. Thus the two clocks carried by S, and S, 
may be compared directly each time when S, passes S,. Any number of observations may be made, since the orbit 
of S, is periodic, and hence the time for confirming the phenomenon may be lengthened to any extent desired. 
When the observations begin and end, S; is assumed to be traveling at the constant Clifford velocity 0; at the 
beginning of the experiment the clocks carried by S, and S, are synchronized at the instant when S, passes S,. 
The questions to be answered are as follows: 

What period does S, ascribe to a circuit made by S, by (a) his eigenclock? (b) reading S,’s eigenclock at the 
instant of passing? 

What period does S, ascribe to a circuit made by himself by (a) his eigenclock? (b) reading S,’s eigenclock at 
the instant of passing? 

The answer is: They both read the same results on their respective and one another’s eigenclocks. Their state- 
ments are the following: 


1 J. Kronsbein, Phys. Rev. 109, 1815 (1958) ; 112, 1384 (1958). We refer to the first by the letter E, to the second by the letter S, and, 
when followed by a number in brackets the equation of that number is meant. The following errata in S may be noted: p. 1385, Eq. (4), 
last line should have mg instead of mo; p. 1386, left column, line 15 up should read “. . . o, are . . .” instead of “. . . areay . . .”; 
p. 1387, line 7 up left column, read d7/dt instead of d7; p. 1388, Eq. (16), numerator of expression for Z' should have cos(ot+6) instead 


of cosh (at+6). 
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Sz states that his eigenclock indicates elapse of 2x/o 
seconds per circuit, and that he sees S,’s eigenclock 
indicating elapse of 


(2x/o)[1— R®o*/c?}! 


seconds per circuit; thus S,’s clock runs slow. S, sees 
S, traveling at Clifford velocity +e. 

The proof follows. 

S,’s rate of eigentime elapse follows from his invariant 
interval S(7) 


R? dX\? dX\77)3 
ds,/¢ =dre=di| 1—— [2(—) -(x —) |} 53 
c7 A dt dt 


Here ¢ is S,’s coordinate time ct= X‘ in the Einstein 
space-time X*. 

S, is at rest; therefore his eigenclock rate as observed 
by himself is given by setting dX/dt=0 in (3), and the 
time elapsed on his clock between meetings with S, 
is 2r/o. 

On the other hand, S, observes S, traveling at 
Clifford velocity @ which makes his contravariant 
velocity [from E(12a) ] 

R(dX/dt)= R’e+ (X-0)X+R(eXX). (4) 
This expression inserted in (3) above shows that S, 
observes S,’s clock running at rate d/l1—R’o?/c*}! so 
that S, states that S,’s eigenclock indicates an elapsed 
time of (2r/c)[1—R’o?/c? }! seconds; in other words, 
S, sees S,’s moving clock running slow. 


S, states that his eigenclock indicates elapse of 


(2x /o)[1— R?o?/c? } 
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seconds per circuit, and that he sees S,’s eigenclock 
indicating elapse of 2x/o seconds per circuit; thus S; 
agrees that his own clock runs slow. However, S, sees 
S, traveling at Clifford velocity —o. 

The proof follows. 

S,’s rate of eigentime elapse follows from his invariant 
interval S(6) 


ds, cmdr,=di{ 1— R%o?/¢2 


R (@Z 2 dZ\7},3 7 
Abst-C3)1 
cael ‘lai di 


Here / is S,’s coordinate time ci=Z* in the stationary 
space-time Z'*. 

S, is at rest in his reference system Z‘; therefore his 
eigenclock rate as observed by himself is given by 
setting dZ/di=0 in (5), and the time elapsed on his 
clock between meetings with S, is (2¢/o)[1—R’o?/c? ]?. 

On the other hand, S, observes S, traveling at 
Clifford velocity —@ which makes his contravariant 
velocity [from S(8) or S(11) or S(24) ] 


R(dZ/di)= —R’e— (Z-0)Z—R(eXZ). (6) 


This expression inserted in (5) above shows that S, 
observes S,’s clock running at rate d/, so that S, states 
that S,’s eigenclock indicates an elapsed time of 21/o 
seconds; in other words, S, agrees that his own time is 
slower than that of S;. 


The two observers thus achieve complete agreement. No paradox exists, and the conclusion that relative motion 
produces time retardation is logically correct within the framework of the Lorentz group as a subgroup of the 
space-time groups governing the two types of spherical or elliptic spaces, provided all existing relations are con- 
sidered. Thus, S, may consider himself “‘at rest” and S, traveling (at Clifford velocity —@), but he must take 
into consideration that measurements reveal his metric tensor S(5) to be different from S,’s E(13); the require- 
ment of invariance of the interval modifies time structure together with spatial structure. 

Plans to confirm these conclusions by actual measurements other than lifetimes of particles from outer space 
have been under consideration by us for some time. We hope to describe this work in the near future. 
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